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PARTICLE METHOD AND QUANTIZATION-BASED SCHEMES FOR THE
SIMULATION OF THE MCKEAN-VLASOV EQUATION"*

YAaTIiNG Liu*

Abstract. In this paper, we study three numerical schemes for the McKean-Vlasov equation

dXt = b(t7 Xt, :U/t) dt + (J’('t7 Xt, :U/t) ch
Vit € [0,T], uis the probability distribution of Xy,

where X : (Q, F,P) — (R, B(R?)) is a known random variable. Under the assumption on the Lipschitz
continuity of the coefficients b and o, our first result proves the convergence rate of the particle method
with respect to the Wasserstein distance, which extends previous work [M. Bossy and D. Talay, Math.
Comput. 66 (1997) 157-192.] established in a one-dimensional setting. In the second part, we present
and analyse two quantization-based schemes, including the recursive quantization scheme (deterministic
scheme) in the Vlasov setting, and the hybrid particle-quantization scheme (random scheme inspired
by the K-means clustering). Two simulations are presented at the end of this paper: Burgers equation
introduced in [M. Bossy and D. Talay, Math. Comput. 66 (1997) 157-192.] and the network of FitzHugh-
Nagumo neurons (see [J. Baladron, D. Fasoli, O. Faugeras and J. Touboul, J. Math. Neurosci. 2 (2012)
1-50.] and [M. Bossy, O. Faugeras and D. Talay, J. Math. Neurosci. 5 (2015) 1-23.]) in dimension 3.
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1. INTRODUCTION

The McKean-Vlasov equation was originally introduced in [33] as a stochastic model naturally associated to
a class of non-linear PDEs. Nowadays, it refers to the whole family of stochastic differential equations whose
coefficients not only depend on the position of the process X; at time ¢ but also depend on its probability
distribution p;. This distribution dependent structure of the McKean-Vlasov equation is widely used to model
phenomenons in statistical physics (see e.g. [6,32]), in mathematical biology (see e.g. [2,5]), also in social sciences
and in quantitative finance, often motivated by the development of the mean field games and the interacting
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diffusion models (see e.g. [7,25] and [8]). Besides the original paper [33], an excellent reference of the general
theory of the McKean-Vlasov equation and the propagation of chaos is [41]. See also the lecture note [24].

In this paper, we consider a filtered probability space (2, F, (F;)i>0,P) satisfying the usual conditions and
an (F;)—standard Brownian motion (B;):>o valued in R9. For a separable Banach space (E, ||-||z), we denote
the set of probability distributions on E by P(F) and denote by P,(E) the set of probability distributions on
E having p-th finite moment, p > 1. The McKean-Vlasov equation writes

(1.1)

dX, = b(t, Xy, pe) dt + o(t, Xy, ) dBy,

s the probability distribution ofXy, ¢ € [0, T,
where X : (2, F,P) — (R% B(R?)) is a known random variable independent of the Brownian motion (B;);>¢
and b, o are Borel functions defined on [0,7] x R? x P(R?) having respective values in R? and in M 4(R), the
space of real matrices with d rows and ¢ columns. If there exist Borel functions 3 : [0, 7] x R? x R? — R? and
a:[0,T] x R? x RY — My ,(R) such that

b(t,x, u) = y B(t,x,u)p(du) and o(t,z,pu) = /Rd a(t,x,u)pu(du), (1.2)

we call (1.1) the Vlasov equation.

This paper aims to show three implementable numerical methods for the simulation of the McKean-Vlasov
equation (1.1), including the particle method and two quantization-based schemes, accompanied by a quantita-
tive analysis of the corresponding simulation error.

1.1. Construction of numerical schemes

The construction of numerical schemes involves two components: the temporal discretization on [0,7] and
the spatial discretization on R¢.

(1) TEMPORAL DISCRETIZATION BY THEORETICAL EULER SCHEME
We fix M € N* and set h = % as the time step. Let ¢, = t%f =m-h,0<m < M and let Z,,41 =

ﬁ(Bth— B, ), 0 <m < M — 1. The theoretical Euler scheme of (1.1) is defined as follows,
XM = XM nb) XM M) + Vet XM i) Zs, X0 = Xo, (1.3)

where for every m € {0,..., M}, ﬂi\n{ denotes the probability distribution of X% . We also define the continuous
expansion of (X't]y e ’)—(%)7 denoted by (XM )telo, 1], by the following continuous Euler scheme

Vm:(),...7M—1, vte(tmvthrl]? thv[ = Xt]\;{,+(t_tm)b(t%,xt]‘iaﬂi\i)+U(t£\n/[7Xt]\iaﬁé\i)(Bt_Btm) (14)

with the same )_(éw = Xo. When there is no ambiguity, such as when the time discretization number M is fixed,
we will omit the superscript M in X, XM and in ! defined in (1.3) and in (1.4).

The convergence rate of this theoretical Euler scheme is of order h'/2 if the coefficients b and o are Lipschitz
continuous in (t,x, 1) (see Prop. 2.1 in [29] or further Prop. 2.2 for more details). However, contrary to the
Euler scheme for a standard diffusion dX; = b(t, X;)dt + o (t, X¢)d B, the scheme defined by (1.3) is not directly
implementable, since it does not directly indicate how to simulate ﬂi‘i in the coefficient functions b and o.
To do this, we need a further spatial discretization on R?, a key point of this paper, to construct a discrete
approximation of ﬂ{\i . This article will primarily focus on analyzing the errors associated with the spatial
discretization approach.

(2) SPATIAL DISCRETIZATION
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In this paper, we present two distinct spatial discretization approaches: the particle method and the
quantization-based method.
(2.1) PARTICLE METHOD

The particle method is inspired by the propagation of chaos property of the McKean-Vlasov equation (see
e.g. [14,24,41] and [9]). We consider the same temporal discretization number M and the same time step h
as in (1.3). For the simplicity of notation, we will omit the superscript M in the following discussion. Let
Xo™, . XN be iid copies of X in (1.1) and let B™ := (B")tepo, 11, 1 <n < N, be N independent standard
Brownian motions valued in R?, independent of the Brownian motion (B;):c[o,7) in the initial McKean-Vlasov

g

equation (1.1) and of (X, XS’N, . ,XéV’N). The main idea of the particle method is to construct an N-particle
system (th;LN, e 7XtNm’N)0§m§M by computing for every 1 <n < N,0<m < M —1,

X0 = X0 4 (o, X80 ) VR0 (b, X3 ) 21 ws)
A, = % iy gn s Zi = Je(BEL,, — BR) R N(O,L), '
and then to use [’ defined in (1.5) as an estimator of [, in (1.3) at each time step t,,, 1 < m < M.
Remark that ﬂé\; in (1.5) is a random probability distribution, that is, it depends on w € Q. As detailed later
in Theorem 3.1, we prove that the convergence rate with respect to the LP—norm of the Wasserstein distance,
between jif in (1.5) and fi,, in (1.3) is of order N-Yd (N-1/2P if d = 1) under appropriate conditions. The
result is established by using the convergence rate in the Wasserstein distance of the empirical measure of an

i.i.d. sample as presented in Theorem 1 of [13].

In one-dimensional setting, the convergence rate of the distribution function and of the density function of
the particle method has been previously established in [4]. In this paper, we establish the convergence rate with
respect to the Wasserstein distance, which does not rely on distribution function representations and also holds
for a higher dimensional setting (d > 2). Assuming the same conditions as in [4], the convergence rate presented
in Theorem 3.1, particularly when considering the L!-Wasserstein distance, aligns with the convergence rate
of the distribution function in [4] (see [15] for the expression of the L!-Wasserstein distance in terms of the
distribution function). Note that, the convergence analysis in this paper requires fewer conditions, as some of
the conditions in [4] are necessary only to guarantee the existence of a density function.

(2.2) QUANTIZATION-BASED METHOD

A second way to implement the spatial discretization is to use the (optimal) vector quantization, also known
as K-means clustering in unsupervised learning. Consider a random variable X having probability distribution
p=L(X)=PoX !onRe Let K € N* be the quantization level. The main idea of the vector quantization
is to project u onto a fixed quantizer x = (z1,...,2x) € (R)X satistying z; # xz; if ¢ # j, and to use the
following discrete projection

K
A7 = w0y, with wp=p(Vi(z)), 1<k<K (1.6)
k=1

as an approximation of p. In (1.6), (Vk(:r)) denotes a Voronoi partition generated by z = (z1,...,2x)

1<k<K
(see Fig. 1), which is a Borel partition on R? satisfying

|y —xkl = min |y —a; <k<K. .
Vk(x)c{yE]R | ly — k] ér}lgnK\y l‘]|}, 1<k<K (1.7)

The approximation fi* defined in (1.6) is deterministic. By introducing the projection function Proj,

K
§€ R? — PI‘O.]x(f) :Zl‘kﬂvk(z)(ﬁ) € {xlv s 7$K} (18)
k=1
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.

F1cURrRE 1. A Voronol partition.

based on the chosen Voronoi partition (Vk(as))1<k<K1, one can remark that g% = o PrOj;l, which is the law

of the discrete random variable X * := Proj, (X).

If 4 € Pp(RY), p > 1, there exists (at least) an optimal quantizer z* = (27, ..., 2%) € (R?)X in the sense that
0%" is the closest probability measure to p with respect to the Wasserstein distance W,, among all probability
distributions having a support of at most K points (see [17], Lem. 3.4 and further Prop. 4.1-(3)). In the quadratic
setting (p = 2), such optimal quantizer x* can be found by several numerical methods such as Lloyd’s fixed
point algorithm, as described in Algorithm 1 (see [22,30,38] for more details) or the CLVQ algorithm (see e.g.
[34], Sect. 3.2). In this paper, we implement Lloyd’s algorithm to obtain the quadratic optimal quantizer in
the simulations but numerical results can be obtained by other methods as well. Figure 2 is an illustration of
the quadratic optimal quantization at level K = 60 for the standard normal distribution u = N(0,I5), where
the blue points represent an optimal quantizer and the colour in red represents the weight p(Vi(x)) of each
Voronoi cell (the darker the heavier). Furthermore, in the framework of unsupervised learning with unlabeled
dataset {¢1,...,&,} C RY the K-means clustering is to compute the (quadratic) optimal quantizer of the

empirical measure v = % >, 8¢, on the dataset.

i

In this paper, we propose the following two quantization-based schemes for the simulation of the McKean-
Vlasov equation?:

(a) Recursive quantization scheme in the Vlasov setting (1.2),

(b) Hybrid particle-quantization scheme.

Different from the particle method, the recursive quantization scheme is deterministic, that is, the simulation

result does not depend on w € €.

1The Voronoi partition (Vk (:p)) 1<k<K generated by a fixed quantizer z = (z1,...,2k) is not unique since we can place points
on the hyperplane H; ; = {¢ € R? | |z; — &| = |z; — €|} in either the Voronoi cell V;(z) or V;(z). However, the choice of the
Voronol partition has no impact on the quantization error of the quantizer z (see further discussion in (2.6) and in (4.1)).

2This idea of applying optimal quantization to simulate the McKean-Vlasov equation was firstly introduced in Section 4 of [16]
in a different framework. Besides, another quantization-based scheme is proposed in Section 7.4 of [27], called doubly quantized
scheme, in which we implement the quantized Gaussian random variables instead of (Zm)1<m<as in (1.3).
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FIGURE 2. The quadratic optimal quantization for the standard normal distribution A/(0, I5).

Algorithm 1: Lloyd’s (fixed point) algorithm for a probability measure u € Po(R?)

Set K € N* for the quantization level.

Input: Initial quantizer 20 = (x[lo], ... ,x[jg]) such that :ULO] e supp(p), 1 <k < K.
Repeat
Compute z [ =E[X | X " 1(Q), i.e. for every k=1,..., K,
x%l, if u(Vk(z[l])) =0,
[1+1]
_ 1.9
Tk Jv (il ER(dE) ( )

k
i (Vi(alt))
until  Some stopping criterion occurs (for example, \:c[”” — zll | < e for a fized threshold e > 0);

E [X | X = x%l ] = , otherwise.

Return zl = (x[ll], cee x[ll(])

(a) RECURSIVE QUANTIZATION SCHEME. The most natural idea of applying optimal quantization to the simula-
tion of the McKean-Vlasov equation is to replace X; and fi;, in (1.3) by their respective quantized projection.
More precisely, we consider a quantizer sequence for each time step t,,

2 = @™ Ty e DK, o<m< M (1.10)
and define the quantized random variable )/ftm and its probability distribution fi;,, by
Xo = Xo, Xo = Proj,o(Xo), fio="Po XJI,

Xty = Xty + - b(tm, Xt fity,) + VIO (b, Xty it) Zmt (1.11)
Xipir = Projuomin (Xe, 1), Bty =Po X, 0, m=0,...,M—1.

In (1.11), at each time step t,,, we add a quantization procedure for Xy, , fir, = £(X;,) and inject their
quantization projection X, = Proj,om (X, ) as well as fi;, = L£(Xy,) = [it,, © Proj;(}n) into the time step
t;mt1. Later in Theorem 4.2, we establish an upper bound on the error of this approximation (1.11) in terms
of the L?-distance between the quantization projection )A(tm and the random variable X;  defined by the Euler
scheme (1.3). This error depends on the quantization error at each time step t,,, which, in turn, is influenced
by the choice of quantizers z("™) = (a:ﬁ"‘), . ,x(];n)), 0 < m < M. The upper bound presented in Theorem 4.2
entails the accumulation of quantization errors over the time discretization, indicating potential sub-optimality
and opening possibilities for future research and refinement.
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This scheme (1.11) is not directly implementable because of fi;,, for the same reason as the theoretical Euler
scheme (1.3), so we call (1.11) theoretical quantization-based scheme. However, in the Vlasov setting (1.2), we
can circumvent this issue by using the recursive quantization method, which is first introduced in [37] for the
diffusion equation dX; = b(¢t, X;)dt + o(t, X;)dB;.

The main idea of the recursive quantization method is to construct the Markovian transitions of (Xtm s )
based on (1.11). To be more specific, for each time step ¢,,, by considering Voronoi partitions (Vk(az(m)))lgkgK
generated by (™ 0 < m < M, and by applying (1.6), we can rewrite fi;, in (1.11) as follow

K
At = D 2" 8,0, (1.12)

where p,(cm) = Ji,, (Vi(z(™)) = P(X;, € Vi(z™)) = P(X,, = x(m)) 1 < k < K. The expression (1.12)
shows that for every m € {0,..., M}, the quantized distribution fi;,, is determined by the quantizer z(™ =

(a:Yn), .. ,x(;(n)) and its weight vector p(™) = (pgm), ... ,pg;n)). In the Vlasov setting (1.2), the transition step of

(1.11), with respect to fi,, in (1.12), writes
_ R K
Xtm+1 = Xtm + th}(cm) ﬁ(tﬂu Xtm7 xk + \/’Zp(m) a m Xtm7 xl(cm))Zerl-

Consequently, under the condition that the weight vector p(™) is known, and given the value of )/(\'tm, the
transition probability is

m+1 j %

K
7P[<z§m)+thl(~cm)ﬂ(tmvx (m) +\prk a m,I( ),Ilgm))Zm+1) GVj(I(erl)) ;
k=1

P(%1,, = oY | X, = o) (1.13)

so that we can compute p§m+l) = ]P’()?thrl = x§m+1)), 1<j <K, by

pimHy ZP Ky =2 Xy =2l ) pi™. (1.14)

m

A detailed proof of the above equalities is provided in Section 4.2, where we also explain how to combine this
recursive quantization method with Lloyd’s algorithm to optimally compute the quantizer z(™ at each time
step.

(b) HYBRID PARTICLE-QUANTIZATION SCHEME. Another way to simulate the McKean-Vlasov equation is to
apply the optimal quantization method to the particle system (1.5) and subsequently devise the following
hybrid particle-quantization scheme. Consider the same initial random variables Xé ’N, e ,Xév N and the same
Brownian motions B", 1 <n < N as (1.5) and define

Xnmjrl - Xn]]\\; + h b( m,Xn N?ﬁti( ) +I\(/E0'(tmaXtT:LN7ﬁtI( )Z777LL+13 lgNn S N>

:“5 = (1{7 2 on=1 5xg;f’) °© ProJﬂm) =2 k=1 [5 (m) 'En:1 ]le(z“"))(XZ; )]’ (1.15)

Sn,N Sn,N iid 11d

XpN =X X, 20 = \f(B”m+1 By ) N(0,1,).
The concept behind constructing this scheme is as follows. Considering that the measure argument p,, in
(1.11) cannot be directly simulated except for the Vlasov setting (1.2), an alternative strategy is injecting the
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n,N

quantization projection i of the empirical measure % Zi\il dgn.~ at time ¢, into the simulation for )Aft o
m =19xp m

at time t,,41, instead of using fit,, .

The theoretical foundation for this idea comes from the consistency of the optimal quantizer as established
n [28]. Specifically, if a sequence of probability distributions (u,)n>1 converges to po, with respect to the
Wasserstein distance, any limiting point of the optimal quantizers z(™ of u,, is an optimal quantizer of fic.
Considering the convergence of the particle method obtained in Theorem 3.1, we can anticipate that an optimal

quantizer of the empirical measure - Zﬁle (5;(21,1\7 is close to being optimal for the measure f;, of (1.3).
Following this idea, Proposition 4.4, detailed in Section 4.3, provides an error analyse of the scheme (1.15) in
terms of an upper bound of the Wasserstein distance between the quantization projection ﬁffn and the probability
distribution ﬂ{\; defined by the particle method (1.5). Moreover, from a practical perspective, obtaining an
optimal quantizer for the empirical measure % 25:1 1) KN is more straightforward in simulations by using e.g.

sklearn.cluster.KMeans package in Python, as demonstrated in the pseudo-code in Algorithm 5.

1.2. Comparison of spatial discretization approaches and future outlook

We now provide concise comments on the numerical performance and characteristics of these three spatial
discretization approaches. Additional details can be found in Section 5.

First, regarding computing time, both the particle method (1.5) and the recursive quantization scheme (1.11)—
(1.13)—(1.14) (excluding Lloyd iteration) essentially involve the computation of a Markov chain in RY and R¥
respectively. Consequently, these are theoretically the two fastest methods. However, the recursive quantization
scheme requires rapid computation for terms such as p,(cm) = [it,, (V;C (x(m) ))7 which is a numerical integration over
a Voronoi cell. This process becomes numerically costly in high-dimensional settings, particularly when utilizing
packages like ghull (see www.qghull.com). Furthermore, the accuracy of the quantization method depends on
the choice of the quantizer, while integrating the Lloyd’s algorithm into the quantization scheme to obtain an
optimal quantizer adds to the computing time. In some cases, particularly in one-dimensional setting, adding
the Lloyd’s algorithm proves to be more numerically costly without significant improvement on the accuracy,
compared to a simpler strategy of increasing the quantizer size K and using a uniformly spaced quantizer.

In terms of accuracy, both the particle method (1.5) and the hybrid particle-quantization scheme (1.15) are
classified as random algorithms, indicating that their simulation results, depend on w in the probability space
(Q, F,P). Therefore, when evaluating the accuracy of these two methods, one needs to compute the standard
deviation of errors simultaneously. On the other hand, the recursive quantization scheme (1.11)—(1.13)—(1.14)
is deterministic, but this scheme is currently adapted only to the Vlasov case (1.2).

Moreover, in many research areas and applications associated to the McKean-Vlasov equation, such as mean
field games (see e.g. [8]) and opinion dynamics (see e.g. [18]), the primary focus is on an N-particle system

(th’N, ce XtN’N)tE[OvT] satisfying (XS’N, - ,XéV’N) i Xo and following the dynamics given by

dXPN = b(t, XN uN)dt + o(t, XN uN)dBp, 1 <n <N, (1.16)
Vtel0,T), ul = % 25:1 ‘SX{“N' |

The McKean-Vlasov equation (1.1) is considered as a limit equation of such particle system (1.16) when N —
+00, often appeared in the propagation of chaos theory in the literature. The particle method (1.5) presented
in this paper can be viewed as a temporal discretization of (1.16). Meanwhile, the hybrid particle-quantization
scheme (1.15) essentially incorporates a K-means clustering step into the particle method. From the perspective
of unsupervised learning, considering the particles in (1.5) as a dataset, this additional step is inherently heuristic
for modeling, given that K-means clustering is commonly employed for identifying salient features, natural
classification and data compression in unsupervised learning (see e.g. [21]). In Section 5.2, we show through
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numerical experiments that the hybrid particle-quantization scheme reduces data volume while maintaining
stability in both the mean and variance of the test function value.

In considering future directions, advancements in optimal quantization theory and numerical methods will
enhance the outcomes of this paper. First, the development of faster computational algorithms for numerical
integrations over Voronoi cells in high-dimensional settings will expand the practical applicability of the recursive
quantization scheme. Additionally, the current upper bounds on simulation errors for the quantization-based
schemes in Theorem 4.2 and Proposition 4.4 are not optimal. These bounds represent the accumulation of
quantization errors over the time discretization, lacking constraints when the time discretization number M
tends to infinity. However, such divergence was not observed in the simulation examples in Section 5, even with
a large value of M. Therefore, investigating alternative error bounds and determining conditions for convergence
will be another direction for the future research.

Furthermore, since the convergence results in Theorem 3.1 and Proposition 4.4 are established with respect
to the Wasserstein distance, developing precise and efficient computation methods for the Wasserstein distance
is crucial when practically evaluating the convergence, especially in high-dimensional settings. Finally, the
simulation example in Section 5.2 involves the density estimation of the solution to the McKean-Vlasov equation.
For a more in-depth understanding of its dependency on the choice of kernel and bandwidth in the density
estimation procedure, we recommend consulting [1] and [19].

1.3. Organization of this paper

This paper is organised as follows.

Section 2 gathers the notations used in this paper and the assumptions for the error analyses of the three
numerical schemes.

In Section 3, we discuss the particle method and prove its convergence rate in Theorem 3.1. The proof shares
the same idea of the well-known propagation of chaos (see e.g. [24], Thm. 3.3). We compare the particle system
(1.5) with another particle system without interaction, that is, a system composed by N ii.d. It processes
(YL,...,vN )teo,7) simulated by the continuous Euler scheme (1.4). Then the error of the particle method can
be bounded by, up to a constant multiplier, the Wasserstein distance between the probability measure of X
defined by (1.4) and its empirical measure defined on its i.i.d. copies (Y!,..., YV).

Section 4 is devoted to the quantization-based schemes (1.11), (1.13) and (1.15), along with their respective
error analyses. In Subsection 4.1, we first give a review of the optimal quantization method. Then we present and
prove Theorem 4.2, the L2-error analysis of the theoretical quantization-based scheme (1.11). In Subsection 4.2,
we show how to obtain the transition probability (1.13) for the recursive quantization scheme in the Vlasov
setting, as well as the integration of Lloyd’s algorithm. Finally, Subsection 4.3 contains Proposition 4.4, the
error analysis of the hybrid particle-quantization scheme (1.15), and its proof.

Section 5 illustrates two simulation examples by using the above numerical methods. The first simulation is
for a one-dimensional Burgers equation, introduced in [41] and [4]. This equation has a closed-form solution, so
we can compute and compare the accuracy of different methods. The second example is a 3-dimensional model,
the network of FitzHugh-Nagumo neurons, firstly introduced and simulated in [2] (see also some corrections in
[5]) and also simulated in [11].

Finally, for the reader’s convenience, Figure B.1 in Appendix B displays all the numerical methods pre-
sented in this paper along with their connections, where we also briefly mention their convergence rates. Addi-
tionally, Appendix B includes the pseudo-codes for the two quantization-based schemes introduced in this

paper.
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2. NOTATIONS AND ASSUMPTIONS

2.1. Notations and definitions

In the whole paper, we place ourselves in a filtered probability space (2, F, (F;)i>0,P) satisfying the usual
conditions and (B;);>o denotes an (F;)—standard Brownian motion valued in R?. The same holds for (B}');>0
with n € N*. We use |-, for the Euclidean norm on R? (we drop the subscript d in |-|, when there is no
ambiguity) and (-,-) for the Euclidean inner product. We write Mg 4(R) for the space of real matrices with d
rows and ¢ columns and endow the space My 4(R) with an operator norm ||-|| defined by || A|| == Sup|;| <1 |Az|,.

We write (E, | - ||g) for a Banach space E endowed with the norm || - ||g. For a random variable X valued
in (E,| - |lg), we write Px or £(X) for its probability distribution P o X! and write || X||, for its LP-norm,

defined by || X||, == [E|IX H%]l/p, p > 1. Moreover, we consider the space of R%valued continuous mappings
endowed with the supremum norm, denoted by (C([0,T],R%), || - [|sup), that is,

C([0,T), R?) := {@=(w)sepo,) such that ¢ € [0,7] — a; € R? is continuous} and ||a/[sup= sup |ay|.
te|

s

The space LZ(;([O,T],DW) (Q, F, (Fi)e>o, ]P’) denotes the LP-space of (F;)-adapted random processes, that is,

LIC)([O,T],Rd) (Q, ]:, (ft)tzo, P) = { Y = (Ygﬁ)te[O,T] : (Q, f, (]:t)t207 IP) — C([O, T], Rd) such that

Y is (F)-adapted and Y|, = [E ||, ]"" < +oc } (2.1)
The notation Cy, ..., means a positive constant depending on parameters p;, ..., p, whose value is allowed to

change from line to line, A/(0,I,) denotes the R? standard normal distribution, where I, is the ¢ x ¢ identity
matrix, and J, denotes the Dirac measure at a point a. For two random variables X and Y, the notation X 1L Y
is used to indicate that X is independent of Y.

Now we introduce two classes of notations frequently used in this paper.
(1) WASSERSTEIN TYPE NOTATIONS

For a Polish space (S, dg), we denote the set of probability distributions on S by P(S) and denote by P,(S)

the set of probability distributions on S having p-th finite moment, p > 1. The definition of the LP-Wasserstein
distance W), on P,(S) is

YV, v € Py(S),

1
= 1 p P
W,(u,v) : (we%l?ﬂ,u)/kgxsds(%y) W(dx,dy))

= inf { (E[ds(X, YY) X,Y : (Q,F,P) — (S,8) with Po X' =y, Poy ! = b

where in (2.2), II(u, v) denotes the set of all probability measures on (S x S, S®2) with marginals 4 and v, and
S denotes the Borel o-algebra on S generated by the distance dg. We write W, for the case S = R? endowed
with the Euclidean norm |-|; and write W,, for the case S = C([0,T], R?) endowed with the sup norm | - [|sup-
Inspired by [24], we also consider the “truncated Wasserstein distance” on P, (C([0,T],R?)), defined by

1
Yy, veP, (C([O,T],Rd)), Wy e (p,v) = [ inf / sup |zs — ys|” w(dz, dy)} ] (2.3)
' wel(u,v) Je([0,7],R9) xC([0,T],RE) s€[0,t]

where II(u, v) denotes the set of all probability measures on C([0,T],R%) x C([0, T], R?) equipped with the Borel
o-algebra generated by || - ||sup-
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We also introduce C([0,T], P,(R?)) as the marginal distributions space, defined by
C([0,T), Pp(RY)) := {(,Ut)te[O,T] s.t. t — p is a continuous mapping from [0, 7] to (Pp(Rd),Wp)}

equipped with the distance

dC((,ut)te[O,T]a(Vt)te[O,T]) ‘= sup W;D(Ntal/t)' (2~4)
t€[0,T]

The mapping ¢ sends elements from P, (C([0,7],R?)) to C([0,T], P,(R?)) and is defined by

p—u(p) = (po Wt_l)te[(LT] = (ﬂt)te[O,T]a (2.5)

where for any ¢ € [0, 7], m¢ : C([0,T],R?) — R% is defined by o = (ov)sejo,r) — me(a) = oy
(2) QUANTIZATION TYPE NOTATIONS

For a given quantization level K € N*, we represent a K-level quantizer as © = (z1,...,7x) € (R?)X,
It is generally assumed that the components x; are distinct, that is, x; # x; if ¢ # j. Given the quantizer
x = (x1,...,2x), the notation (Vk (m)) represents a Voronoil partition generated by x, which is a Borel
partition on R? satisfying

d - = mi — <k<K.
Vk(x)C{yeR | ly — @ 1%1}1;1[{@ xj|}, 1<k<K

1<k<K

and the notation Proj, is the projection function based on a Voronoi partition (Vk(x))l <n< ¢ defined by
K
¢ e RY — Proj,(¢) ::Zxklvk(x)(g) e{z1,...,zx}.
k=1
Let X be a random variable taking values in R? with probability distribution p and let z = (z1,...,2x) €

(RHE be a K-level quantizer. We denote the quantization approximation of X by Xz = Proj,(X) and denote
the quantization approximation of u by u® = Zle M(Vk (:C)) <0y, =po Projgl, which is the law of X®. When
there is no ambiguity on the quantizer, we drop the superscript = in X7 and in e

When p € P, (R9), the accuracy of the quantization approximation can be assessed through the quantization
error function ex , (i, -), defined by

v = (@1, 7x) € RYE o epe ) = [ [ min €~ Pu(d)| € R (2.6)

Sometimes we also use the notation ex ,(X,-) instead of ex ,(i,-) for a random variable X such that Px = p.
The optimal quantizer at level K and order p for p is denoted by z* = (z7,..., 2% ), which is defined by

¥ = (x7,...,2%) € argmin ex , (1, y), (2.7)
ye(RHK
and we call
CieplX) = chop) = nt () 28)

the optimal quantization error at level K and order p for y. Finally, the notation

a€RY

My = int, | [ 1€~ alpu(df)r

will be repeatedly used in an upper bound for the optimal quantization error.
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2.2. Assumptions

Throughout this paper, we make the following assumption on the coefficients b, o and on the initial random
variable Xy. Remark that the following assumption depends on an index p € [2, 4+00).

Assumption 2.1. There exists p € [2,+00) such that the following conditions (1) and (2) hold.

(1) The initial random variable Xo satisfies || Xol,, < +o0.
(2) The coefficient functions b and o are y-Hélder continuous in t, v € (0,1], and Lipschitz continuous in x
and in u in the following sense: there exists a constant L > 0 such that
Y (z,p1) € R x P,(RY),Vs,t € [0,T] withs < t,
|b(t71‘,u) - b(s7m7/1“)| v H|O’(t,x, :u) - U(S7$,u)||| < L(l + |.%'| + W,’D(:u'v 60))(t - S)’Yﬂ (2‘9)

and such that

vVt e [0,T),Vr,y € R and ¥V pu,v € P,(RY),
|b(t7 T, M) - b(ta Y, l/)| v |H0'(t7 €T, :U’) - U(tv Y, V)'H < L( ‘.’E - y| + Wp(:u’v V) ) (210)
Assumption 2.1 is a classical assumption for existence and uniqueness of a strong solution X = (X¢)c[o,7] to

the McKean-Vlasov equation (1.1) (see e.g. [24] and Chap. 5 in [27]) and the convergence of the Euler scheme
(1.3), (1.4).

Proposition 2.2. ([29], Prop. 2.1) Assume that Assumption 2.1 holds for an index p € [2,+00). Let X =
(Xt)epo,m) be the unique strong solution of (1.1) and let XM = (XtM)te[o,T} denote the process defined by the
continuous Euler scheme (1.4). Then there exists a constant Cp,d,T,L,'y,HXoHp such that

S M 1A
H sup | X, — Xj |H < CparLy)xol, M
t€[0,7] p

Building upon the conclusion of Proposition 2.2, we will focus on the convergence analysis of the three spatial
discretization approaches defined in (1.5), (1.11) and (1.15). Besides, in the Vlasov case (1.2), a sufficient
condition for Assumption 2.1 is Assumption 2.3 (see below), which follows from the Kantorovich-Rubinstein
dual representation of the Wasserstein distance Wh:

Wi (i, v) = sup {/R F©pu(dé) 7/11@ F(&v(dE) ’ f Lipschitz continuous with [f]rip = Sl;p W < 1}
d d TFY

and follows from the fact that for every p > 1, Wi(u,v) < W, (1, v) (see e.g. [12] and [42], Chap. 6).

Assumption 2.3. The functions § and a in (1.2) are y-Hélder continuous in t, v € (0,1], Lipschitz continuous
in (z, u) uniformly with respect to t € [0,T] in the following sense: there exists a constant L > 0 such that

Va,u e R Vs, t €[0,T] withs <t,
‘/B(t»xvu) - /B(vaau” N H|a(t7xvu) - a(s7m7u)||| < L(l + ‘x| + |u|)(t - S)Va

and such that

Vit e [O,T],Vxl, T2, U1, Ug € Rd,
B(t, @1, u1) = B(t, w2, u2)| V la(t, 21, u1) — a(t, 22, ua)[| < L(|21 — 22| + Jus — ual).
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3. PARTICLE METHOD AND ITS CONVERGENCE RATE
The following theorem shows the convergence rate of the particle method (1.5).

Theorem 3.1. Assume that Assumption 2.1 is in force for an index p € [2,400). Set M € N* and h = %
for the temporal discretization. Let (fit,, )1<m<m, (i )i<m<m be probability distributions respectively defined
by the theoretical Euler scheme (1.3) and the particle method (1.5).

(i) We have
— — _ N —+4o00
sup Wp(ugnv /u‘tm) < CdﬁvaT ||WP(.M’ VN)Hp —0,
0<m<M v
where [i is the probability distribution of the process X = (Xt)te[O,T] defined by (1.4) and vV = % Zf\il Oy
is the empirical measure on the i.i.d. copies (Y1,...,YN) of X.
(ii) If, in addition, ||X0Hp+‘S < 400 for some € > 0, we have the following inequality
N™% + N~ 5670 if p>d/2ande # p,
~ 1 e
sup Wp(ﬂgn,ﬂtm) <Cx{N = [log(l —|—N)} P+ N ?oFe) if p=d/2ande # p,
<m<M e
osms » N~—i + N~ 70 ipr(O,d/Q)andp—i—a;éﬁ,

where C is a constant depending on p,e,d,b,o, L, T and ||X0||p+€.

Theorem 3.1 can be considered as a strong error of the particle method. The weak error, that is, the upper-bound
of [®(fi¢,,) — E®(fay )| for a function @ : P,(R?) — R with appropriate differentiability, can be established in
the future by applying similar techniques as [9]. Moreover, we refer to [1] and [19] for the studies of the density
simulation of fi;,, based on the particle method (1.5).

The proof of Theorem 3.1 can be divided into 3 steps.

— Step 1 (Subsect. 3.1): We present some preliminary results on the McKean-Vlasov equation (1.1) and the
process X = (X);e[o,r) defined by the continuous Euler scheme (1.4). Additionally, we discuss basic prop-
erties of the space of probability distributions and the space of marginal distributions of these two processes
X = (Xo)tepo,r) and X = (Xy)se(0.1]-

— Step 2 (Subsect. 3.2): The system (th;lN, e XtNm’N)ogmgM defined by (1.5) can be considered as a particle
system with interaction through ﬂi\fn = % 25:1 0 XN at each time t,,, 0 < m < M. We define another
particle system (Y}, ..., YtN)te[o,T] without interactidzll, that is, Y™, 1 <n < N, are i.i.d. Itd processes with
the same distribution as X = (X¢)c[o,r) defined by (1.4).

— Step 3 (Subsect. 3.3): We compare these two particle systems and prove Theorem 3.1.

3.1. Preliminary results

The following lemma shows that the p-th moments of the unique strong solution X = (X¢)¢cjo,7] to the
McKean-Vlasov equation (1.1) and of the process X = (X)¢e[o,7) defined by the continuous Euler scheme (1.4)
are finite.

Lemma 3.2. (/29], Prop. 2.1) Assume that Assumption 2.1 holds for an index p € [2,+00). Then the unique
solution X = (Xy)ejo,r) of (1.1) and the process XM = (XM)icpo,r) defined by the continuous Euler scheme
(1.4) satisfy the following inequality

VM >1,

sup | Xy H \Y,
te[0,T] p

sup [ X| H SCp,d,b,a,T,L(lJrIIXoHp>, (3.1)
te[0,T] p
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where Cpap01,1 15 a constant depending on p,d, b o,T,L. Hence, X, X € L (o7, ]Rd)(Q,J”:7 (ft)tzmp) and
their respective probability distributions p=Po X' and i=Po X~ lie in P (C([O 7], Rd)).

For any random variable Y € LC([0 7),R4) (Q,]—' , (ft)tzo,IP’), its probability distribution Py naturally lies in
P, (C(0,T],R%)). Moreover, the space P, (C([0,T], R?)) equipped with the Wasserstein distance is complete and
separable since (C([0,T],R?), ||-[|,, ) is a Polish space (see [3]). Moreover, as (P,(R?), W,) is a complete space
(see [3]), the space C([0,T],P,(R?)) equipped with the uniform distance d¢ defined in (2.4) is also complete.
Recall that the mapping ¢ : P, (C([0,T],R?)) — C([0,T], P,(R?)) is defined by (2.5) and the well-posedness of
the mapping ¢ has been proved in Lemma 5.1.2 of [27], which also implies that the marginal distributions of
processes X and X lie in the space C([0,T], P,(R%)).

Lemma 3.3. Let (j1¢)1ef0,1] and (fit)tejo, 1) be respective marginal distributions of the unique solution X of (1.1)
and the process X defined by the continuous Euler scheme (1.4). Then (pt)iejo,r): (Ft)ejo,r) € C([0,T], Pp(RY)).

Finally, the following Lemma, whose proof is postponed to Appendix A, shows the relation between W, , (i, v/)
and supejg, g Wa(#s, Vs)-

Lemma 3.4. For every u,v € P, (C([O,T],Rd)), we have, for every t € [0,T],

sup Wy (ps, vs) < Wy i (1, 1),
s€[0,t]

where ps = pony ' and vy = vow . In particular, for every p,v € Py (C([0,T],RY)), de(t(p), c(v)) < Wy(p,v).
Hence the mapping ¢ defined in (2.5) is 1-Lipschitz continuous.
3.2. Definition of the particle systems with and without interaction

We define the continuous expansion (th’N, e 7XtN’N),ge[OﬁT] of the particle system (1.5) as follows : set
X'On’N, 1<n<N XS Xo; for any n € {1,..., N} and for any t € (tm, tm1], set

XN = X ()b (b XY ) 0t XN ) (B - BY) with ), = Z dgpy. (32)

tm

For every t € [ty,tm41), we define £ = t,,. Then, the continuous expansion (X", ... ,XtN’N)te[O,T] are solutions
to the following equations with initial random variable XO”’N, 1<n<N,

¢ t N
= - = = 1
XN= XO"’N-F/ b(u, XE"’N,ﬂu Ydu —|—/ o(u, XE"’N,;QU )dBf', 1<n<N, with ,ut = g 5‘tn,N. (3.3)
0 0 n=1

Lemma 3.5. Suppose that Assumption 2.1 holds for some p € [2,+00).

(a) The coefficients b and o have a linear growth in the sense that there exists a constant Cy o 17 depending
onb,o, L and T such that

Vi€ [0,T),Ve € RLY € Pp(RY), [b(t,x, )|V [|o(t, z, w)|| < Cporr(l+ |z +W,(1,d0))- (3.4)

(b) Let (th’N, o ,XtN’N)tE[O’T] be processes defined by (3.2). Then for a fixved temporal discretization number
M € N*, we have

Vne{l,...,N},

sup |)_(t"’N} H < +o0. (3.5)
te[0,7] 4
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The proof of Lemma 3.5 is postponed to Appendix A. The system (X1 N7 .. ,XtN’N)te[o 7 defined by (3.2)
can be considered as a particle system having interaction through ,ut =~ Zn 10gnn, 0 <m <M. Now we

tm

define another particle system (Y;!,..., V;" )tejo, ) Without interaction, which are essentially i.i.d. processes of
X = (Xi)teo,r) defined by the continuous Euler scheme (1.4). Based on the same Brownian motions B",n =
1,...,N as in (3.2), these processes Y™ = (V" )icf0,1], 1 <n < N, are defined by the following equations
Vn=1,....,N,Vm=0,...,M — 1, Vt € (tm, tm+1]
Y = Y;?n + (t - tM)b(tmv }/;Z7lj'tm) + J(tmﬂ Yt?mﬂtm)(B? - B?m)v Yy = X(;l’N (3‘6)
where for every ¢ € [0, 77, iy in (3.6) is the marginal distribution at time ¢ of the process X = (X¢);e[0,7] defined

by (1.4). By using the same notation ¢ as in (3.3), for every n = 1,..., N, (Y;")e[o,r) defined by (3.6) is the
solution of

t t
Y=Y —|—/ b(u, Yy, fiy)du +/ o(u, Yy, iy)dB;,  with YY) = XS“N.
0 0

Moreover, it is obvious that the processes Y™, 1 < n < N, are i.i.d copies of X and then

N

Z n(w)s WEQ (3.7)

is the empirical measure of i = P o X~!. When there is no ambiguity, we will write "V instead of v™V**. The
random measure vV is valued in P, (C([0,T],R?)). In fact, for every w € Q, Y"(w) lies in C([0, T],R?) so that

1Y (w)l|gyp, < +o00. Hence, for every w € Q,

N
||§||su HYn su +OO
/C([O,T], P z:: wup

As before, we write v} = N ot = + Zivzl Oy (w)- Thus, (V) = (VtN’w)te[mT] € C([0,T], Pp(RY)).
3.3. Proof of Theorem 3.1

The proof of Theorem 3.1 relies on a variant version of Gronwall’s Lemma (see e.g. [35], Lem. 7.3 for the
proof) and on Theorem 1 of [13]. For the reader’s convenience, we restate the following Theorem 3.7 from
Theorem 1 of [13], which provides a non-asymptotic upper bound on the convergence rate in the Wasserstein
distance of the empirical measures.

Lemma 3.6 (“A la Gronwall” Lemma). Let f : [0,T] — Ry be a Borel, locally bounded, non-negative and
non-decreasing function and let ¢ : [0,T] — Ry be a non-negative non-decreasing function satisfying

vt e [0,T], <A/f ds+B(/ F2(s) s) + (1),

where A, B are two positive real constants. Then, for any t € [0,T], f(t) < 2e@ATB)ty(¢).

Theorem 3.7. ([13], Thm. 1) Let p > 0 and let u € Py(RY) for some q > p. Let Ut (w),...,U"(w),... be i.i.d
random variables with distribution . Let py denote the empirical measure of v defined by

1 n
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Then, there exists a real constant C' only depending on p,d,q such that, for alln > 1,

n~ /2% 4 plap)/a if p>d/2and q# 2p
E(Wg(u%,u)) < CMé’/q(u) X < n"Y2log(14n) +n~07PV/9  ifp=d/2andq# 2p ,
nP/d 4 p=(a=p)/a if p € (0,d/2) and q # d/(d — p)

where My (p) = I]Rd €17 pu(dE).

In particular, Theorem 3.7 implies that for p > 2,

n—1/2p L p—(a—p)/ap if p>d/2and q # 2p
Wz, ), < OM/() Q=720 (log(1 4+ m) 7 =@/ it p = d/2and q # 2p - 38
n=1/d 4 p—(a=p)/ap if p€ (0,d/2) and q # d/(d — p)

Moreover, we need the following Lemma, whose proof is postponed to Appendix A, for the proof of
Theorem 3.1.

Lemma 3.8. Assume that Assumption 2.1 holds for an index p € [2,+00). Then the coefficients b and o satisfy
the following inequalities

v (Xa (,ut)tG[O,T]>7 (Ya (Vt)tG[O,T]> € Lg([O,T],]Rd) (Q7~7:7 (]:t)tZOaP) X C([O,T]7PP<Rd))7 Vit e [O7T}

s t
s€[0,t 0 0
p
s t 1
sup | [ (ot X ) = ol Yoo JdBu | < Capn{ [ 10 = Yall, + WG ]2}
se€[0,t] |J0 » 0

where Cq p.1, 45 a constant depending on d,p, L.

Proof of Theorem 3.1. (i) For every n € {1,..., N}, we have

t t
v =X = | [ v ) = b 0 i [ (oY ) — ot X0, B

Hence,

sup |Y€n - X.ZL’N|
s€0,t]

P
S sup / [b(@, Yz;ﬂ, ﬂu) - b(@a Xun’Na ﬁ’ﬁ])] du =+ || sup / [U(Qa Yuna :D'u) - J(Qa XJL’Nv ﬁg)] dBu
s€l0,t] [Jo - - - s€[0,t] [Jo - - - v

t
< [ [ - x|+ Pt )]

0 B - p - lip

t _ 2 2 1
+CapL [/ H Yo — XN+ HWp(ﬂﬁ, T8 }du} (by Lem. 3.8)
0 P p

_ 2 1
sup ’YU" — vaN‘ H du} oy »(t),
veE[0,u] P

t
<o
0

t
sup |y;}n o X'vn,N’ H du+Cqp 1 {/
] p 0

vE[0,u
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wwLAt

owing to va + b < v/a + Vb for any a > 0,b > 0. Then by Lemma 3.6, we have

where
WP(IL_L£7 ﬂ]gv)

’2 du} : (3.10)

t
‘ dquOd,P,L[/ HWp(ﬂga ﬂuN)
p 0

p

S .
s€10,t] P

Here we can apply Lemma 3.6 since Lemmas 3.2 and 3.5—(b) imply
Y XN € LYo mypay (W F (Fi)iz0,P), n=1,...,N

as Y n =1,....N ixd X, thus the process Y™ — X is also in LC([O 7, Rd)(ﬂ,}', (ft)tZO,IP’) for every
n=1,...,N.

- N B . _
Moreover, the empirical measure % Yo d(x n.~ yn) is a coupling of the random measures Y and vV, Thus

EWD (i, v") = IE[ inf / sup |zs — ys|p7r(dm,dy)]
me(aN,vN) Je([0,1],R4) xC([0,T],R4) se[o ]
< E[/ sup |xs — ys|” 1 Z S(x nn yn)(dr, dy)}
([0, T],R9) xC([0,T],R4) s€[0,1] N = ’
1 < P
:E[— sup X;”N—stp} H sup | XN -y ‘
N;se[o,t]| | Z Ot]‘ | P
< {2 e(2L+c§,va)t¢(t)]P < {2 e(2L+C’d,p1L)T'¢)(t)}P.
Lemma 3.4 implies supye(o g WE (s, v ) < Wb (i, vN). Hence,
sup Wy(i v)|| < Caprr() (3.11)
s€[0,t] P

with Cqp.r, 7 =2 e@LtCin )T Tt follows that,

sup Wp(Vévaﬁs)
s€0,t]

<
P

sup Wy (i, v)|| +
s€0,t] P

Sup Wp (ﬁévv /349)
s€0,t]

< Cap,r,7¥(t) +

P

sup W, (vs’ is)|| - (by applying (3.11))

s€[0,t]
< szl[lopt]w(s  fis) +Cd,p,LT L/ HW Muhuu) du+Cd,p,LT CaprL / HW ,uualuu) duf
(by the defintion of ¥(¢) in (3.10))
<[ o+ Canr i [1] s it

1
sup Wy (fiv, fiy) ) H dur-
ve(0,u]

t
+Cap,L,m Cap,L [/
0
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Then, by Lemma 3.6, we obtain

< 2eABIT sup W, (g, YY)

s€0,t]

sup W (il ,us)
s€[0,t]

)
p

where A = Cd,p,L,TL and B = Cd,p,L,T . Cd,p,L- Finally,

2
H sup Wp(ﬂgn’ﬁm)H < 9e(ATBIT
0<m<M p

sup W (s, v )|
s€[0,T] P

< 90(2A+B*)T !’Wp(ﬂ7VN)’|p — 0 as N — +oo,

where the second inequality above follows from Lemma 3.4.

(id) If [ Xoll, .

o987

(3.12)

< +oo for some € > 0, Assumption 2.1 holds with index p + € since for every p,v €
Ppre(RY), Wy (11, ) < Wpie(p,v) (see e.g. [42], Rem. 6.6). Then, the inequality (3.1) implies

HXHpJ,-s = H < Cp1d1b70'(1 + ||X0Hp+€) < +o0.
€[0,T7
Thus i € Pp+e(C([0, ] )), which implies that fi; € Ppie(R?) for any s € [0,T7].
For any s € [0,77], vY is the empirical measure of jis. It follows from Theorem 3.7 that for any s € [0, 77,
1/p+
HW s 7M5)|| < CMpJ/rI; E(MS)
N=Y2 4 N~ 560 ifp>d/2ande #p
x { N=U2 (log(1+ N))/? + N"57  ifp=d/2ande # p (3.13)
N-Vd 4 N™5wF ifpe(O,d/Q)andp—ke#ﬁ
where C'is a constant depending on p, e, d. Moreover, the inequality (3.1) implies that
_ pte pte p+te
sup_ My.(fi,) = sup E[|X,["7] < < [Crapona(t+1Xoll,.)]
s€[0,7) s€[0,T] s€[0,T] pte
Hence,
N-Y2 4 N“5 if p>d/2ande #p
sup HW vy 7/15)“13 < C'x ¢ N7/ (log(1 + N))l/p + N 7 ifp=d/2ande #p , (3.14)
s€l0.T] N-Vd 4 N~5e+ ifpe(0,d/2)andp+e # 755
_1
where C' = C'supeqo, 7] M2 (i) which is a constant depending on p,¢,d,b, 0, L, T and || Xo|
Moreover, the inequality (3.11) implies that
sup (W), < || swp Wyl )| < gt (3.15)
s€[0,t] €[0,t] p
Then,
s [Vl o), < sup (v, + sw IV ),
s€[0,t] s€[0,t]

< Cap,Lr9(t) + s, ||Wp v ,us)||p (by applying (3.15))
se|0,t

t
< sup HWP(V;VMELS)H]) +CapLr- L/
s€[0,t] 0

du

Wp(ﬂﬂv /_LQN)

’ P
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2 13
aly ‘ du} (by the defintion of ¥ (t) in (3.10))
=lp

t
+ Cap,,m Cap,L {/
0

t
< sup HW Vv ,/LS)HP+Cd,p,L,T'L/ sup ||W [, 1y H du
s€[0,t] 0 v€E[0,u]

¢ 1
'i‘Cd,p,L,T’Cd,p,L[/ sup || W, ( [, 1) || dur,

0 vel0,u]

Then, by Lemma 3.6, we obtain

2
sup HW [T )Hp < 2eCAHBIT gy ||Wp(ﬂs,uév)}|p, (3.16)
s€[0,T] s€[0,T]
where A = Cqp 7L and B = Cyp 17 Cap 1. Finally, it follows from (3.14) that
sup Wy (g, )|, < sup [[Wy(is )],
0<m<M $€[0,T]
N™% + N~ #wro if p>d/2ande #p
~ 1 e
< C x N’ﬁ[log(l—kN)]” + N #eFe)  ifp=d/2ande #p ) (3.17)
N=@ + N5+ ipr(O,d/Q)anders;éﬁ
where C is a constant depending on p,e,d, b, o, L, T and ||X0||p+€.
By the definition of () in (3.10), we have
t N t N 2 %
7/’(t) = L/o HWP(ﬂﬂa /_@)deu + CdypyL {/0 Wp(ﬂgv ﬂg) 'pdui )
< LT sup "WP(ﬂMa @N)H + C’cl,p,L\/T' sup HWP(/]£7 ﬂﬁ) ’ < Cap,L,7 Sup HWp(ﬁg’ ﬂg) ‘
w€[0,T] p w€ (0,7 p w€[0,T] p
so that (3.11) and (3.17) imply that
sup Wy(,v)|| < Caprr sup [ Wyl )
s€[0,T » u€[0,T] p
N~ 2% 4+ N 5oro ifp>d/2ande #p
1 e
<O x (N~ [log(l+N)]? + N 765 ifp=d/2ande #p
N~a 4+ N7 ipr(O,d/2)andp+57éﬁ
where C' is a constant depending on p,e,d, b, 0, L, T and ||X0||p+6. a

4. QUANTIZATION—BASED SCHEMES AND THEIR ERROR ANALYSES

This section is devoted to the error analyses of the quantization-based schemes (1.11), (1.13) and (1.15).
We start with a review of optimal quantization, as well as its connection with the K-means clustering. We
also present and prove Theorem 4.2, offering an L2-error analysis of the quantization-based scheme (1.11) in
Subsection 4.1. Next, in Subsection 4.2, we provide computational details of transition probabilities (1.13) for
the recursive quantization scheme and show how to optimally compute the quantizer (™ by integrating Lloyd’s
algorithm to reduce the quantization error. Finally, in Subsection 4.3, we establish Proposition 4.4, the error
analysis of the hybrid particle-quantization scheme.
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4.1. Preliminaries on the optimal quantization and the error analysis of the quantization-
based scheme (1.11)

In this subsection, X : (Q, F,P) — (Rd, B(Rd)) is a random variable having p-th finite moment, p > 1, and its
probability distribution is denoted by . Let K € N* be the fixed quantization level. Recall that the quantization
error function ex ,(p, ) of p at level K and order p is defined by (2.6). For a quantizer z = (z1,...,zk) such
that z; # x;, i # j and for (Vi(x))1<k<kx a Voronoi partition generated by x defined in (1.7), the quantization
error of z satisfying

K
P _ — e |P
e (1,) g;&@w P pu(de). (4.1)

It is obvious that the error value does not depend on the choice of Voronoi partition. Moreover, still considering
this Voronoi partition (Vi (7))1<r<x, we have (see e.g. [17], Lem. 3.4%)

exp(tx) = | X = X7\ = Wy(p, ") (4.2)

where X7 := Proj,(X) and % := p o Proj, ! = L£(X™) with the projection function Proj, defined by (1.8).

Recall that the optimal quantizer z* = (x7,...,x%) at level K and order p for p is defined by (2.7). The
existence of such an optimal quantizer has been proved in [40]. There exist few results in the literature for the
uniqueness of the optimal quantizer (see e.g. [23]), but in practice, we only need one optimal quantizer for a
further simulation as all optimal quantizers have the same quantization error by (2.7).

Now we recall several fundamental properties of optimal quantization.

Proposition 4.1. Let K € N* be the quantization level and let p > 1. We consider an R-valued random
variable X having probability distribution p € Pp(R?). Let x* = (a%,...,2%) be an optimal quantizer of X at
level K and order p.

(1) (see [17], Thms. 4.1 and 4.12) Assume that the support of p satisfies card(supp(p)) > K, where
card(supp(p)) denotes the cardinality of the support of u. Then any K-level optimal quantizer x* contains
K different points, i.e. for every i,j € {1,..., K} such that i # j, we have x} # zj.

(2) (Zador’s theorem, see [31] and [35], Thm. 5.2) If u € Ppy(R?) for some ¢ > 0, the optimal error defined
by (2.8) has the following non-asymptotic upper bound for every quantization level K > 1,

1

epic(X) =€ k(1) < Cape Mpre(p) K™, (4.3)
where Cqp > 0 is a constant depending only on d, p and €, and where

My (p) = My(X) = aiélﬂgd X —allp. (4.4)

(3) (Optimal discrete representation, see [17], Lem. 3.4 and [35], Prop. 5.1-(b)) Let X*" = Proj ,.(X) and let
A% == poProj,t = L(X*). Then

| X — X | =min {||X -Y|, ‘ Y:(Q,F,P)— (Rd,B(Rd)) random variable such that
P
the support of Y has at most K points}

and Wp(,u,ﬂ”*) = min {V\/p(,u7 V) ’ v € Pp(R?) such that card(supp(r)) < K}

3The statement in Lemma 3.4 of [17] is established only for an optimal quantizer. However, its proof is also valid for an arbitrary
quantizer.
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(4) (Stationary property when p = 2, see e.g. [35], Prop. 5) For the quadratic optimal quantization (i.e. p=2),
any optimal quantizer x* is stationary in the sense that

E[X|X*]=X"". (4.5)

(5) (Consistency of the optimal quantization, see [40], Thm. 9 and [28], Thm. 4 and Appendiz A) Consider a
probability distm’bution sequence [y, it € Po(R?), n > 1, such that Wa(pin, ) — 0 when n — 0. For every
n > 1, let 2 be a quadratic optimal quantizer of ji,. Then any limiting point of (" ))n>1 s a quadratic
optimal quantizer of p. Moreover, we have

(€he2(in)” = (i) < A€l (1) Walpin, 1) + 4W3 (11, 1). (4.6)

From a numerical point of view, the main idea of the optimal quantization is to use X = Proj .- (X)
(respectively, i® = p o Proj,+ = L£(X ")) as an approximation of the target random variable X (resp. the
target probability distribution p). Proposition 4.1-(3) shows that X =" (respectively i®") is the closest discrete
representation of X (resp. of u) with respect to the LP-norm (resp. the Wasserstein distance W,), among all
random variables (resp. probability distributions) having a support of at most K points. Furthermore, the
Proposition 4.1-(5) shows the connection between the optimal quantization and the K-means clustering in
unsupervised learning (see e.g. [40] and [28]). Consider a sample {ny,...,n,} C R? the K-means clustering is
LS | &y, over the sample.
In the unsupervised learning context, such an optimal quantizer is called cluster centers and 7y, ..., n, are often
considered as i.i.d. samples having probability distribution p so that W (fin, 1) — 0 a.s. if u € P,(R%) (see e.g.
[40], Thm. 7).

The following theorem shows the L2-error analysis of the quantization-based scheme (1.11).

essentially to find an optimal quantizer with respect to the empirical measure fi,, ==

Theorem 4.2 (Error analysis of the quantization-based scheme). Assume that Assumption 2.1 is satisfied with
p=2.8tMeN and h = % for the temporal discretization. Let (Xy,, )o<m<n be random variables defined

by the Fuler scheme (1.3). Consider a fized K-level quantizer sequence (M) = (acgm), . ,x(m)) 0<m<M
and define (Xy, Yo<m<n, (Xt,,L)O<m<]\/I by the quantization-based scheme (1.11).

(i) For everym € {1,..., M}, we have

| % = |, < S [+ 2000 + L+ L)) - Znes, (4.7)
27 =
where for every j € {0,...,m}, E; denotes the quadratic quantization error of the j-th step, that is, Z; =

1%, = X0, ),
1 moreover, there exists € > 0 such tha oll2ae < 400 and if for every 0 < m < T s a quadratic
i) I . th jst. 0 such that || Xo||2+ di y 0 <m <M,z is a quadrati
optimal quantizer of Xy, , we have

m

| %o = %o, < ooty - K7H(D0 (1422001 + b+ Lo ). (4.8)
=0

Proof of Theorem 4.2. (i) To simplify the notation, we will denote by

bm *b( m,Xtmmut )a m:*J( maXtma,U't )7 bm *b( maXtmv,ut ); m'*o'( maXtma,U't )

The definitions of X; , X; and in (1.3) and (1.11) directly imply that

Xt'm+1 - thz+l

— | (Kt = R0,.) + 1o = Bn) + VR — Fn) Zunta |
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Hence,

E |:’Xtm+1 - Xtmﬂf}

=E[[X, = R0, "] + BB [|b — B[] +20E [(X0,, = R0y B — B)]

+ B [|(0m = Fm) Znia '] + 2VRE [((%1,, = R,) + 5B = Bm) » (0 = Fn) Zsn)]. (49)
Let Fy denote the o-algebra generated by Xy. For every m € {1,... ) M }L weAdeﬁne Fm the o-algebra generated
by Xo,Z1,...,Zm. Then, as Z,,41 is independent of F,,, and )_(tm,Xtm,bm, b, Tm, Om are Fp,-measurable, we
have

E[{(%0,, = Ke) + 0 =) (7 = F) Znt )]
:E{E[[(Xtm_;?tm)m( ~ b)) (Em —8m)Zm+1|]-"m]}

~

=E{[[(X0,, = X0,.) + 2o~ )] (o = ) |E [Znia] | = 0.
Moreover, Assumption 2.1 implies that

E[[Bm —Zmﬂ <2r? [E“Xtm . )?tmﬂ v wg(gm,am>] < 4L°E [|Xtm _ )?tmﬂ

and
E (%, = Ko b =) < [ K = K| B =], < 22 [1 %0, - %o 7],
as well as
E[|@n ~8m)Zmir '] < E[0m — 8l Znia 2] < E[EIom — 3l Zonia? | Finl|
= E[l16m = Fnll’E[| Zn1[?]| < 4L%E || X, — X1,

where we recall that ||-|| denotes the operator norm defined by [|A|| := sup,,|<; |Az|. Consequently,

E [|X'tm+1 — X ﬂ [1+4Lh(1+ Lh + Lg)] - [|Xt ~ X, 2}
so that

| Kts = Ko |, < VIHALRA+ L+ Lg) | %o, = R |

< [1+2Lh(1 + Lh + Lq)] H)_Qm . ,

where in the last inequality, we use the fact that v/1 + 2x < 1+ x when = > 0. Hence,

HXtm+1 - Xtm+1

2 S HXtm,+1 - Xt7n+1

< [L+2Lh(1+ L+ L)l || %, - %,

m + Eerl
‘2 ’

where =, = H)N(tm —)?tm H2 denotes the quadratic quantization error at time ¢, (see (4.2)). This directly implies

~

m ‘(tm

< ST [L+2Lh(1 + Lh+ Lg)) Zpj.

=

|x
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(it) STEP 1. We first prove that there exists a constant 5max > 0 such that
Vme{0,...,M}, || X |l2te < Crmax- (4.10)

As for every m € {0,..., M}, the quantizer 2™ = (xgm), ... ,x%n)) is quadratic optimal for )Z'tm, Proposi-

tion 4.1-(4) implies that E [)?tm | )A(tm] = Xtm. Hence, for every p > 1,

E[|%,

-5 ][k

%[ <E[E[IX.,

1 %] =E 1% (4.11)
On the other hand, we have

1Rl < 1Rl + B0ty K T, + V[ Cns s | |2t

p

<Rl + Bt e Bt |+ VA [t R e[| 120,

< (1 +2hCy o1 + 2VH|| Zin i1 ||pCb,cr,L,T) ||)?tm ||p +hCyor.1 + V|| Zmia ||pCb,a,L,T

where the first inequality follows from the definition of )N(tm in (1.11) and Minkowski’s inequality, the second
inequality follows from the fact that o (¢, Xz, [it,, ) L Zmy1 and the third inequality follows from Lemma 3.5
(a) and the inequality W, (1it,,, 00) < || Xt,, ||lp- Thus, the inequality (4.11) implies that

| Xt Hp < G| X, Hp + O
with C; =1+ thb,g,L,T + 2\/EHZm+1HpCb,o,L,T and Cy = th,g’L,T + \/ﬁ||Zm+1||pC’b,U7L,T. As )?0 = Xp, we

have
m—1

, S O Xoll, + > cics (4.12)
j=0

VYme{l,...,M}, H)?tm

Thus (4.10) is obtained by considering p = 2 + ¢ and by letting Crnax = C{W||Xo||2+6 + ZjMzal C’{C’g.

STEP 2. As for every m € {0,..., M}, the quantizer z(™) = (xgm), o ,x(;(n)) is quadratic optimal for )?tm,
Zador’s theorem (Prop. 4.1-(2)) implies that

-

¥me{0,..., M}, Ep < CieMoio(X,, )K 1.

Then we can conclude by remarking Mo, ()?tm) < H)N(t < 5’max. O

m ||2+5
4.2. Recursive quantization-based scheme for the Vlasov equation

In this section, we present the recursive quantization scheme in the Vlasov setting and show how to integrate
Lloyd’s algorithm into this scheme to reduce the quantization error at each time step.

Recall that in the Vlasov setting, there exist 3:[0,7] x R? x R? — R? and a : [0,T] x R? x R? — My ,(R)
such that b(t,z,pu) = [z B(t,z,u)u(du) and o(t,z, 1) = [z a(t,z,u)p(du). Consider a quantizer sequence
(M) = (x§m), . ,x(f?)) € RHK 0 < m < M such that for every m = {0,..., M}, we have xl(-m) # xﬁm) if
i # j. Write (Vk (;U(m)))1<k<K for a Voronoi partition generated by (™). Then the transition step of theoretical
quantization-based scheme (1.11) can be written as

K K
Kiper = K+ 0D ™ Bl Koo ef™) + VR D ™ altm, Ko, ™) Zuns,
k=1 k=1
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where p,(cm) = P(Xtm = x,(cm)) = P()?tm € Vk(x(m))) is the weight of x,(cm). Hence, given )?tm, )?tmﬂ has a
normal distribution

Xt,,LJrl NN<Xtm +th 5 maXtmaka Zpk (L m75€tm7mk Zp(m)a ma)?tnnmggm))] )
k=1

since Zy,+1 ~ N (0,1;). Under the condition that p(™ is known, it follows that

P(Xt = x§m+l) | )?tm = ﬁEEm))

m+1

=P(X,,, € v(x“”*”) | Xe,, = 2(™)
K
—P|( <’">+th<’" (2™ 2™) + VR W altm, 2™, 2("™) Zins1) € Vi) (4.13)
k=1
and obviously, by letting

K
Ei(x™  p™, Zpin) = “’”+h2p<m’ﬂ ™ ™)+ VRS ™ alt, ™ 6™ Zyn g1,
k=1

k=1
we get
K
B(X,,,, - x§m+1)) P(X.,.,, € V;(@™ D)) = ZP(X%“ — x§_m+1) | X;, = xgm)) P(X,, =a2™)
i=1
K
Z ( (M) ( ) ZH’H-I) € V( (m+1))> pgm) = g(x(m)vp(M)vz7n+1)' (414)

Thus one can compute the weights p(mH)

P(X;,,, = xémﬂ)), 1 < j < K, starting from the weight vector
p(™) at time t,, by applying (4.14).
The formula (4.14) is valid for any quantizer sequence z(™ with distinct components. Nonetheless, the
quantization errors =, = ||Xt — Xtm |l2 of each time step t,, impact on the 51mulat10n result, which is also
indicated in the error analysis (4.7). One way to reduce the quantization error Z,, is to integrate Lloyd’s

algorithm (see Algorithm 1) into the recursive quantization scheme. Given (™) and p(™) | the Lloyd’s iteration

(1.9) sending z(m+L 1) = (pimTHUD ,x(I?H’[”)) to (ML I+ = (g{mL0HD Lt H1D) for time
step tyt1 18
wm1, 1)y & ity (d€)
x£m+1,[l+1]) _ ka( (m+1, () 5 Ptmi k=1,....K. (4.15)

fit,, 11 (Vie((m+11D))
The denominator of (4.15) can be directly computed by (4.14) while the numerator of (4.15) is essentially to
compute the following value

K
E[Xipir vy om0y (Kipin)] = D B[ Xty Ly wominy (Xyr) | Koy = 2] - 5™, (4.16)
=1
where B N
E[Xt, Ly, (@omi) (Xenin) | Kb, = 28] = E[Y Iy, (gomsn) (V)] (4.17)
with

K K

K
Y ~ ./\/'(ml(-m) + th;(cm)ﬁ(tm,xEm),x,(cm)), h[Zpém)a(tm,xEm),x,im))]T[Zp;m)a(tm’ 2™, (m))] )
k=1

k=1 k=1
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Remark 4.3. In dimension 1, Lloyd’s iteration above is numerically low cost, since the Voronoi cells in dimen-

sion 1 are in fact intervals of R. For example, let © = (z1,...,7x) € RX be a quantizer such that z; < z;,1,
i=1,..., K —1, one can choose a Voronoi partition as follows:
T+ Tk1+x
Vi) = (—o0, =) and Vi(e) = [F=5, +o0),

Tp—1+ Tk T+ xkﬂ)
)

Vi(@) = [ 7

Let (™) = (x(lm), o x%n)) be the quantizer of the m-th time step. The transition probability 7r§;n) = IP’()A(,gm+1 =
x§m+1) | X, = :cgm)) in (4.13) reads

(m) (m) (m) (m)
PG R A WP E CE
m,o 9 m,o 9 )
where F,,, ;2 denotes the cumulative distribution function of N (m, o?) with
K K
m= xEm) +h Zp,im)ﬁ(xgm), m,(cm)) and o = \/E{ Zp,(cm)a(xz(-m), :c,(cm)) } (4.18)
k=1 k=1
Moreover, Lloyd’s iteration (4.17) depends on the value
({7 +2 ™) /2
/ €+ Frno () (419)
(@) +25m) /2

where f,, ,2(£) is the density function of N'(m,o?) with m and o defined in (4.18). In fact, to avoid computing
the integral, (4.19) can be alternatively calculated by the following formula: for every a,b € R,

b b b
1 (g=m)? o (g=m)?
. 2(§)d€ = e 27 df=——=|e  2o? +m|Fp, 02(b) — Fyy o2(a)]. 4.20
[ € tmantras = [ = (= || tmlBnt) - @] G20

However, in higher dimension, the main difficulty of this method is computing the integral of the density
function of a multi-dimensional normal distribution over a Voronoi cell (see (4.14), (4.17)). There exists several
numerical solutions such as pyhull package in Python (see also the website www.ghull.com) for the cubature
formulas of the numerical integration over a convex set in low and medium dimensions (d = 2,3,4).

4.3. L2-error analysis of the hybrid particle-quantization scheme
The error analysis of the hybrid particle-quantization scheme (1.15) is established in the following proposition.

Proposition 4.4. Set the same temporal discretization as Theorems 3.1 and 4.2. Assume that Assump-
tion 2.1 holds true with p = 2. For any m € {1,..., M}, let ﬂivm be the empirical measure on the particles
(X&N, ce X,fVm’N), defined by the particle system (1.5) and let ﬁffn be the quantized measure defined in (1.15).
Then,

m—1
Vism< M, EW@EE. )| <> o\ B2 4 EE,. (4.21)
7=0

where Z,, = W (ﬁffn, % iil 5§{L,N) denotes the quadratic quantization error at time t,, and Cy,Cy are positive

constants depending on L, q and T'.
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Remark 4.5. (a) We would like to highlight that the upper-bounds in (4.7), (4.8) and (4.21) are not numerically

optimal since the two sums Z;-Vio [1+2Lh(1+ Lh + Lq)]’ and ZM 'C{\/JEE2,_,_; at the right-hand side
converge to infinity as the temporal discretization number M — +o0. These error bounds are commonly
observed in Markovian quantization-based schemes (see also in [37]). The resolution of the convergence of these
error bounds, when the temporal discretization number M — 400, remains an open problem. However, we do
not observe a significant simulation error on numerical experiments (see further Sect. 5) even when considering
large values of M.

(b) On the right-hand side of (4.21), the quantization error term Z,, = W, (B, % Ziv 1 )Zn N) is random due

to the random probability measure ZZ 1 Xn ~. Consequently, the direct application of Zador’s theorem (see

Prop. 4.1-(2)) is not theoretically feasible when considering an optimal quantizer. This limitation comes from
the fact that the term MP+E(N vazl 5X7L,N(w)) is random and cannot be uniformly bounded for every w € .
tm

Proof of Proposition 4.4. To simplify the notation, we will denote by

b%,n = b(tm’j\(izln,zN’ﬁK )’ bf’ﬂ,n — b(tm,Xn Na,u%]\:n) Q no._ O'(tm,)?n’N ﬁK

tm tm m tm Pt

N
), o™ = o(tm, X0 i)

where the superscript “P” indicates the Particle method and the superscript “Q” indicates the hybrid
particle-Quantization scheme. Moreover, let F,,, be the c—algebra generated by Xo,Xl’N XN’N Zin =
1,...,N,j=1,...,m. Then bF:" b?n”, obm, ch " are Fp,-measurable and Z) 4,1 <n < N are mdependent
of F,,. It follows that

XN XN =X N XN R (0@ = 0B + VR (e@ — b 28 (4.22)

tm41 tm1

then

E[| X0, - XN =B[N = X2Y) + h 03" - 5] + E[[VR(eS" - oh) Zn ]

tm1 tm+1 m

+ 2B [ (XN = X0N) 4+ 2" —Wh") , VR(oQ" — ok Zi )] (4.28)

The third term in (4.23) equals to 0 since Z};,  ;,n € {1,..., N}, are independent of F,,. Moreover, Assump-
tion 2.1 implies,
E[[p2" - o] < 2r2{E[|XpN - XpNP] B [WEGE L6}
and
E[|VA (02" - o5 Zp '] < HE[E[[l0" = o8 |I* [Ziia* | Fn|| = BE[llo%" = ob" I"E[ |25 ]
= hqE||lo%" - oh|I’] < 22%ha[BIXY - X1V EWEGE L )|
Hence, (4.23) becomes

BIXLY - X

tm+1 tm+t1

=E[[(XN = XN + b = i) ! + B[ |[VA(ed - oh) Zi ]

~E '|)~<;;;N = XPNP R 03 - o || 2 [(KN - XN b - b))
+E[|VR(o" o) 7]

<E[|[XpN - XpNP] 4 2020 + ha) [ XN - X0V BRG]

tm
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+RE[| XN = XpN [P b - vhn ]
<E[|XN = XpNP] + 20202 + he) [BIX7N - X0V 4+ EWEGE LA
+ h]EUX’{:LN - X;;LN|2} + 2L2h[]E|)~(t"T;N — XN 4 EWS(ﬁffn7ﬂﬁn)} ,
(1+2L2(h* + hq) + h + 2L2h)E[\X&N —~ X;;Nﬂ + (2L2(h? + hq) + 2L*R)EW3(AF il )
M}, the measure + 25:1 J KN gy is a random coupling of + ij:l ] KN

-, M},
XWNX'nN dl‘ dy)

Remark that for any m € {1
and fiy, = % Zg 1 O0gn.v. Thus, for any m € {1

—10xp
N
{ (1 > dy i) SE[/Rded o= NZ(S
(4.24)

1 & 2
vn,N
:E[N;‘X'" — X }

Hence, by letting O == 1 + 2L? (h2 + hq) +h + 2L2h, 02 = 2L%(h% + hq) + 2L%h and by denoting the quanti-

zation error of the time t,, by =, = Wa(Af , & Zn 1 Xn N) we get

v, N N
E|| X8 - XN )
tnL+1 tm+1

E[|XnN - X0V + CEWVEE i)
[|X”N XﬂN|}+CQ{2E[W2(ut, idii;y)}+2lE[w2 Zaxm,ut ”

M=

1
N 4

\
=S
Mz

3
Il
-

n=1

(by (4.24))

Mz

e
N <
(4.25)

IA

Il
_

N
— X } +20,EE2

(C1+2Cy) - Z {
=

\
nN_XnN

< \/m iv: [ o
Let C} == /C} + 203 and Cy = /2C5 . The inequality (4.25) implies
J ZN: Xt - X 2} < mZ CIWVEES ;e
—1 =0
)

IN

that
| XN
< N Z E [‘XZnN - th;nN

Hence, it follows from (4.24
S il)| < | E(y Lz ) <

m—1

~J 2

§ 2 Z 01 E m—1—
5=0

i
[1]> S
<.
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Consequently,

e [l )] <

1 N
W2(N Z‘SX’Z#V’ ﬂﬁ)
n=1
Z IVEZ2,__,+EZ,.
7=0

a5 3 g )|

[I]>

Remark 4.6. For every m =1,..., M, it follows from (4.2) that

o o )]

Kt

Thus one can implement Lloyd’s algorithm at each time step in order to reduce the error bound on the right hand

side of (4.21). Moreover, for a fixed w € €, finding optimal quantizer for the empirical measure Z Xn N ()
is equivalent to compute the K-means cluster centers of the sampling (X; ;N (w),... ,Xgn N(w)) for Wthh we

can use e.g. sklearn.cluster.KMeans package in Python.

5. SIMULATION EXAMPLES

In this section, we illustrate two simulation examples. The first one is the Burgers equation introduced and
already considered for numerical tests in [4] and [16]. This is a one-dimensional example with an explicit solution
so we use this example to compare the accuracy and computational time of the different numerical methods under
consideration. The second example, the network of FitzHugh-Nagumo neurons, already numerically investigated
in [2,5] (see also [11]), is a 3-dimensional example. All examples are implemented in Python 3.7.

5.1. Simulation of the Burgers equation, comparison of three algorithms

In [4], the authors analyse the solution and study the particle method of the Burgers equation

(5.1)

Xy = [ H Y)u(dy)dt + odBy,
Vit e [O,T}, = Px, and Xy : (Q,F,P) — (R, B(R)),

where H is the Heaviside function H(z) = 1{.>0} and o is a real constant. The cumulative distribution function
V(t,x) of u; satisfies oV 1 ,0°V oV
722 _yvZr
ot 2 9z ox’
Moreover, since the initial cumulative distribution function Vj satisfies fox Vo(y)dy = O(x), the function V has
a closed form given by (see [20])

Je Vowpexp( = &[S + [ Va(2)dz] ) dy
Jrexp (= Z S5 + f) Vo(z)dz] ) dy
Hence, if we consider Xy = 0, then the cumulative distribution function at time 7' = 1 reads

Ju, exp( = H [0 +y] )y

fReXp( [(1 y)? +y]ly>0]>dy

V(0,z) = Vo(x).

V(t,z) = (t,z) € [0,T] x R.

Froy(z) = (5.2)
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So we can compare the accuracy of the different numerical methods proposed in the former sections by
considering

||Fsimu - FtrueH (53)

sup ’

where Fginy, represents the simulated cumulative distribution function by different numerical methods and Fipye
is the true cumulative distribution function (5.2). This term (5.3) is approximated by

||Fsimu($) - Ftrue(x)Hsup = sup |Fsimu($) - Ftrue(x)| ) (54)

x€Unifset

where Unifset is a uniformly spaced point set in [—2.5, 3.5].
T

In the following simulation, we choose 62 = 0.2 and M = 50 so that we have the same time step h = a7 = 0.02
for each method. We give a detailed comparison of the different methods in Table 1. Remark that the particle
method (1.5) and the hybrid particle-quantization scheme (1.15) are random algorithms. Hence, their accuracy
are computed by taking an average error computed over 50 independent simulations.

In a second phase, we show the converging rate of the simulation error (5.3) of the particle method (1.5)
and the recursive quantization scheme without Lloyd quantizer optimization (1.11)—(1.13)—(1.14) respectively
according to N and K. Table 2 shows the simulation error (5.3) of the particle method (1.5) with respect to the
numbers of particle N = 28 ... 213 for a fixed M = 50. As the particle method (1.5) is a random algorithm,
the error shows in Table 2 is computed by rerunning independently 500 times for each value of N. Figures 3
and 4 show the log error of the particle method with respect to log,(/N) and the standard deviation of the error.

Table 3 shows the convergence rate of the simulation error (5.3) of the recursive quantization scheme (1.11)—
(1.13) with respect to the quantizer size K = 25,26 27 28 29 210 Here we use a fixed quantizer sequence which
is a uniformly spaced point set in [—2.5, 3.5] without Lloyd’s algorithm for each time step t,,. Figure 5 show
the log error of the recursive quantization scheme with respect to log,(K).

The slope in Figure 3 is approximately -0.285, and in Figure 5, it’s approximately -0.436. These slopes deviate
results in Theorems 3.1 and 4.2 since we evaluate the simulation error using || Fiimu(2) — Firue(2)]l,, instead of
the Wasserstein distance or the L2-norm. We opt for this error measure due to the computational cost of the
Wasserstein distance: for two probability distributions u,v € P,(R?) with respective cumulative distribution
functions F' and G, the Wasserstein distance W, (u, V) can be computed by

WP (u,v) = /o ‘F_l(u) - G_l(u)‘p du, p > 1. (5.5)

The computation cost arises from the inverse functions of the cumulative distribution functions. Moreover, if we
compute (5.5) by using Monte-Carlo simulation, it will induce its own statistical error which may perturb our
comparisons. Additionally, for a fair method comparison between the particle method (1.5) and the recursive
quantization scheme (1.11)—(1.13)—(1.14), consistency in error measurement is necessary.

Now we give some short comments on the numerical performance of different methods mainly with regards
to two aspects: the accuracy and the computing time.

— Comparison of the computing time.
The application of Lloyd’s iteration in the recursive quantization scheme is slightly faster than in the hybrid
particle-quantization scheme since we used the closed formulas (4.20). We can also remark that, when the
quantization level K is large, Lloyd’s iteration is numerically costly even in dimension 1 and the application
of Lloyd’s algorithm only slightly reduces the quantization error.

— Comparison of the accuracy computed by || Fsimu(2) — Firue () [lgyp-

e Comparing with the particle size IV in Table 2 and the quantizer size K in Table 3, one can remark that
to achieve the same accuracy, we need fewer points in the quantizer than in the particle.
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TABLE 1. Comparison of three algorithms.

Particle size and (?omputmg Error
ti . time for each P — Frrael|
quantizer size Buler step simu true | gup
Particle method (1.5) Particle size N = 10000 0.00320s 0.01021

Recursive quantization scheme
without Lloyd iterations Quantizer size K =500 0.00205s 0.01054
(1.11)—(1.14)

Recursive quantization scheme
with 5 Lloyd iterations

at each Euler step
(1.11)—(1.14) and (4.14)—(4.17)

Quantizer size K = 500 8.21598s 0.01029

Hybrid particle-quantization Particle size N' = 10000

schemelz (1.1?) without Quantizer size K — 500 6.09480s 0.01626
Lloyd iterations

Hybrid particle-quantization Particle size N — 10000

scheme (1.15) with 5 Lloyd . . _ 9.37229s 0.01013
iterations at each Euler step Quantizer size K= 500

TABLE 2. Error of the particle method (1.5) with respect to the particle size N.

N 98 99 910 ol 912 913
Error || Feimu — theﬂsup 0.04691  0.03409 0.02438 0.01785 0.01407 0.01131
Standard deviation 0.01207 0.00939 0.00687 0.00469 0.00408 0.00294

TABLE 3. Error of the recursive quantization scheme (1.11)—(1.13) with respect to the quantizer
size K.

K 95 96 97 98 99 910
Error || Fsimu — Firuel| 0.07347 0.04176 0.02360 0.01471 0.01043 0.00829

sup
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N --e-- log(mean error-2*std)
N —e— log(mean error)

-3.0 ‘ --e-- log(mean error+2*std)
-3.5

.
-4.0
-4.5

-
-5.0
—
e
8 9 10 11 12 13

FIGURE 3. Log-error of the particle method (1.5) with respect to log, (V).

0.0127 ¢
0.010 ““.

4
0.008 \\‘

)
0.006 \
0.004 o
295,10 i1 > )

FIGURE 4. Standard deviation of the error of the particle method. The horizontal axis is logy(N).

e The error of the recursive quantization scheme (1.11)—(1.13)—(1.14), especially when we implement with-
out Lloyd’s quantizer optimization, strongly depends on the choice of the quantizer. Generally, a practical
way to choose the initial quantizer of a probability distribution pu is to use the self-quantization technique
for which we refer to [10], Sections 7.1 and 14 of [17], [36] and [39]. Another efficient trick is to rely on
a so-called “splitting method”, that is, using the trained quantizer of the Euler step t,, as an initial
quantizer of the Euler step ¢,,41.

In this one-dimensional example, we did not remark any obvious advantage of the hybrid particle quantization
scheme (1.15) compared with other methods.

5.2. Simulation of the network of FitzHugh-Nagumo neurons in dimension 3

In this section, we consider the network of FitzHugh-Nagumo neurons® introduced in [2] and [5]:
dXt = b(Xt, ,ut)dt + O'(Xt, Mt)dBt (56)

where b : R3 x P(R?) — R? and o : R® x P(R3) — Mj3y3 are defined by

4In this paper, we exclusively employ this model as a simulation illustration. For a comprehensive understanding of the network
of FitzHugh-Nagumo neurons, we recommend referring to [2] and [5] for more details.
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-3.0

-3.5

-4.0

-4.5

FIGURE 5. Log-error of the recursive quantization scheme (1.11)—(1.13)—(1.14) with respect to
log, (K).

25

2.0

15

1.0

0.5

0.0

-0.5

-1.0

-1.5

FIGURE 6. The first and second coordinates of 5000 particles at time T = 1.5.

w1 — (21)3 /3 — o+ 1 — [55 J (21 — Viev) 23 p(d2)

b(x, 1) = ?Eiiii; ba2) , (5.7)

a — aqxs3
" 1+exp (—)\(acl—VT))

Oext 0 - fRs JJ(l'l - V}ev)z3 /J(dZ)

oz, p) = 0 0 0 ,
0 O’gg("ﬂ) 0
Tmax(]- 7%3) A

=1, r + Te -,
032 3€(0,1)4/ @ 1+ exp ( — )\(xl — VT)) aq 31 €Xp ( 1— (2x3 — 1)2)

and where the initial random variable X follows a gaussian distribution
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0.30
0.25

0.20

FIGURE 7. The simulated density function smoothened by the Gaussian kernel method (band-
with =0.241).

25

2.0

15

1.0

0.5

0.0

-0.5

-1.0

-2 -1 0 1 2

FIGURE 8. The quantizer of (zg, 21 ), simulated with particle number N = 5000, quantizer size
K =300 and 10 Lloyd iterations at each Euler step.

Vo oy, 0 0
Xo ~ N wo 5 0 Owy 0
Yo 0 0 oy

with the following parameter values

Vo=0 o0y=04 a=07 b=08 ¢=0081=05 0 =05
wo=0504 =04 Viee=1a,=1 ag=1 Thax=1A=02
Yo=03 0, =005J=1 0;,=02Vp=2 =01 A=05

This model was first studied in [2] and then rigorously investigated and analyzed in [5]. We are aware that
the equation (5.6) does not fulfil Assumption 2.1 since the drift b defined by (5.7) is only locally Lipschitz in

(z, ). However, the drift b satisfies
(@, b(@,p)) < er(fzf +1)
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0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

F1GURE 9. The Voronoi cells of the above quantizer. The colour of each Voronoi cell represents
the weight of this cell (the darker the heavier).

for some ¢; > 0 and the coefficient ¢ is bounded. This ensures the existence of a strong solution living on
the whole Ry . In fact, the presence of the term —% also induces a mean-reversion property that makes
it possible to control the long-run behaviour of the equation. On the other hand, such drift with non-linear
growth (in norm) usually induces instability of the Euler scheme as emphasized e.g. in [26], at least when using
evenly spaced time steps. We nevertheless chose this model for a 3D numerical illustration due to its challenging
feature, but with a refined time step (M = 5000, see below) to ensure its stability. Other numerical schemes,
typically semi-implicit could be more stable but are out of the scope of this paper.

In this section, we compare the performance of the particle method (1.5) and the hybrid particle-quantization
scheme (1.15) in two aspects. First, we intuitively compare these two methods by simulating the density function
of (z1,x2) for T = 1.5, as in the original paper [2][Page 31, Figure 4, the third one in the right]. In this step, we
choose M = 5000 for the temporal discretization to reduce (as much as possible) the error induced by the Euler
scheme. The images of the density function simulated by the particle method are displayed in Figures 6, 7 and
the simulation by the hybrid method is displayed in Figures 8, 9, 10.

Next, as the particle method and the hybrid method are both random methods, we take

el = [ e i) = B[

simu

as a test function for the simulated distribution ™" at time 7", rerun 200 times for each method and compare

the mean and the standard deviation of @(us™v).

The obtained density functions have a similar form by these two methods, but the data volume obtained by
the particle method is

5000 (the number of particle) x 3 (dimension),

while the data volume obtained by the hybrid method is

300 (the quantizer size) x 4 (dimension + weight for each quantizer).



604 Y. LIU

0.4

0.3

0.2

0.1

FIGURE 10. The density function simulated by the hybrid particle-quantization method (1.15).
The vertical axis is the weight divided by the area of the corresponding Voronoi cell.

simu

TABLE 4. Comparison of the simulation result ¢(pu$™").

Particle method Hybrid method
N =300 N =5000 N =5000and K =300

Data volume for p§™"  300x3 50003 300x4
Average computing time

for each Euler step 0.034s 0.608s 2.670s

Test function Mean 1.194 1.205 1.192

Plur™) Standard ) o5 0.015 0.015
deviation

For a more precise comparison, we now set the time discretization number M = 150 and we consider the
following test function for the simulated distribution p§™" at 7 = 1.5

ol = [ e i) = B[

and rerun 200 times for each method. Table 4 shows the simulation results.

Intuitively, the hybrid method can be considered as adding a “feature extraction” step on the particle method.
Comparing the third and fourth columns of Table 4, one can notice that this added step needs more computing
time but reduces the size of the output data for the further computation of the test function ¢ (p5™") without
increasing the standard deviation. However, the second column of Table 4 shows that if we implement the
particle method with a similar data size than the quantization level, the test value of p(u$™") provides a much

larger standard deviation.
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APPENDIX A. PROOFS OF LEMMAS 3.4, 3.5 AND 3.8

Proof of Lemma 3.4. We consider the canonical space Q = C([0,T],R%) x C([0,T],R?) equipped with the o-
algebra F generated by the distance d((w',w?),(a!,0?)) = |lw!' — alﬂsup V||w? - a2”sup and P € TI(u,v)
where II(u, ) is the set of probability measures with marginals g and v. For any w = (w!,w?) € Q, we define
the canonical projections X : Q — C([0,T],R?) and Y : Q@ — C([0,T],R¢) by

Vo= (whw?), Vte[0,T], Xi(w)=uw; and Y;(w)=w?.

The couple (X,Y) makes up the canonical process on . Since P € II(u, v), then X has probability distribution
w and Y has probability distribution v. Moreover, we have

sup Wh(ps,vs) < sup E|[X, —Y,[" <E sup [X, —Y,[".
s€[0,t] s€[0,t] s€[0,t]

Then we can choose by the usual arguments P € TI(y, v) such that Esup,ep 4 |Xs — Ysl” = (W, (s, us))p to
conclude the proof. O

Proof of Lemma 3.5. (a) For any x € R? and for any p € P,(R?), Assumption 2.1 implies that
vt € (0,71, |b(t,z, )] — [b(t, 0, 80)| < [b(t, 2, 1) = b(t,0,00)] < L( || + Wy (11, 0o))-

Hence, [b(t,z, )| < [|b(t,0,60)| + L( |z] + Wy(p, 60)) < (|b(£,0,80)| V L)(1 + |z| + Wy(u, &)). Similarly, we have
ller(ts 2, )l < (lllo(t, 0, 60)lll v L)1 + |2 + Wy (p: o)), s0 we can take

Cho,r,r = sup [b(t,0,00)| vV sup |[[o(t,0,60)[ VL
te[0,T) t€[0,T]

to complete the proof.

(b) STEP 1. We prove sup  sup HthNH < 400 by induction in this step. First, we know that for every
0<m<Mi<n<N TP

n=1...,N, ||X(7]l Hp = ||X0Hp < 400 by the definition of ngN so that sup; <, <y HX{)L’NH;) < +00. Now

assume that sup; <, <y HX"T;NHP < 400. For every n =1,..., N, we have
[ < e e o K ) |+ | ot 25
p p

where the 1nequahty above follows from the Minkowski inequality and the fact that Z7, , is independent of F;
and o (ty,, X

m

,,utm) is F;,, measurable. By applying the inequality (3.4) in the first part, we obtain

Hb ms Zl ﬂm (tma ;L m < CboLT(1+ H + HW /J'tma(SO) )
P
and by the definition of ﬂi\fn, we have
P 1 N
L] G TED SRS FES S oA RS
Hence, for every n = 1,..., N, ’X?’Nl < 400. Then we can conclude sup  sup HX"NH < +oo by
mHlp 0<m<Mi1<n<N T P

induction.
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STEP 2. We prove (3.5) in this step. The first step implies that

M N
— p _
H sup  sup }X"’N| < Z ZE “X"’Nﬂ <(M+1)N- sup sup | X~ NH < +o0. (A.2)
0<m<M 1<n<N " P o1 " 0<m<M 1<n<N
Then,
sup ‘X” N‘ sup sup X?’N‘
tE 0 T OS’I’TLSM te[t'rrz7t'rrz+1] P
on,N vn,N —_N v, N —_N n n
< sup sup ‘Xtm A 0ty X0 By V(= tm) + 0 (tn, X070 g ) (BY — Btm)‘
OSmSMtE[that77l+l] p
<| o, 5 ebten x| | 4| s fleten x| (e
o<mens | m 0<ment " et m ,
< || sup )X&N‘ + h‘b(tm,Xt:Nyﬂt w Z H‘H (b XN i) H sup  |BP — By ||| < +o0
0<m<M P||t€tm tm+1] »
by applying (3.4), (A.1) and (A.2). O

For the proof of Lemma 3.8, we need the following two inequalities and we refer to Section 7.8 of [35] among
other references for more details.

Lemma A.1 (The generalized Minkowski inequality). For any (bi-measurable) process X = (X;)¢>o, for every
p € [1,00) and for every T € [0, +o0 TXtdth < fOT | Xell,, dt.

Lemma A.2 (Burkodlder-Davis-Gundy inequality (continuous time)). For every p € (0,400), there exists two
real constants CBDG > 0 and CBDG > 0 such that, for every continuous local martingale (Xt):epo,r) null at 0,

we have cBDGH\/iﬂ || SUP:e(o,1] | X Hp < CEDGH\/inp'

In particular, if (B;) is an (F;)-standard Brownian motion and (H;);>o is an (F;)-progressively measurable
process having values in My 4(R) such that fOT |H,||* dt < +00 P—a.s., then the d-dimensional local martingale

fd H,dB, satisfies
T
/HdB < CPDe ,// | H, |1 de|| - (A.3)
0
p

P

sup
t€[0,T]

Proof of Lemma 3.8. For every

(X, (Nt)tE[O,T])a (K (Vt)tE[O,T]) € LZ([O,T],I[@)(Q"F’ (}—t)tzmp) X C([OaT]aPp(Rd))a

for every t € [0,T], we have

sup

t
< / 16w Xy ps) — b(u, Yo, v4)[[, du (by Lem. A.1)
s€[0,t] 0

/0 [b(w, X, p) — bu, Yy, 1) du

t t
< IR0 = Yl # Wyl ] < L [ (1K = Yall + Wyl

and
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sup
s€0,t]

/ [a(u, Xu, ) — o(u, Yy, Vu)]dBu
0

Ciy© \// llo (s X ) = o (w, Yoy v [l (by Lem. A.2)

BDG

d,p when U > 0)

s1nce ’

i<l
Q
[N}
[
3
X
Wl
Il
=
whs ol

1
2
[ ot X ) = ot Ve
Y
ore| / oo, X s12) = 008 Y )P, ]
2
BDG 2,13 : 2 p\31? 2
|||||auxu,uu — o, Yo, va)lll2au]” (sinee 07|, = [®IUF)?]" = U)
2
2 2 %
<vacy DGL[ [ 0= Yl D) ]

Then we can conclude the proof by setting Cy ., = V2CFPCL. O

APPENDIX B. ORGANISATION OF DIFFERENT NUMERICAL SCHEMES AND PSEUDO-CODE

Algorithm 2: Recursive quantization scheme (without Lloyd’s algorithm integrated)

Input: The quantization level K € N*.

Input: The quantizer sequence z(™ = (a:?”’, . ,mgn)), 0<m< M.
/* Compute the weight vector p(® = (pgo), . ,p(lg)) for time tg=0. */

for k in {1,...,K} do
P = o (Ve(@)).

/* Compute the weight vector p(m+h) — (pgm—H),..., %W'H)) for time t,,4; from z(™ and p(™).

*/
for m in {0,...,M — 1} do

for jin {1,...,K} do
for i in {1,...,K} do

Set m m m m
/’Ltm+1 _N( ( )+th( t’ma‘rg )7x](€ ))7
k=1
K T K
h |: Zp](ﬁm) my L Em)v (m)):| |: Zp;(gm)al(tnu xim)) Z‘;(Cm)):| ) .
k=1 k=1

| Compute the transition probability m;; in (1.13) by m;; = ,EtimH (V; (z(m+1)y).

| Compute the weight p( ™ gy (1.14) by p(m+1) Zz 1 Tij - pgm).

Output: The discrete probability distributions fi;,, = Zk:l pkm)ézm), 0<m< M.
k




608

McKean-Vlasov equation (1.1)

Xy is an R%valued random variable,

dX; = b(t, X4, p,t)dt -+ 0'(157 X, p,t)dBt
H’t:PXta tE[O7T]

- 1
1%t~ Xy | ~OR I
see [29, Prop 2.1]
.- { Theoretical Euler scheme (1.3)} ———————— “
1
! 1
: Temporal discretization : M € N*, h = %, tm = :
Vo by Zm A N0, ), YWy (B, > At
1 4 O(N-1/2
i L ( )
_ _ _ - |
| Xtppr = Xty + hb(tm, Xty fitr,) ! Theorem 3.1
: FVho (tms Xty s fity,) Zm+1 !
B e :
e !

For a fixed M,
(1 Xt =X || ,~OK Y
Theorem 4.2

- { Theoretical quantiz;ition scheme (1.11)} -—

2(m) — (xgm)

'
1
! (m)y . . _
i , e Ty ') is a quantizer for fig,,
1

: Xtm+1 = X’im +hb(t7n7Xtm7ﬁtm)
: +Vho (tms Xty s Bty ) Zm+1,
: ity = Pg, 5 Xty = Proj (o (Xo)
' m

1
1

Xim+1 = Projz('r?lr+1) (Xtm+1)

Section 4.2

,—( Recursive quantiza‘éion scheme (1.13)%

In the Vlasov setting, one can compute a Markov-
ian transition:

(Xtm+1 s Bm1)
= F(X\tm ) ﬁmy Z’m+17 z("H—l))v
where F' has an explicit formula (1.13),(1.14).

Y. LIU

Propagation
of chaos

[14] [24]

Propagation of chaos}

N-particle system (XI’N, ...,XzV’N)LE[O’T],

dxN = b, XN N ydt + o (t, XN, uN)d By,

S DIART RS and X2N1 <n < N'A X,

,—( Particle method (1.5)} N

Same temporal discretization as left side with initial

1<n< N xg,

. v
random variables X N

Xr:n]i1 = erN + hb(tm, tmNmU«tm)
+Vho(tm, XN BN )20
ﬂé\:n = Zgzl 5)?71,N
Zr1<m< M, 1<n<N‘:\5’ N(0,1,)
~ J

For a i;l(xcd 1}\{ 4
Wy (afs il )~O(K 14
Proposition 4.4

,—( Hybrid particle-quantization scheme (1.15)}\

m(m) — (z§m> (m))

sy Tpe

2z, RSN,

quantizer for the m-th Euler step,

is a
vn,N N ~
:Xn' + hb(tm, tnm v/"ti{n)
N ~
+‘f‘7(tm’ X Bl )20

’\K _ 1

Hiy = ( Zn 1 X'LN)OPrD-] (m)

K N n,N

:Zk:15z§:n>[2n:1 Vk(a:(m))( tm )}
vn,N _ vn,N
XU 7X0

wn,N
tm41

FIGURE B.1. The organisation of different numerical schemes in this paper.
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Algorithm 3: Recursive quantization scheme (with Lloyd’s algorithm integrated)

Input: The quantization level K € N*.
Input: The Lloyd’s iteration number L € N*.
Input: The initial quantizer sequence z(™[) = (x(lm’[o]), ceny x%n’[o])), 0<m< M.

/* Compute an optimal quantizer x(o):(xgo),...,x([g))

for [ in {0,...,L — 1} do

for k in {1,..., K} do
xio,[z])7 if Mo(Vk( (0,[1]) )) =0,

200+
g ka(xm,[m) Epio(dg)

,uo(Vk(x(O’[”))) , otherwise.

/% Compute the weight vector p(®) = (p,”,...,piy’) for time to=0.
Set (20, ..., 2y = (@O, £y,

for k in {1,...., K} do

pY = o (Vi(z®)).

/* Compute the weight vector p(m+h) — (pgm+1),...,pg;n+1))

for m in {0,...,M — 1} do

for time &p41.

/* Compute an optimal quantizer x(m+1>:(x§m+1) (m+1)
*/
for i in {1,...., K} do
Set ~3i m m m m
th+1_N( ( )+th( ) tm’ 'E ) ](c )),
k=1

[Zpk Aty 2™ } {Zpk a(tm, 2™, xf@m))})

for 1 in {0,....L — 1} do
for j in {1,..., K} do

LML it K i (Vy(atmr i) ™ =,

J )

ML) . » -
’ 2im1 (ij(x(m+l,[l])) &Rt (d€)) i

for j in {1,..,K} do
for i in {1,..., K} do
Compute the transition probability m;; in (1.13) by mi; = i/, (V; (z(m+D)).

Compute the weight p( ) i (1.14) by p§m+1) = Zfil Tij .pgm)

Output: The discrete probability distributions fi,, Zk 1 p(m)6 my, 0 <m < M.
k‘,

for pup by using Lloyd’s algorithm.

A e ) by using Lloyd’s algorithm.

Sra—— COR otherwise.
>t B, s (VJ (m(mﬂ’[l]))) "P;
Set (z (m+1) ..,x%n)) = (acgmﬂ’m),...,x%nﬂ’m)).
/* Compute the weight vector p(m+1) = (pgm—H)’ HP %m_l)) from (™), z(m+1) ang p(m).

*/

*/

*/
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Algorithm 4: Hybrid particle-quantization method (without Lloyd’s algorithm integrated)

Input: The quantization level K € N*.

Input: The quantizer sequence z(™) = (x(lm), . (m)) 0<m< M.
Generate X, 2 X; and 27 % N(0,1,), 1<n < N, 1<m < M.
for m in {0,...,M — 1} do

~ K N o
Compute i, =S4, 6,000 52 Ly, oo (K1)
fornin{1,...,N} do

Compute XZL JJ\ZI = Xn N + h- b( ms tnmNaﬁf( ) + \/70-( m7 Z:nN ﬁtK) m+1*

Output: The discrete probability distributions /71{;:2?:1 [6_m) -Zlelvk(wn))()?;jjv)] , 0<m< M.
k

Algorithm 5: Hybrid particle-quantization method (with Lloyd’s algorithm integrated)

Input: The quantization level K € N*.

Input: The Lloyd’s iteration number L € N*.

Input: The initial quantizer sequence (™) = (:cgm’[ol), ce x%n’[o])), 0<m< M.
Generate XnN S Xo and Z], =~ i (0,I5),1<n<N,1<m<M.

/* Compute an optimal quantizer z(* :(m§0),. . .,xg))
for ! in {0,...,L —1} do

for k in {1,...,K} do

for po by using Lloyd’s algorithm.

a if 20 (Vie(z(©0)) = 0,
L0001 _
. ka<z(O=[l])) o (dE)

, otherwise.
Lo (Vk (;p(o«[l])))

Set (..., &) = (201D ©IEDy

for m in {0,...,M — 1} do
Compute ﬁtwt Zk 1 [6 (7”) Z ﬂVk(t“n))(‘)ztn;;zN)]
for n in {1,...,N} do

Compute X[ = XN + b b, X[ B ) + VB0 (b, XN i8S 2

/* Compute an optimal quantizer z
for ! in {1,...,L} do

for k in {1,...,K} do

(m“):(:b(lmﬂ),...,xxnﬂ)) by using Lloyd’s algorithm.

x;m+1,[z1>7 if ZL | P )(Xjnfil) =0,
x}(€m+l,[l+1]) _ N on N
Zn:l X 1;1 HVk (z(’"+1 ll))(X 1;1+1) th .
ZN 1 (X" N ) B otherwise.
n=1 Vk(z("Hrl ) tm+41
Set (z; <m+1) .. ,x%”)) = (xgmﬂ’[LD, ceey x&?“"m)).

Output: The discrete probability distributions fif = Zszl [636(,,”) -25:1 ]lvk(ﬂm))()?:l,;]v)]v 0<m<M.
¢ ,
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