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INVISIBILITY ENABLES SUPER-VISIBILITY IN ELECTROMAGNETIC
IMAGING

Youzi HE!®, HONGJIE L1?3®, HONGYU Liu**® AND XIANCHAO WANG?

Abstract. This paper is concerned with the inverse electromagnetic scattering problem for anisotropic
media. We use the interior resonant modes to develop an inverse scattering scheme for imaging the
scatterer. The whole procedure consists of three phases. First, we determine the interior Maxwell
transmission eigenvalues of the scatterer from a family of far-field data by the mechanism of the
linear sampling method. Next, we determine the corresponding transmission eigenfunctions by solving
a constrained optimization problem. Finally, based on both global and local geometric properties of the
transmission eigenfunctions, we design an imaging functional which can be used to determine the shape
of the medium scatterer. We provide rigorous theoretical basis for our method. Numerical experiments
verify the effectiveness, better accuracy and super-resolution results of the proposed scheme.

Mathematics Subject Classification. 35Q60, 35P25, 35R30, 78A40.

Received March 29, 2023. Accepted January 2, 2024.

1. INTRODUCTION

1.1. Mathematical setup

We present the mathematical formulation of the forward and inverse electromagnetic scattering problems.

Let D C R3 be the support of an anisotropic inhomogeneity, where D is a bounded, simply connected
Lipschitz domain with a piecewise smooth boundary. Next, we introduce the medium configuration, which is
characterized by two material parameters including the electric permittivity e and the magnetic permeability
. It is assumed that p(z) = puol, = € R, where p is a positive constant and I is the 3 x 3 identity matrix.
Let the electric permittivity e € C3(R3) be a uniformly symmetric-positive-definite bounded matrix-valued
function. It is assumed that e(z) = oI for = € R3\ D, where ¢ is a positive constant. Define the wavenumber
k to be

2 . 2
k® = EoMowW
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where w € R, signifies the temporal frequency of the electromagnetic waves. We define the matrix index of
refraction of the anisotropic medium by

N(x) := @, reD, (1.1)

and assume that (IN — I)~! is bounded and satisfies
(N —I)7'¢,6) > al¢]* forany £ € C® ae. in D (1.2)

for some constant a > 0. Clearly, all the results of this paper also hold true in the particular case of isotropic
media, i.e. N(x) = n(x)I, where n(x) is a positive piecewise smooth function in D. We take the time-harmonic
electromagnetic incident fields E?, H* of the form:

E'(z.d,q) = %Curl curl ge*®'4 = ik(d x q) x de*®?, )

H'(z,d, q) = curl g¢**? = ikd x ge'**?,

where i := v/—1 is the imaginary unit, d € S? := {x € R? : |z| = 1} is the direction of propagation, and q € R?
is the polarization vector satisfying ¢ L d. The wave scattering of E, H® by the medium scatterer (D, N)
leads to the following Maxwell equations for the interior electric and magnetic fields E, H, and the scattered
electric and magnetic fields E*, H*:

curl E —ikH =0, curl H +ikN(x)E =0 in D,

curl E¥ —ikH® =0, curl H® +ikE* =0 in R*\ D,

vx (E°+E)Y~vxE=0, vx(H +H)~vxH=0 ondD, (1.4)
lwllig)o (H®° x x — |z|E®) = 0.

The last limit in (1.4) is known as the Silver-Miiller radiation condition, which signifies that the scattered fields
are outgoing [36]. The well-posedness of the scattering problem (1.3)—(1.4) is established in [32] for the unique
existence of a pair of solutions E, H € Hj,.(curl; R3). If we eliminate the magnetic field in (1.4), the scattering
system is reduced into:

curlcurl E — kN (x)E = 0, in D,
curlcurl E* — k*E* = 0, in R*\ D,
vx (E°+E)—vxE=0, on 9D,

v x (curl E* 4+ curl EY) —v x cwrl E =0, on 9D,
lim (curl E® x ¢ —ik|x|E®) = 0.

|| — o0

with the unit outward normal v on S%. The Silver-Miiller radiation condition leads to the following asymptotic
behavior of the scattered fields:

e1k‘|w\

@@= {e@+0 (1)} wlox Q=B

uniformly in all directions & = x/|x| € S?. The vector fields E,, and H,, defined on the unit sphere S? are
known as the electric far-field pattern and magnetic far-field pattern, respectively. They satisfy

H,o=vxE, and v-E,=v -H,=0.
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The inverse scattering problem that we are concerned with is to recover the medium scatterer (D, N) by
knowledge of the associated far-field data, which can be formulated as the following nonlinear operator equation:

F(D,N)=E.(,d,q;k), #€S% deS? qeR? kel:=lkoki, (1.5)

where F is defined by the Maxwell system (1.3)—(1.4). We shall mainly consider recovering the shape of the
scatterer, namely D, independent of its medium content IN.

1.2. Overview of the proposed method and discussion

The inverse scattering problem (1.5) lies at the heart of many industrial applications including radar/sonar,
medical imaging and nondestructive testing. Many methods have been developed for this practically important
inverse problem and we refer to [2, 10,20, 28,34, 35, 43] and the references cited therein for the existing and
recent developments in the literature. In principle, most of the methods make use of the “visible patterns” for
the reconstruction. Here, by visible patterns, we mean that the scattering data that one can observe in the
far-field measurement. As a sharp contrast, we propose to reconstruct to scatterer by making use of “invisible
patterns”, namely E., = H,, = 0.

If E,, = H,, = 0, by Rellich’s theorem [20], one has E* = H* = 0 in R3\D. In such a case, one has by
direct verifications that E|p € Hyoc(curl, D) and Ey = E*|p € H(curl, D) fulfill the following PDE system:

curlcurl E — k2N (x)E = 0 in D,
curlcurl Ey — k2E; =0 in D,

(1.6)
vx E=vxE on 0D,

vxcurlE=v xcurl By on dD.

The system (1.6) is referred to as the Maxwell interior transmission eigenvalue problem (cf. [20]). That is,
when invisibility occurs, the scattering patterns are trapped inside the scatterer D (noting that outside the
scatterer, E = E' and hence there is no scattering pattern to be observed). The proposed reconstruction
scheme critically rely on the geometric properties of the transmission eigenfunctions to (1.6). Roughly speaking,
we have the following global and local geometric patterns of the transmission eigenfunction Ey: globally, its
L2-energy is localized around 0D; and locally, it is nearly vanishing around high-curvature point on 0D, and
especially around boundary point where v is discontinuous which can be regarded as having infinite curvature.
These global and local geometric patterns of the Maxwell transmission eigenfunctions have received considerable
studies recently in the literature. Since it is not the focus of the current study, we refer to [8,23,26] for the
theoretical and numerical justifications of those geometric patterns for the Maxwell transmission eigenfunctions,
and we also refer to [3—7,16,17,21,22,24,27,30,31,37] for related studies on similar geometric patterns for the
transmission eigenfunctions in different physical contexts. Nevertheless, we would like to point out that all of
the aforementioned geometric studies are concerned with transmission eigenfunctions associated with isotropic
media. As an interesting byproduct of the current study, we numerically verify that the general geometric
properties described above also hold for Maxwell transmission eigenfunctions associated with anisotropic media.

Based on the above discussion, the proposed method consists of three phases. First, we determine the interior
Maxwell transmission eigenvalues of the unknown scatterer from the far-field data in (1.5) by the mechanism of
the linear sampling method. Next, we determine the approximations of the corresponding transmission eigen-
functions by solving a constrained optimization problem. Finally, based on both global and local geometric
properties of the transmission eigenfunctions, we design an imaging functional which can be used to determine
the shape of the medium scatterer. In the first step, the Maxwell transmission eigenvalues are determined by
the linear sampling method. However, we want to point out that there are some other effective methods to
find eigenvalues [18]. Our study follows a similar spirit in two recent papers [16,29], where we developed an
imaging scheme for the inverse acoustic scattering problem governed by the Helmholtz system. In this paper,
we extend our study to the more complicated and challenging electromagnetic scattering problem and moreover
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associated with anisotropic media. In order to provide a rigorous basis for the proposed method, we establish
several technical results that are of independent interest to the scattering theory of electromagnetic waves. In
sharp contrast, the counterparts of these technical results required in [16] for the acoustic wave scattering were
known in the literature.

We would like to mention that there are methods proposed for reconstructing N in (1.5) by making use of
the transmission eigenvalues k associated with (1.6). Nevertheless, in the proposed method, we make use of the
quantitative geometric properties of the transmission eigenfunctions for the reconstruction. This enables us to
attain several salient features, in particular the super-resolution effect of the reconstructed images. Here, we
recall the Abbe diffraction which states that in modern optics, the resolution limit is roughly around half of
the operating wavelength. In our numerical study, it is shown that if D possesses a thin layer of high refractive
index, i.e. N is relatively large around 0D, then the transmission eigenvalues to (1.6) can occur for even small
k, and moreover, the geometric patterns mentioned earlier are more evident for the corresponding transmission
eigenfunctions. That means, in such a case, even if the (unknown) scatterer is of a size much smaller than the
operating wavelength 27 /k (with k being a transmission eigenvalue), the proposed method can still effectively
reconstruct the shape of the scatterer. Hence, in practical applications, if one can coat the scattering object
with a high refractive-index material (through indirect means), super-resolution imaging can be achieved via
the proposed method. This is the main reason to suggest the title of our paper that invisibility enables super-
visibility in electromagnetic imaging. In addition, the super-resolution effect can also be observed in the local
reconstruction of geometrically singular places of 0D, say e.g. corners. Such a viewpoint has been advocated in
[16] for the inverse acoustic imaging and we corroborate it in this paper for the inverse electromagnetic imaging.

The rest of the paper is organized as follows. In Section 2, we discuss the determination of the Maxwell
transmission eigenvalues by knowledge of the far-field data. In Section 3, we determine the corresponding
transmission eigenfunctions. Finally, in Section 4, an imaging functional is designed and several numerical
examples are presented.

2. DETERMINATION OF TRANSMISSION EIGENVALUES

In this section, we aim to determine the transmission eigenvalues from a knowledge of a family of the
electric far-field patterns. Although this problem has been solved in previous literature [13], for completeness
and self-containedness, we briefly discuss the main process as well as the rationale behind the method.

For any given z € R?, let

ik o
Emgazgﬂg:14@x@xigmm
™
be the far-field pattern of an electric dipole with source at z and polarization q. The determination of the
Maxwell transmission eigenvalues is based on the so-called linear sampling method (LSM) [12], which is a
qualitative method in the inverse scattering theory. We now consider the following far-field equation

(Fkg)(i) :Ee,oo(iaz,q;k), Z,qER?), kGI, (21)

where the far-field operator Fy, : L?(S?) — L2(S?) is defined by

(HM@:SJ%@%ﬂWM®@- (2.2)
Here E.(2,d, g(d); k) is the corresponding far-field pattern to the scattering problem (1.3)—(1.4). Since g(d)
is implicit in the far-field pattern E. (&, d, g(d); k), we can not solve the equation (2.1) directly.
Next, we present the numerical method to identify g(d) in (2.1). For more details about the numerical
calculation, we refer the reader to [12]. Let p € R? be a unit auxiliary vector such that p x d # 0 for any d € S%.
Noting that d - g(d) = 0, then the Herglotz kernel for each incident direction d can be expanded as

g(d) = ¢°(d)p’ + ¢*(d) p?,
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where ¢%, g? € C are undetermined coefficients and

9 pxd ¢_(p><d)><d

, PP =
|p x d| [(p x d) x d|

are two mutually orthogonal polarizations. Thus, the electric far-field pattern E., can be represented by
Eo(2,d,9(d); k) = ¢"Exe(%,d,p’; k) + 9° Exc (&, d, p”; k).

Therefore, the far-field operator Fj can be rewritten as

(Fig)@) = [ (6"(d:2.) Bl d 0 k) + 0% ds2.0) o (.. 1) ds(d).

As the far-field equation (2.1) is ill-posed, we adopt the Tikhonov regularization [20] and instead solve
(6I+F1:Fk)g5 = F];kEe’OO(SE,Z,q;k:), (23)

where ¢ > 0 is the regularization parameter and F is the adjoint to Fj.
Now we introduce the justification of the LSM for determining the transmission eigenvalues. Define the pair
of Herglotz wave functions by

Egp(z) = /S2 g(d)e*™?ds(d), Hyy(z) = %curlEch(w), (2.4)

where g € L7(S?) is called as the vector Herglotz kernel of the pair (Eg x, Hy ). The existence and discrete-
ness of infinitely real transmission eigenvalues were established. Moreover, an effective discriminant method is
proposed to distinguish whether k is a Maxwell transmission eigenvalue or not in the following proposition.

Proposition 2.1. Let gs5(-,z) € L?(S?) be the Tikhonov reqularized solution of the far-field equation, i.e., the
solution of (2.3). Let Eg, 1, be the electric Herglotz wave function with kernel g5 defined in (2.4). Then, for any
ball B C D, ||Egs k||L2(p) is bounded as 6 — 0 for a.e. z € B if and only if k is not a transmission eigenvalue.

Remark 2.2. For acoustic scattering/Helmholtz system, the determination of the transmission eigenvalues has
been rigorously proven in [13]. Correspondingly, the case of electromagnetic scattering can be proved similarly.

Remark 2.3. There exists a constant M > 0 such that ||Eg; x|lr2(p)y < M||gs(-, z)||z2(s2). According to
Proposition 2.1, it is noted that ||Eg; x|/r2(p) behaves quite differently whether k is a Maxwell transmission
eigenvalue or not. As D is unknown, we therefore use ||gs(-, z)||2(s2) as an indicator functional to distinguish
whether & is a Maxwell transmission eigenvalue.

As discussed above, we formulate the following scheme and summarize the procedure of determining
transmission eigenvalues.

Algorithm I: Transmission eigenvalues determination scheme

Step 1 Find a unit auxiliary vector p and collect a pair of electric far-field data E.. (&, d, p’; k) and
E..(2,d,p% k) for (&,d,k) € S* x S? x I, where [ is a finite interval in R .
Step 2 Pick a point z € D (a priori information), and take three independent artificial polarization

vectors q; = [1,0,0] ", g2 = [0,1,0] " and g3 = [0,0,1]". Then, for each k € I, solve (2.3) to
obtain the solutions g5('a Z,q1; k), 95('7 Z,q2; k) and gé('v Z,4q3; k)

Step 3 Plot 23:1 llgs(-, z, qe; k)||%2(s2) against k € I and find the transmission eigenvalues where
peaks appear in the graph.

Remark 2.4. In step 2 of Algorithm I, we pick a point z € D. As our main goal is to reconstruct the shape of
the scatterer D, it is reasonable to know its approximate location, i.e. a point z € D. Moreover, one can also
use other methods to get the approximate location of the object, such as sampling method [11,12].
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3. DETERMINATION OF TRANSMISSION EIGENFUNCTIONS

In Section 2, we have determined a number of Maxwell transmission eigenvalues within the interval I by
the knowledge of the electric far-field patterns in (1.5). Next, we are devoted to determining the corresponding
transmission eigenfunctions. To that end, we first show the following denseness result of the Herglotz wave in a
Sobolev space.

Lemma 3.1. (see [12,19]). The set of Herglotz wave functions Egq ), defined by (2.4) is dense in M(D) with
respect to the H (curl, D) norm, where

M(D):={EeC*(D)NnC'(D): curlcurlE = k’E in D}.

The following theorem states that if k¥ € Ry is a Maxwell transmission eigenvalue, then there exists a
Herglotz wave function Eg_j such that the scattered field corresponding to this Eg_j as the incident field is
nearly vanishing.

Theorem 3.2. Suppose that k € Ry is a Mazwell transmission eigenvalue in D. For any sufficiently small
€ € Ry, there exists g. € L2(S?) such that

||Fkge||L2(Sz) = O(E) and ||E E,kHH(curl,D) = ]., (31)

where Fy, is the far-field operator defined by (2.2) and Eg_ 1 is the Herglotz wave function defined by (2.4) with
the kernel g..

Proof. Let Eyj be a normalized Maxwell transmission eigenfunction in D associated with the Maxwell trans-
mission eigenvalue k, which means that Eg with ||Eo x| (curl,p) = 1 is a solution to

curl curl By — k*Ey ), =0 in D.
By Lemma 3.1, for any sufficiently small € > 0, there exists g. € L?(S?) such that
| Eg. x — EokllE(cur,D) < €
where Eg4_ is the Herglotz wave function with the kernel g.. Then, by the triangle inequality,

||Eg€7k'

‘H(curl,D) < ||Ege,k - EO,k ‘H(curl,D) + ||E0,kHH(Curl,D) <e+ ||E0,k ‘H(curl,D)7

and
| Eg. .k

Thus, one has ||Eg, || (curt,py = 1 + O(€). Furthermore, letting

‘H(curl,D) Z ||EO,/€||H(curl,D) - ||E ek T EOJCHH(curl,D) > ||E0,/€||H(Curl7D) — €.

Goo=— 9
‘ ||E e:k”H(curl,D)’

one can find that the Herglotz wave function Ej_j with the kernel g, satisfies

| Eg. x

‘H(curl,D) =1L

Besides, from the definition of the far-field operator, Fyg. is the far-field pattern produced by the incident wave
E,_ 1. According to Theorem 2.5 in [38], one obtains that

| Frgellr2(s2) < Ce,

where C' = C(D, k) is a positive constant.
The proof is complete. O
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On the basis of Theorem 3.2 and normalization if necessary, we can say that the following optimization
problem:
min || F] s.t. | E, . =1 3.2
geL? (52) 1FkgllL2(s2) 1 Eg k|l E(curt, D) (3.2)
exists at least one solution gog € L?(S?) when k € R is a Maxwell transmission eigenvalue in D. Unfortunately,
as D is unknown, the constraint || Eg || H(curl,p) = 1 in the above problem is unpractical. However, it is
reasonable to address this issue by considering an alternative optimization problem:

geriltzl?gg) HFkgHLQ(SQ) s.t. ||Eg,k||H(curl,Q) = 17 (33)

where 2 is an a priori ball containing D.

Remark 3.3. Based on Theorem 3.2 and supposing that k& is a Maxwell transmission eigenvalue in D and F},
is the corresponding far-field operator to the measured far-field data, we can see that the optimization problem
(3.2) exists at least one solution. Moreover, the constraint in (3.2) is to ensure that g € L?(S?) is a nontrivial
solution. Since the scatterer D is unknown, it is unpractical to solve the optimization problem (3.2) with the
constraint term || Eg x|l gr(curn,py = 1. Thus, we turn to the optimization problem (3.3). To avoid iteration, we

will use the modified total least square method to solve the optimization problem (3.3), which is presented in
[39].

Let go be a “satisfactory” solution to the optimization problem (3.3). Next, we illustrate that the Herglotz
wave Eg . with the Herglotz kernel gg is indeed an approximation to the Maxwell transmission eigenfunction
Ey ;. associated with the transmission eigenvalue k. Before our discussion about the approximation, we give
a quantitative Rellich’s result for the electromagnetic medium scattering, which is a generalization of the
argument for the acoustic scattering case [5].

Lemma 3.4. Let R > 1,p > 0, and E', H® € W/'li’c3+p(div;R3) N Hyo.(curl;R3) be the incident fields, which
satisfy ' ' , ,
curl E* —ikH" =0, curlH'+ikE"' =0,

with ||EiHW1,3+p(div;BzR) < Z. Besides, let E, H € mzf"rp(diV;R:i) N Hyo.(curl; R3) be the total electromagnetic
fields satisfying
curl E —ikH =0, curlH 4+ ikN(x)E =0,

where the matriz index of refraction N (x) is defined in (1.1). Moreover, the scattered electric and magnetic
fields ES = E — E', H* = H — H® satisfy the Silver Miiller radiation condition. Let Eoo, Ho be their far-field
patterns. If

||ES||W1’3+P(B2R) S T7 Cmd ||EOO||L2(SQ) S 60’

then it holds that s
sup| E*| < € (Inln(7 | Excl| gk c2))
oD

for g < ﬁ and C = C(N,w,R)(T +1).

Proof. In what follows, we assume that D C Bpg, where Bp is a central ball of radius R € R,. Clearly, the
scattered electric field E° satisfies the vector Helmholtz equation outside D. That is to say, the Cartesian
components of E* satisfy the scalar Helmholtz equation outside D. According to Sobolev embedding and the
far-field to near-field estimate for the acoustic scattering (see e.g. Corollary 5.3 in [5]), there are constants
C, ¢ > 0 depending on k, R, B, such that

||E;HLOO(B) < ||E;HW1,3+;O(B) < C max <|Em1j||L2(§2),TeC\/IH(T/|an,j|L2<sz))> ’ (3’4)
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where the elements with subscripts j = 1,2, 3 stand for the Cartesian components of the corresponding vectors,
and B is a domain such that B C Bag \ Bgr. One of our requirements on ¢; is that the maximum picks the
number on the right side of (3.4). Therefore, one has ¢y < Te .

Besides, we assume that [|E°|(Lep, , z\Baoing) < 7 < 1. According to Proposition 5.7 in [5], one can
derive that ey ris

|B*(2)] < OT~ (3.5)
for & € Bogp \ B(D,4r), and some positive constants C,co < 1/4,1/4 < A < 1/2,7 < (1 — 2A\)R/2. Here,
B(D,4r) = UgzepB(x,4r). Let ' € Bsgso \ B(D,4r), by the Hélder continuity of E® (see e.g. Theorem 4 in
[1]) and (3.5), there exists 0 < 8 < ﬁ depending on R, N, such that
|E3(£B)| SHESHCO’B(§3R/2)|:B — iL‘/|B + |E3($/)‘

SO (1B 2520+ 1 w0y + LB v

(24N R/r+2 (3'6)
+CT~>
<C(T +1)8%7 + o7y "
for d(x,0D) < 4r. Here the constant C depends on R, N, w.
Next, we require
v = CTeVINT/0) 1 jexp exp (C(\ &, R))
and
r=r ((ln|lnq/|)_17 Nk R).
If we further select A = A(R) and ensure that € is sufficiently small, then the claim follows from (3.6).
O

Remark 3.5. Lemma 3.4 shows that the smallness of the far-field pattern can ensure that the scattered field
on the boundary are also sufficiently small.

Remark 3.6. We note that Lemma 3.4 is analyzed in terms of electric fields. If we do the same analysis for
the magnetic fields, we can get similar results, that is [H*| < (eg) on 0D if [|[Ex|/p2(s2) < €o. Here, ¢ is a
double logarithmic type function and satisfies 1(eg) — 0 as ¢g — 0.

Remark 3.7. We would like to emphasize that the quantitative Rellich’s result for the electromagnetic case
is verified here for the first time. Actually, there is a higher requirement for the regularity of the scatterer [5].
However, we are not overly concerned about this issue, which is not the focus of this paper. Nevertheless, we
believe that this regularity assumption can be relaxed. In fact, the subsequent numerical examples demonstrate
the effectiveness of our method even if 9D is only Lipschitz continuous.

In what follows, we need the following Sobolev spaces.
H(curl®, D) := {u: u € L*(D), curlu € L*(D), and curl curlu € L?(D)},

Hy(curl?, D) := {u:u € H(curl®, D), v x u =0 and v x curlu = 0 on dD}.

Lemma 3.8. Suppose that the assumptions in Lemma 3.4 hold. For any { € Hloc(curIQ,R?’), ifvx (¢ =
vx E°, vxcurl{ =v x curl E* on 0D, then one has |[C|| g(cun2,py < C(D)1(€)-
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Proof.
€I (ewnz, 0y = I€]lz2(p) + llcur]C || L2(p) + [leurleur](| L2 (p)-

Since the operator v; : H(curl, D) — H‘1/2(divaD,(‘3D) is continuous, surjective, and possesses a continuous
right inverse [9], one has

”CHH(curl,D) < CHV X CHH*1/2(div6D,8D) (3‘7)
and
[curlC ||z (curt, 0y < Cllv X ewrlC|| gr-1/2(divy 00)- (3.8)
By definition, the right-hand side of (3.7) becomes
v x C||H—1/2(divaD,8D) = |v x C”H—l/?(aD) + [|divap (v x C)||H—1/2(8D)- (3.9)
Using Lemma 3.4, the first term on the right-hand side of equation (3.9) is
v < Clla-17200p) < IV X Cll2op) = [V X E*||L2(0p) < [V X E*||L>~ap) < CP(e),

and the second term on the right-hand side of equation (3.9) is
[divop (v x Q) zr-1/2(p) = llewrlC - V|| gr-1/2(5py < [lewrlC - v z2ap)
< [leurl€ - v[| Loy < C¥(e).
Similarly, the right-hand side of (3.8) becomes
v x curlC|l gr-1/2(divep.0m) = IV X curl{||gr-1/2(ap) + [|divop (v x curl)|| g-1/2(ap)- (3.10)
With the help of Lemma 3.4, the first term on the right-hand side of equation (3.10) is

[v x cwrl|[ g-1/2(0p) < lv % curlC||r2(ap) = [lv x curl E®|[r2(ap)
< |lv x curl E¥|| o ap) < Cth(e),

and the second term on the right-hand side of equation (3.10) is

[divap (v x curl{) || r-1/2(5p) = [lewrlewrlC - V|| g-1/29p) = ClIC - V| r-1/2(5D)
< ClS-vlirzopy < ClIC - VliL=(ap) < Cib(e).

Combining all the above formulas, one has

”C”H(curlz,D) < C(D)¢(€)

The following two lemmas can be used to directly obtain our main approximation result.

Lemma 3.9. Suppose that the assumptions in Lemma 3.4 hold. Additionally, we suppose that k € Ry is a
Mazwell transmission eigenvalue in D and go is a solution to the optimization problem (3.3) satisfying

[FkgollL2(s2) Se< 1. (3.11)

Here and also in what follows, a < b stands for a < Cb with a constant C > 0 depending only on D and k. Then
the difference between the Mazxwell transmission eigenfunction E and Eqy is an approximation of the scattered
field, if the incident field is the Herglotz wave Eg, ;.. Namely,

|Ex — Eo . — (E' — Eg )20y S €

where Ey, and Eq j, are Mazwell transmission eigenfunctions E and Eq associated with the eigenvalue k, respec-
tively, and E' is the total electric field corresponding to Eg, . as the incident field.
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Proof. Consider the scattering system (1.3)—(1.4). Let E* = Ey, », E° and E® be, respectively, the incident,
scattered and total electric fields. After expressing the magnetic fields in terms of the electric fields, one has

curlcurl E* — k2N (z)E! =0 in D,
curlcurl Eg 1, — k*’Eg 1 =0 in D,

go, 9o, (3.12)
v (Eg ;+ E*)=v x E' on 0D,

v x (curl Eg) i, + curl E*) = v x curl E* on dD.

According to our earlier discussion, Fjgo is the far-field pattern of E*. By virtue of Lemma 3.4 and (3.11), it
holds that
v x E°| <1(e) and |v x curl E°| < ¢(e) on dD, (3.13)

where ¢ is double-logarithmic stability function and it satisfies ¢¥(¢) — 0 as € — +0. For more details about
the quantitative Rellich’s theorem and the stability function 1, interested readers can refer to [5].
Recalling the Maxwell interior transmission eigenvalue problem (1.6), and setting

u=FE—E; and v=N(xz)E - Ey, (3.14)
one has the following fourth order PDE of u:
(curl curl — K2N)(N — I)"*(curl curlu — k*u) =0 in D.
Using a variational framework, the system (1.6) becomes
Ap(u,v') — E*B(u,u’) = 0, for any u’ € Hoy(curl®, D), (3.15)
where Ay and B are continuous sesquilinear forms on H (curl®, D) x H (curl®, D), defined by
Ar(u,v') = (N = I) ' (cwrl curl, w—k*u), curl curlw’ — k*u’) ) + k*(u, w)p,

and
B(u,u) = (curlu, curlu’) p.

With the help of the Riesz representation theorem, we define two bounded linear operators Ay : Ho(curIQ, D) —
Hy(curl®, D) and B : Hy(curl?, D) — Hy(curl®, D) by

(Akuvu/)H(curlz,D) = Ak(uvu/) and (Buau/)H(curP,D) = B(uvu/)'

Next, we consider the scattering system (3.12). By Lemma 3.8 and (3.13), we can take ¢ € Hj,o(curl®, R?),
such that
vx(=vxE vxcul{=vxcurlE® ondD, (3.16)

and
HC”H(curIQ,D) < O’(/)(é), (317)

where C' is a constant depending on D. Setting E =E'— Ce H(cu1r127 D), the system (3.12) can be rewritten

as _ _
curl curl E — k2N (x)E = —(curl curl — k>N (z))¢ in D,
curl curl Eg , — k*Eg, =0 in D,

N (3.18)
vXE=vxEg,} on 0D,

vxculE =vx curl Eg, 1 on 0D.



INVISIBILITY ENABLES SUPER-VISIBILITY IN ELECTROMAGNETIC IMAGING 555

Then, we take & = E — Eg, » € Hy(curl®, D). According to the variational formulae, the PDE system (3.18)
can be rewritten as

(Apt,v') — K*(Bu,u’) = f(u'), for any u' € Hy(curl®, D), (3.19)
where f(u') is an antilinear form on H (curl?®, D), defined by

f(u') = (=(N — I)"*(curl curl — k2N (x))¢, (curl curl — k*)u’)p. (3.20)

Since we have already known that Ay is an isomorphism, and B is compact (see e.g. Chapter 4 in [12]), the
Fredholm alternative can be applied to equations (3.15) and (3.19). Now, we need to prove that the operator
equation (3.19) is solvable in the quotient space Hy(curl®, D)/U, where U is the eigenspace of the system (3.15),
i.e. it is the set of non-trivial solutions w € H(curl?, D) to the homogeneous equation (3.15). We denote by
f € Hy(curl?, D) the Riesz representation of f in Hy(curl?, D). Next, we illustrate that

f € ker[(Ay — K*B)*|*
where (A, — k*B)* is adjoint to Ay — k2B. If y € ker(Ay, — k2B)*, then for any w € H (curl®, D), there is
(w, (Ax — k*B)*y)

H (curl?,D) =0,

which means
(N — I)""(curl curl — k*)w, (curl curl — kz)y)D + k*(w,y)p — k*(curl w, curly) p = 0. (3.21)
Then we shall show that (y, f) g (curiz,py = 0. Since f is the Riesz representation of f, applying (3.21), one has

(yﬂf)H(curlz,D)

= f(y)
= (—=(N = I)"(cwrl curl — K*N(x))¢, (curl curl — k2)y)D
— (N = I)~!(curl curl = k*)¢ — (N = I)"'k*(N — I)¢, (curl curl — k?)y)
— ((N = I)™(curl curl — £*)¢, (curl curl — k2)y)D + (k*¢, (curl curl — k?)y)p
= — ((N — I)*l(curl curl — kz)C, (curl curl — k2)y)D + k2(cur1C, curly)p — k4(C, Y)D

=0,

where in the second last equality, Green’s vector theorem and Gauss’s divergence theorem have been used to
get

(¢, curl curly)p = (curl ¢, curly) p.
Therefore, the equation (3.19) is solvable in the quotient space Hp(curl®, D)/U. Set

= (Ap — k*B)"'f in Hy(curl®, D)/U. (3.22)

Noting (3.17) and (3.20), one obtains
1£lL2(py < Ci(e), (3.23)
where C'is a constant depending on N, k and D. Combining (3.17), (3.22) and (3.23), one has

|Ex — Eo i, — (E' — Egy 1)l L2(py <& — ullr2(py + I€]lL2(p)
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Lemma 3.10. Suppose that the assumptions in Lemma 3.9 hold, then we have
|NE: — Eor — (NEt — Ego1)L2(p) S e

Proof. Now, we analyze the interior transmission eigenvalue problem by studying the function v instead of u
defined in (3.14). Taking the difference between the first two equations in (1.6), with the help of (3.14), one
obtains

curl curlu = k*v  in D. (3.25)

If A(x) € L>=(D) is symmetric for almost all  and satisfies (A(x)&, &) > a€|? for all £ € C3 a.e. in D for
some constant « > 0. Then the Helmholtz decompositions (see, e.g., [33,42])
Hy(curl, D) = Vi o & Hy(curl0, D),
Hy(curl®, D) = X @ VH(D)
hold, where VH{ (D) is the set of gradients of functions in H3 (D), and Vj 4, Hp(curl0, D) and X are defined
by
Vo,a = {u € Hy(curl, D) : (Au, ) = 0 for all ¥ € Hy(curl0, D)},
Hy(curl0, D) = {u € Hy(curl, D) : curlu = 0 in D},
X = {u € Hy(curl®, D) : (u,Vp) = 0 for all p € Hj(D)}.
Next, we define the space
L?(div0, D) := {v € L*(D) : divv = 0 in D}
and the mappings
curl ™ : L*(div0, D) — V. a,
— 1
curl Va4 — Hy(curl®, D)

that map a vector field to its vector potential. We then represent these two mappings indiscriminately when the
space is clear. Therefore, the existence and uniqueness of a strong solution to (1.6) is equivalent to the existence
and uniqueness of v € L2(div0, D) and u € Hy(curl?, D) satisfying (3.25) and

(curl curl — k2N)(N — I) "} (v — k%curl 'curl 'v) =0 in D. (3.26)

After using the variational formulation, one easily see that v € L?(div0, D) satisfies (3.26) if and only if

(N = I)"" (v — k*curl 'curl 'w), v’ — K> Neurl eurl™'v’) ) =0 (3.27)

for all v’ € L?(div0, D). Then, we set

Gr(v,v') = ((N —I)7' (v — k*cwrl "curl '), v’ — k?curl ™ curl 'v)

D
3.28
+ (kzcurl_lcurl_lv, k‘2curl_1curl_1v') ( )

D

and

J(v,v') = (curlfl'u, curlflv’)D , (3.29)

which define two sesquilinear forms on L?(div0, D) x L?(div0, D). Using the identities
NN-I)'=1+(N-I)!

and

(v, curlflcurlfl'u’)D = (curlfl'u7 curlflv’)D
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for all (v,v’) € L?(div0, D) x L?(div0, D), the equation (3.27) can be rewritten as
Gr(v,v") — k2T (v,v') =0 (3.30)

for all v/ € L?(div0, D). With the help of Poincaré-type inequality [40], we know that the sesquilinear forms
Gr and J are bounded. Based on the Riesz representation theorem, we can define the continuous operators
G}, : L?(div0, D) — L?(div0, D) such that

(Grvo,v")p = Gk (vo,v')
for all v’ € L?(div0, D), and J : L?(div0, D) — L?(div0, D) such that
(Jvg,v')p = T (vg,v")
for all v’ € L?(div0, D).
Next, we show that Gy, is a coercive sesquilinear form on L?(div0, D) x L?(div0, D). According to (1.2), there
is
Gr(vo,v0) > af|vg — k2curlflcurlflvo||iz(D) + k4||curlflcur171v0||22(D). (3.31)
Setting a = ||vo||z2(py and b = k2||curl_1curl_1voHL2(D), we have

[lvo — kQCurlflcurronH%Q(D) > a® + b* — 2ab. (3.32)

Combining (3.31) and (3.32), one concludes that

Gr(vo,v0) > aa® — 2aab + (1 + a)b? > L(ag +v%) > a

2
14 2a - 1—|—2a”v0||L2(D)'

Since Gy, is a coercive sesquilinear form on L?(div0, D) x L?(div0, D), by the Lax—Milgram theorem, we deduce
that Gy : L?(div0, D) — L?(div0, D) is a bijective operator.

Regarding J, we would like to illustrate that it is compact. Let {v,} be a bounded sequence in L?(div0, D).
Because every bounded sequence in a reflexive space has a weakly convergent subsequence, there exists a
subsequence, denoted by {v,,}, that converges weakly to some vy in L?(div0, D). Provided 0D is sufficiently
smooth, the space

{u € Ho(curl, D) : diva = 0 in D}

is continuously embedded into H'(D). So, the sequence {curl™'w,,} is bounded in H'(D). By the Rellich
compact embedding theorem, one has that {curl *w,,} converges strongly to curl 'wy in L?(D). According to
the definition of J and the Cauchy-Schwarz inequality, one can derive that

17 (0n; = v0)lIZ2(py < llewrl™ (v, — vo)llz2 () lewrl ™ (J (vn, — v0))llL2()-
Besides, using Poincar-type inequality, we deduce that
17 (vn, = vo)llz2(py = lewl™ (J(vn, = v0))lL2(p)-
Combining the above two formulas, we get
1T (W, —v0)llz2(p) < lleurl™ (v, — o)l L2(p)-

Therefore, the sequence {Jv,,,} converges strongly to Jvg in L?(div0, D).
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We now consider the scattering system (3.12) again. We take ¢ € H (curl®, D) satisfying (3.16) and (3.17),
and define ¢ := curl curl ¢ € L?(div0, D). Setting E := E* — ¢ € H(curl?, D), the system (3.12) becomes

curl curl E — k2N (x)E = —(curl curl — k>N (z))¢ in D,

curl curl Eg j — k*Eg, . =0 in D,

o % (3.33)
vXE=vxEg,} on 0D,
v x culE = v x curl By, i, on 0D.

Let w := E — Egyx € Ho(curl®, D), © := N(2)E — E,, ), — k 2curl curl ¢ + N(z)¢ € L?(div0, D). Then
curl curlw = k%, and the equations in (3.33) can be rewritten as

(curl curl — K2 N)(N — I) " (5—k?curl ‘curl ™'o 4+ k=20 — Neurl curl ™ '2)

3.34
+¢—k*Necurl teurl "o =0 in D. ( )

Using a variational framework, we can see that © € L?(div0, D) satisfying (3.34) is equivalent to
Gr(0,v") — k*J (0,v") = q(v’) for all v’ € L?(div0, D), (3.35)

where G and J are sesquilinear forms defined in (3.28) and (3.29). And g(v’) is an antilinear form defined by

q(v') == (curl teurl e + (N = I) " eurl feurl e — kT2(N = 1) 7,0 (3:36)

+ (N =I)""e— KPeurl feurl e — K*(N — I~ teurl teurl ™, curlflcurlfl'v’)D . '
As Gy is an isomorphism, and J is compact, the Fredholm alternative can be applied to the systems (3.30)
and (3.35). Now, we show that (3.35) is solvable in the quotient space L?(div0, D)/V, where V is the eigenspace
of (3.30), i.e. it is the set of non-trivial solutions v € L?(div0, D) to the homogeneous problem (3.30). We

denote by g the Riesz representation of q in L?(div0, D). Next, we verify that
q € ker[(G), — E*J)*]*.
If the function ¢ € L?(div0, D) belongs to the kernel of (Gy, — k2J)*, then for any 7 € L?(div0, D), one has

(7, (Gr, — sz)*c)D =0,

that is
(N =D - KPeurl 'ewl '), 6 — kzcurrlcurrlg)p (3.37)
+ (k2curl ™ teurl ' k2 curl eurl T '6) p — KX (curl ' curl lg)p = 0. .

As @ is the Riesz representation of q, with the help of (3.37), one has

(s,q)p
= als)
= (curl_lcurl_ll, + (N —I) teurl teurl ™o — E72(N — I)*lL,g)D
+ (N-I)""e— E2curl teurl 'y — B2(N — I~ teurl eurl e, curlflcurlflg)D

0.

Up to now, we have verified that (3.35) is solvable in the quotient space L?(div0, D)/V. By (3.17) and (3.36),
we observes that

1gllz2(py < C¥(e), (3.38)
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where C' is a constant depending on N, k and D. Setting
= (Gy —k*J)"'q in L*(div0,D)/V,
and using (3.17), (3.38), one has

INEy — Eo — (NE' — Eg, 1)|lL2(p) <[9]lL2(p) + k2 |[curl curl || L2 ()

<Cy(e) — 0 as e — +0. (3.39)

O

In the following theorem, we demonstrate that the Herglotz wave Eg4 1 is indeed generically an approximation
of the Maxwell transmission eigenfunction Eg .

Theorem 3.11. Suppose that the assumptions in Lemma 3.4 hold. Additionally, we suppose that k € Ry is a
Mazwell transmission eigenvalue in D and go is a solution to the optimization problem (3.3) satisfying

| Frgollr2(s?y Se< 1.

Then the Herglotz wave Eg, 1, is an approzimation of a Mazwell transmission eigenfunction Eq j, associated with
the Mazwell transmission eigenvalue k in L?(D)-norm, namely,

| Ego.k — EokllLzp) S €.
Proof. By combining (3.24) and (3.39), one obtains
| Ego.k — EokllL2(py < Cip(e) — 0 as € — +0.
([l

Remark 3.12. It is remarked that Lemma 3.4 is used in the proof of Theorem 3.11. So, the higher requirement
for the regularity of the scatterer is needed technically. However, we believe that this regularity assumption
can be relaxed, which is showed in the following numerical examples. The approximation result Theorem 3.11
is an extension of the similar result in the acoustic scattering problem, but this study is more technical and
challenging. Meanwhile, we believe that this result is not only of independent interest to the scattering theory of
electromagnetic waves, but also provides a theoretical basis for practical applications, such as super-resolution
imaging and invisibility cloaking.

Remark 3.13. Theorem 3.11 presents an approach for reconstructing the Maxwell transmission eigenfunc-
tions from far-field data. This method relies on the fundamental assumption that % is the Maxwell transmission
eigenvalue and the measurements are the corresponding far-field data. In essence, the theorem states that if g,
satisfies the restricted condition (3.1) in Theorem 3.2, then we can get an approximation of the eigenfunction
Ey j, that is, the Herglotz wave function E,_j with the kernel g.. If k is only an approximation of the eigen-
value, we can not prove that the reconstructed eigenfunction is an approximation of the exact eigenfunction
theoretically. However, in numerics, the eigenfunctions can be efficiently recovered even if k is only a relatively
accurate approximation of the exact eigenvalue.

Remark 3.14. Theorems 3.2 and 3.11 indicate that if the Herglotz kernel g, is a solution to the optimization
problem (3.3), then the Herglotz wave function Eg, i (2.4) is approximated to the transmission eigenfunction
E) j, associated with the correspondingly eigenvalue k. Thus, in order to recover the transmission eigenfunction,
it is critical for solving the constrained optimization problem (3.3) and obtain a satisfactory Herglotz kernel
go. In what follows, we will use the Fourier-total-least-square (FTLS) method and Gradient-total-least-square
(GTLS) method [39] to compute gg, respectively.
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4. IMAGING OF THE SCATTERER

According to Sections 2 and 3, we can determine the transmission eigenvalues and the corresponding trans-
mission eigenfunctions from the electric far-field data in (1.5). In this section, we show that the “invisible
patterns”, the transmission eigenfunctions, can be used to qualitatively image the shape of the electromagnetic
medium scatterer D, independent of IN.

In our recent studies, we find that the Maxwell transmission eigenfunctions Ey , possess the following interest-
ing global and local geometric properties. From a global perspective, there exists a sequence of surface-localized
transmission eigenfunctions associated with sufficient large transmission eigenvalues, that is, the L?-energy of
the eigenfunction concentrates on the boundary 9D [23]. We would like to point out that these surface-localized
eigenstates occur very frequently through theoretical and numerical observations. From a local perspective, the
transmission eigenfunctions are nearly vanishing around the high-curvature points on 9D, especially around
the corner points of 0D [8]. Meanwhile, the rigorous mathematical justifications in Section 3 show that the
Herglotz wave Eg, ;, is an approximation of the transmission eigenfunction Ey . So the Herglotz wave has the
same geometric attributes as the transmission eigenfunction. Hence, based on the global and local properties of
the Herglotz wave, we introduce the following indicator function for identifying the shape of the scatterer D:

I]ljes(z) = _ln|E90«,k(z)|’

where z € D is the sampling point with D C D C R3. It is worth noting that the wave field Eg i is nearly
vanishing in the interior of D and it is vanishing around the high-curvature points. Thus, the indicator function
I}}es(z) possesses a relative large value if z belongs to the interior of D or locates at the corner/edge/highly-
curved place on 9D [25], whereas it possesses a relatively small value if z locates in the other places around 9D
and outside of D.

Noting that the multiple transmission eigenfunctions possess the same geometric properties, we superimpose
the imaging effects by introducing the following multi-frequency imaging functional:

LES(z) o= —In Y |Bgy (), (4.1)
keKy,
where Ky, = {k1,ks,...,kr} denotes the set of L distinct transmission eigenvalues. Based on the imaging

functional (4.1), we then propose the following imaging scheme, which is referred to as imaging by interior
resonant modes.

Algorithm II: Imaging by interior resonant modes

Step 1  For each resonant wavenumber & found in Algorithm I, solve the optimization problem (3.3) by
the FTLS method or the GTLS method [39] to obtain the vector Herglotz kernel go.

Step 2 Calculate the electric Herglotz wave function Eg ; with the Herglotz kernel go by the definition
(2.4).

Step 3  Plot the indicator function (4.1) in a proper domain containing the electromagnetic medium
scatterer D and identify the interior and corners (two dimension) or edges (three dimension)
as bright points, and other boundary places as dark points in the graph to obtain the shape of
the scatterer D.

4.1. Transmission eigenvalues reconstruction

In this part, we present a numerical experiment to verify the validity of Algorithm I for Maxwell transmission
eigenvalues reconstruction based on the LSM. We take the regularization parameter § = 107°. To begin with,
we consider a unit ball, see Figure la. In order to reduce the calculation expense, we use a coarse mesh with
mesh size h ~ 0.15. To avoid the inverse crime, a pair of electric far-field pattern Eoo(cii,dj,pg;ks) and

E(&;,d;, p?; ks) are generated by solving the direct problem of (1.4) by using the Nédélec’s edge elements on
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FIGURE 1. (a) D: a unit ball; (b) plot of the indicator function 22’21 ||g5(-,z0,q4;ks)||ig(gz)

for a unit ball centered at (0,0,0), where ks € [1.1,1.5]. (a) a unit ball centered at (0,0, 0). (b)
the indicator function vs. .

TABLE 1. The first three real Maxwell transmission eigenvalues of the spherical domain.

Index of eigenvalue 1 2 3

Exact: 1.165 1.461 1.475
FEM: 1.166 1.462 1.476
LSM: 1.170 1.465 1.490

a truncated spherical domain enclosed by a PML layer, where i = 1,2,... . M, j=1,2,...,.N,s=1,2,...,8
and the radius of the spherical domain is 2.5. Here, the observation and incident directions are pseudo uniformly
distributed on the unit spherical surface. The artificial far-field data are computed at 100 observation directions
(M = 100), 100 incident directions (N = 100) and 81 equally distributed wave numbers (S = 81) in [1.1,1.5].
Here the refractive index is given by

—

60
N(z)=| 0 16
00

0
0
6

—_
—_

In Figure 1b, the solid blue line shows the value of 23:1 ||gg(-,zo,qg;k5)||2L2(S2) against ks € [1.1,1.5]
for a fixed test point zy = (0.1,0.3,0.4) with 1% noise. As expected, it can be seen that the solid
blue line has clear spikes, which indicate the locations of the Maxwell transmission eigenvalues. To show
the accuracy of the reconstruction, we list the exact eigenvalues, the reconstructed eigenvalues by the
mixed FEM [41] and the LSM, in Table 1. From the results of the comparison, we can see that Algo-
rithm I is valid for identifying the Maxwell transmission eigenvalues. Theoretically, the indicator function
23:1 lgs ('7Z07(Iz;ks)\|%2(§2) is unbounded when k is a Maxwell transmission eigenvalue. We would like to
mention that an inappropriate interval may not contain transmission eigenvalues. To address the issue, we
set the truncated value to 5000 in following numerical examples. When the value of the indicator function
within the interval exceeds the truncation value, it implies the existence of Maxwell transmission eigen-
values in that interval. Indeed, the indicator function attains a significant local maximum near the exact
Maxwell transmission eigenvalues as shown in Figure 1b. Otherwise, there is no transmission eigenvalue
in the interval and we need gradually enlarge the interval. Therefore, we can always find the eigenvalues
eventually.
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FIGURE 2. Shapes considered in the numerical examples. (a) gourd-shaped domain in 3D; (b)
layered kite-shaped domain in 2D; (¢) square domain in 2D.

4.2. Scatterer reconstruction

In this part, we give several numerical examples to show that the proposed imaging scheme can effectively
reconstruct the scatterer D.

4.2.1. Gourd-shaped domain

In the first example, we utilize the global properties of transmission eigenfunctions to identify the anisotropic
inhomogeneity in the 3D setting. Let the geometry be a gourd-shaped domain, see Figure 2a. The refractive
index is given by

—_

610
116 0
00

—

N(x) =

—_

4

The artificial far-field data are computed at 100 observation directions and 100 incident directions. To begin with,
we use the mixed FEM to calculate the transmission eigenfunctions associated with different eigenvalues. Figure 3
shows the surface plots and multiple slices plots of the eigenfunctions |Eg j| for three different eigenvalues. It
is clear to see that the transmission eigenfunctions are surface-localized around the boundary. In this case,
the medium is anisotropic. The surface localization result here extends the theoretical statement of isotropic
cases [23] to the anisotropic cases numerically. Besides, it is noted that |Ey x| is nearly vanishing near the top
of the gourd-shaped domain. This observation is consistent with the theoretical result that the transmission
eigenfunctions must be nearly vanishing near the points of large curvature [6].

Next, we test the proposed reconstruction scheme with 1% noise. Here we use the GTLS method with
regularization parameter 3 = 10~%. Figure 4 presents iso-surface plots and slice plots of the multi-frequency
indicator function, respectively. Here we use five different frequencies in interval [1.5,1.6]. In the slice-view plots,
the white dashed lined are the boundary of the exact scatterer. One can find that the proposed method can
approximately identify the boundary of the scatterer.

4.2.2. TE mode in 2D

In this example, we consider the case that the scatterer coats a thin layer of high refractive-index material.
It is worth mentioning that it requires heavy costs in computing the three-dimensional far-field data with
high refractive index. Due to the limited computational resources, we can only afford to the two-dimensional
calculation. Thus, we test the transverse electric (TE) mode in 2D. The transmission eigenvalue problem (1.6)
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FIGURE 3. Surface plots and multiple slices plots of the transmission eigenfunctions |Ey ;| with
three different wavenumbers. (a) k = 1.5141. (b) k = 1.5149. (¢) k = 1.5338. (d) k = 1.5141.
(e) k=1.5149. (f) k = 1.5338.

5 5
\J
O : b‘q
-5 -5 -5
: P S
B \ — 0 \\\/’” 0
5 - 5 5
(b) (c)
60 60 60
5 5
40 40 40
0 20 0 20 20
0 0 0
g 20 g -20 -20
N " _—
. - 5 g - 5 ; e ’
0~ 9 40 0~ 40 0 \ "% 40
5 5 5 5 5 5
(d) (e) ()

FIGURE 4. Iso-surface plots and slice plots of multi-frequency indicator function Iﬂféses. (a)

isovalue 20. (b) isovalue 30. (c) isovalue 40. (d) slice at = 0. (e) slice at y = 0. (f) slice at
z=0.
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FIGURE 5. Imagesc plots of the transmission eigenfunctions with k = 1.5098. (a) E(1) (b) E(2).
(C) EO(1). (d) Eo(z).

for TE mode is reduced to the following system:
VA(VAE)—Ek’NE =0, in D,
VA (VAE) —k?Ey =0, in D,
vAE=vAEy)y, yNA(VAE)=vA(VAEy) on 9D,

where - T
E = (E(l), E(Q)) and Ej:= (Eél), 62)> ,

and

o0 E nE
VAF:=0,F® - 9,F") VAE:= (—&E)v VAF = F@ =P, y A B = <—51E>'

Here we consider a kite-shaped domain with a thin layer, see Figure 2b. The refractive indexes N of the
outside layer and the inside domain are given by

Nows(a) = <21566 21566) , Nip(x) = <(2) g) '
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FI1GURE 6. Imagesc plots of multi-frequency indicator function IHE‘Z’S with L = 2, 5, 8, respec-
tively. (a) L=2. (b) L=5. (c) L =8.

Figure 5 presents the exact transmission eigenfunctions in the predetermined domain. We can see from
the refractive index IN that this problem is associated with anisotropic media. In this case both transmission
eigenfunctions E and FE, are localized around the boundary of the domain. This example also numerically
expands the theoretical result of isotropic cases [23]. The synthetic far-field data are computed within the
interval [1, 2] with additional 1% noise. First, we use Algorithm I to determine eight transmission eigenvalues.
Next, we use the GTLS method with regularization parameter 3 = 10~ to recover the Herglotz wave functions
Eg, k- We present the reconstruction results in Figure 6 by using two, five and eight eigenmodes, respectively.
One readily sees that the kite is already finely reconstructed with eight interior resonant modes. It is clear
that the scale of the kite-shaped domain is much smaller than the underlying wavelength, 27/k ~ 4. This
result shows that super-resolution reconstruction can be realized by the proposed imaging scheme. This is
unobjectionably expected since we make use of the interior resonant modes for the reconstruction. Here, we
want to point out that the contrast IN just needed to be high around dD. Then small transmission eigenvalues
can occur no matter the refractive index is large or normal inside the object. That means in real life, for a
regular refractive inhomogeneity, one may first coat the object via indirect means with a relatively thin layer
of high-contrast medium. For example, one could spray high-contrast material onto the surface of the scatterer.
Then super-resolution imaging can be achieved by the same reconstruction procedure as above.

Remark 4.1. From Figures 4 and 6, we can observe that the concave part of the scatterer can be reconstructed
well. This is physically reasonable since the proposed method makes use of the interior resonant modes, which
is equivalent to “looking” the scatterer from its inside. At this point, the concave part of the scatterer observed
from the exterior becomes convex.

4.2.8. TM mode in 2D

In the final example, we use the local geometric properties of transmission eigenfunctions to image the
scatterer. To reduce the computational cost, we consider the transverse magnetic (TM) mode in 2D. The
transmission eigenvalue problem (1.6) for TM mode is reduced to the following system:

VANAE)—E*n(z)E =0, in D,
VA(NAE) —k?Ep =0, in D, (4.2)
VAE=vAEy,, yNNANE)=vA(NAEp) on 9D,

where the refractive index n(x) = 1/4. In particular, the system (4.2) can be rewritten as the following trans-
mission eigenvalue problem associated with the scalar Helmholtz equation:
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FIGURE 7. The top row: transmission eigenfunctions Ey ; with the first three k; the middle row:
the Herglotz wave recovered by FTLS method; the bottom row: the Herglotz wave recovered
by GTLS method. (a) k1 = 5.48. (b) ko = 6.10. (c) k3 = 6.65. (d) k1 = 5.40. (e) ko = 6.11. (f)
ks = 6.67. (g) k1 = 5.40. (h) ky = 6.11. (i) k3 = 6.67.

AE+K*n(z)E=0 in D,
AEg+ k?Ey =0 in D,

oFE  0FE
E—EO, 87—87V0naD

Here, we let D be a square defined by (x,y) € [—1, 1] x [—1,1]. The exact domain is shown in Figure 2c.

To begin with, we proceed to determine the transmission eigenfunctions Ej ;. We consider the square domain
as discussed above and in order to avoid inverse crimes, extra 5% noise is added to the far-field data associated
with those eigenvalues. For comparison, we use the FEM to compute the exact eigenfunction of Eyj from
the exact domain, see the top row of Figure 7. In addition, the middle and bottom rows of Figure 7 present
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FIGURE 8. Imagesc plots of multi-frequency indicator function Iﬁlgfs with L = 2, 4, 6, respec-
tively. The top rows: recovered by the FTLS method; the bottom rows: recovered by the GTLS
method. (a) L=2.(b) L=4.(c) L=6.(d) L=2.(e) L=4. (f) L =6.

the Herglotz wave functions Fg,  recovered by the FTLS and GTLS methods, respectively. For the FTLS
method, we take the Fourier truncation order by Ny = 6. For the GTLS method, the regularization parameter
is chosen as 3 = 107!, The dashed red lines denote the exact support of the square scatterer. It is clear that
the reconstructed Herglotz wave functions by both methods are close to the exact transmission eigenfunctions
Ey; inside the scatterer. This numerically verifies the conclusion in Section 3. Moreover, from the top row
of Figure 7, one can find that the eigenfunctions are vanishing near the corners, which verifies the previous
theoretical study [3,4,8]. In particular, we can observe that the reconstructed eigenfunctions are also nearly
vanishing near the corner points rather than at the corners. This is because that recovering the Herglotz kernel
function gy from the far-field data is very ill-posed.

Although the nodal lines of eigenfunctions appear in different locations for different eigenvalues (cf. [14,15]),
the nodal lines always go through the corners. So, the corners of the domain will stand out if we superimpose the
indicator function with multi-frequency far-field data. Figure 8 presents the multi-frequency indicator function
(4.1) with the first two, four and six eigenvalues with 5% noise. In this case, the truncated Fourier order is given
by N; = 8 for the FTLS method and the regularization parameter is chosen as 3 = 1073 for the GTLS method.
One readily sees that the corner points are finely reconstructed with four interior resonant modes. If further a
priori information is available on the shape, say, it is a polygon, then one can actually recover the scatterer.
This example also shows that the proposed imaging scheme can break the Abbe resolution limit in recovering
the fine details of 9D, even the singular points.

Remark 4.2. It is worth to mention that the proposed method is valid for reconstructing an electromagnetic
medium scatterer no matter if the medium is isotropic or anisotropic. Although the numerical performance is
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not impressive enough, the proposed method is theoretically a super-resolution imaging method since it can
determine the shape of scatterer with some smaller eigenvalues. That is to say, the size of the scatterer is much
smaller than the wavelength of the incident wave. The main reason why the resolution is not as good as expected
is that the stability of this method is relatively poor and it is sensitive to the noise [4].
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