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PARTICLE METHOD AND QUANTIZATION-BASED SCHEMES FOR THE
SIMULATION OF THE MCKEAN-VLASOV EQUATION ⋆

Yating Liu*

Abstract. In this paper, we study three numerical schemes for the McKean-Vlasov equation

{︃
𝑑𝑋𝑡 = 𝑏(𝑡, 𝑋𝑡, 𝜇𝑡) 𝑑𝑡 + 𝜎(𝑡, 𝑋𝑡, 𝜇𝑡) 𝑑𝐵𝑡,

∀ 𝑡 ∈ [0, 𝑇 ], 𝜇𝑡is the probability distribution of𝑋𝑡,

where 𝑋0 : (Ω,ℱ , P) → (R𝑑,ℬ(R𝑑)) is a known random variable. Under the assumption on the Lipschitz

continuity of the coefficients 𝑏 and 𝜎, our first result proves the convergence rate of the particle method

with respect to the Wasserstein distance, which extends previous work [M. Bossy and D. Talay, Math.

Comput. 66 (1997) 157–192.] established in a one-dimensional setting. In the second part, we present

and analyse two quantization-based schemes, including the recursive quantization scheme (deterministic

scheme) in the Vlasov setting, and the hybrid particle-quantization scheme (random scheme inspired

by the 𝐾-means clustering). Two simulations are presented at the end of this paper: Burgers equation

introduced in [M. Bossy and D. Talay, Math. Comput. 66 (1997) 157–192.] and the network of FitzHugh-

Nagumo neurons (see [J. Baladron, D. Fasoli, O. Faugeras and J. Touboul, J. Math. Neurosci. 2 (2012)

1–50.] and [M. Bossy, O. Faugeras and D. Talay, J. Math. Neurosci. 5 (2015) 1–23.]) in dimension 3.
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1. Introduction

The McKean-Vlasov equation was originally introduced in [33] as a stochastic model naturally associated to
a class of non-linear PDEs. Nowadays, it refers to the whole family of stochastic differential equations whose
coefficients not only depend on the position of the process 𝑋𝑡 at time 𝑡 but also depend on its probability
distribution 𝜇𝑡. This distribution dependent structure of the McKean-Vlasov equation is widely used to model
phenomenons in statistical physics (see e.g. [6,32]), in mathematical biology (see e.g. [2,5]), also in social sciences
and in quantitative finance, often motivated by the development of the mean field games and the interacting
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diffusion models (see e.g. [7, 25] and [8]). Besides the original paper [33], an excellent reference of the general
theory of the McKean-Vlasov equation and the propagation of chaos is [41]. See also the lecture note [24].

In this paper, we consider a filtered probability space (Ω,ℱ , (ℱ𝑡)𝑡≥0,P) satisfying the usual conditions and
an (ℱ𝑡)−standard Brownian motion (𝐵𝑡)𝑡≥0 valued in R𝑞. For a separable Banach space (𝐸, ‖·‖𝐸), we denote
the set of probability distributions on 𝐸 by 𝒫(𝐸) and denote by 𝒫𝑝(𝐸) the set of probability distributions on
𝐸 having 𝑝-th finite moment, 𝑝 ≥ 1. The McKean-Vlasov equation writes{︃

𝑑𝑋𝑡 = 𝑏(𝑡,𝑋𝑡, 𝜇𝑡) 𝑑𝑡+ 𝜎(𝑡,𝑋𝑡, 𝜇𝑡) 𝑑𝐵𝑡,

𝜇𝑡is the probability distribution of𝑋𝑡, 𝑡 ∈ [0, 𝑇 ],
(1.1)

where 𝑋0 : (Ω,ℱ ,P) →
(︀
R𝑑,ℬ(R𝑑)

)︀
is a known random variable independent of the Brownian motion (𝐵𝑡)𝑡≥0

and 𝑏, 𝜎 are Borel functions defined on [0, 𝑇 ]× R𝑑 × 𝒫(R𝑑) having respective values in R𝑑 and in M𝑑,𝑞(R), the
space of real matrices with 𝑑 rows and 𝑞 columns. If there exist Borel functions 𝛽 : [0, 𝑇 ]× R𝑑 × R𝑑 → R𝑑 and
𝑎 : [0, 𝑇 ]× R𝑑 × R𝑑 → M𝑑,𝑞(R) such that

𝑏(𝑡, 𝑥, 𝜇) =
∫︁

R𝑑

𝛽(𝑡, 𝑥, 𝑢)𝜇(𝑑𝑢) and 𝜎(𝑡, 𝑥, 𝜇) =
∫︁

R𝑑

𝑎(𝑡, 𝑥, 𝑢)𝜇(𝑑𝑢), (1.2)

we call (1.1) the Vlasov equation.
This paper aims to show three implementable numerical methods for the simulation of the McKean-Vlasov

equation (1.1), including the particle method and two quantization-based schemes, accompanied by a quantita-
tive analysis of the corresponding simulation error.

1.1. Construction of numerical schemes

The construction of numerical schemes involves two components: the temporal discretization on [0, 𝑇 ] and
the spatial discretization on R𝑑.

(1) Temporal discretization by theoretical Euler scheme

We fix 𝑀 ∈ N* and set ℎ = 𝑇
𝑀 as the time step. Let 𝑡𝑚 = 𝑡𝑀𝑚 := 𝑚 · ℎ, 0 ≤ 𝑚 ≤ 𝑀 and let 𝑍𝑚+1 :=

1√
ℎ
(𝐵𝑡𝑚+1−𝐵𝑡𝑚), 0 ≤ 𝑚 ≤𝑀 − 1. The theoretical Euler scheme of (1.1) is defined as follows,

𝑋̄𝑀
𝑡𝑚+1

= 𝑋̄𝑀
𝑡𝑚

+ ℎ · 𝑏(𝑡𝑀𝑚 , 𝑋̄𝑀
𝑡𝑚
, 𝜇̄𝑀

𝑡𝑚
) +

√
ℎ𝜎(𝑡𝑀𝑚 , 𝑋̄𝑀

𝑡𝑚
, 𝜇̄𝑀

𝑡𝑚
)𝑍𝑚+1, 𝑋̄𝑀

0 = 𝑋0, (1.3)

where for every 𝑚 ∈ {0, . . . ,𝑀}, 𝜇̄𝑀
𝑡𝑚

denotes the probability distribution of 𝑋̄𝑀
𝑡𝑚

. We also define the continuous
expansion of (𝑋̄𝑀

𝑡0 , . . . , 𝑋̄
𝑀
𝑡𝑀

), denoted by (𝑋̄𝑀
𝑡 )𝑡∈[0,𝑇 ], by the following continuous Euler scheme

∀𝑚= 0, . . . ,𝑀−1, ∀ 𝑡∈(𝑡𝑚, 𝑡𝑚+1], 𝑋̄𝑀
𝑡 := 𝑋̄𝑀

𝑡𝑚
+ (𝑡− 𝑡𝑚)𝑏(𝑡𝑀𝑚 , 𝑋̄𝑀

𝑡𝑚
, 𝜇̄𝑀

𝑡𝑚
) + 𝜎(𝑡𝑀𝑚 , 𝑋̄𝑀

𝑡𝑚
, 𝜇̄𝑀

𝑡𝑚
)(𝐵𝑡−𝐵𝑡𝑚

) (1.4)

with the same 𝑋̄𝑀
0 = 𝑋0. When there is no ambiguity, such as when the time discretization number 𝑀 is fixed,

we will omit the superscript 𝑀 in 𝑋̄𝑀
𝑡𝑚

, 𝑋̄𝑀
𝑡 and in 𝜇̄𝑀

𝑡𝑚
defined in (1.3) and in (1.4).

The convergence rate of this theoretical Euler scheme is of order ℎ1/2 if the coefficients 𝑏 and 𝜎 are Lipschitz
continuous in (𝑡, 𝑥, 𝜇) (see Prop. 2.1 in [29] or further Prop. 2.2 for more details). However, contrary to the
Euler scheme for a standard diffusion 𝑑𝑋𝑡 = 𝑏(𝑡,𝑋𝑡)𝑑𝑡+𝜎(𝑡,𝑋𝑡)𝑑𝐵𝑡, the scheme defined by (1.3) is not directly
implementable, since it does not directly indicate how to simulate 𝜇̄𝑀

𝑡𝑚
in the coefficient functions 𝑏 and 𝜎.

To do this, we need a further spatial discretization on R𝑑, a key point of this paper, to construct a discrete
approximation of 𝜇̄𝑀

𝑡𝑚
. This article will primarily focus on analyzing the errors associated with the spatial

discretization approach.

(2) Spatial discretization
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In this paper, we present two distinct spatial discretization approaches: the particle method and the
quantization-based method.

(2.1) Particle method

The particle method is inspired by the propagation of chaos property of the McKean-Vlasov equation (see
e.g. [14, 24, 41] and [9]). We consider the same temporal discretization number 𝑀 and the same time step ℎ

as in (1.3). For the simplicity of notation, we will omit the superscript 𝑀 in the following discussion. Let
𝑋̄1,𝑁

0 , . . . , 𝑋̄𝑁,𝑁
0 be i.i.d copies of 𝑋0 in (1.1) and let 𝐵𝑛 := (𝐵𝑛

𝑡 )𝑡∈[0,𝑇 ], 1 ≤ 𝑛 ≤ 𝑁, be 𝑁 independent standard
Brownian motions valued in R𝑞, independent of the Brownian motion (𝐵𝑡)𝑡∈[0,𝑇 ] in the initial McKean-Vlasov
equation (1.1) and of (𝑋0, 𝑋̄

1,𝑁
0 , . . . , 𝑋̄𝑁,𝑁

0 ). The main idea of the particle method is to construct an 𝑁 -particle
system (𝑋̄1,𝑁

𝑡𝑚
, . . . , 𝑋̄𝑁,𝑁

𝑡𝑚
)0≤𝑚≤𝑀 by computing for every 1 ≤ 𝑛 ≤ 𝑁, 0 ≤ 𝑚 ≤𝑀 − 1,{︃

𝑋̄𝑛,𝑁
𝑡𝑚+1

= 𝑋̄𝑛,𝑁
𝑡𝑚

+ ℎ𝑏(𝑡𝑚, 𝑋̄
𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

) +
√
ℎ𝜎(𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)𝑍𝑛
𝑚+1,

𝜇̄𝑁
𝑡𝑚

:= 1
𝑁

∑︀𝑁
𝑛=1 𝛿𝑋̄𝑛,𝑁

𝑡𝑚

, 𝑍𝑛
𝑚+1 = 1√

ℎ
(𝐵𝑛

𝑡𝑚+1
−𝐵𝑛

𝑡𝑚
) i.i.d∼ 𝒩 (0, I𝑞),

(1.5)

and then to use 𝜇̄𝑁
𝑡𝑚

defined in (1.5) as an estimator of 𝜇̄𝑡𝑚
in (1.3) at each time step 𝑡𝑚, 1 ≤ 𝑚 ≤ 𝑀 .

Remark that 𝜇̄𝑁
𝑡𝑚

in (1.5) is a random probability distribution, that is, it depends on 𝜔 ∈ Ω. As detailed later
in Theorem 3.1, we prove that the convergence rate with respect to the 𝐿𝑝−norm of the Wasserstein distance,
between 𝜇̄𝑁

𝑡𝑚
in (1.5) and 𝜇̄𝑡𝑚 in (1.3) is of order 𝑁−1/𝑑 (𝑁−1/2𝑝 if 𝑑 = 1) under appropriate conditions. The

result is established by using the convergence rate in the Wasserstein distance of the empirical measure of an
i.i.d. sample as presented in Theorem 1 of [13].

In one-dimensional setting, the convergence rate of the distribution function and of the density function of
the particle method has been previously established in [4]. In this paper, we establish the convergence rate with
respect to the Wasserstein distance, which does not rely on distribution function representations and also holds
for a higher dimensional setting (𝑑 ≥ 2). Assuming the same conditions as in [4], the convergence rate presented
in Theorem 3.1, particularly when considering the 𝐿1-Wasserstein distance, aligns with the convergence rate
of the distribution function in [4] (see [15] for the expression of the 𝐿1-Wasserstein distance in terms of the
distribution function). Note that, the convergence analysis in this paper requires fewer conditions, as some of
the conditions in [4] are necessary only to guarantee the existence of a density function.

(2.2) Quantization-based method

A second way to implement the spatial discretization is to use the (optimal) vector quantization, also known
as 𝐾-means clustering in unsupervised learning. Consider a random variable 𝑋 having probability distribution
𝜇 = ℒ(𝑋) := P ∘𝑋−1 on R𝑑. Let 𝐾 ∈ N* be the quantization level. The main idea of the vector quantization
is to project 𝜇 onto a fixed quantizer 𝑥 = (𝑥1, . . . , 𝑥𝐾) ∈ (R𝑑)𝐾 satisfying 𝑥𝑖 ̸= 𝑥𝑗 if 𝑖 ̸= 𝑗, and to use the
following discrete projection

̂︀𝜇 𝑥 :=
𝐾∑︁

𝑘=1

𝑤𝑘 · 𝛿𝑥𝑘
with 𝑤𝑘 = 𝜇

(︀
𝑉𝑘(𝑥)

)︀
, 1 ≤ 𝑘 ≤ 𝐾 (1.6)

as an approximation of 𝜇. In (1.6),
(︀
𝑉𝑘(𝑥)

)︀
1≤𝑘≤𝐾

denotes a Voronöı partition generated by 𝑥 = (𝑥1, . . . , 𝑥𝐾)
(see Fig. 1), which is a Borel partition on R𝑑 satisfying

𝑉𝑘(𝑥) ⊂
{︁
𝑦 ∈ R𝑑

⃒⃒
|𝑦 − 𝑥𝑘| = min

1≤𝑗≤𝐾
|𝑦 − 𝑥𝑗 |

}︁
, 1 ≤ 𝑘 ≤ 𝐾. (1.7)

The approximation ̂︀𝜇 𝑥 defined in (1.6) is deterministic. By introducing the projection function Proj𝑥

𝜉 ∈ R𝑑 ↦−→ Proj𝑥(𝜉) :=
𝐾∑︁

𝑘=1

𝑥𝑘1𝑉𝑘(𝑥)(𝜉) ∈ {𝑥1, . . . , 𝑥𝐾} (1.8)
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Figure 1. A Voronöı partition.

based on the chosen Voronöı partition
(︀
𝑉𝑘(𝑥)

)︀
1≤𝑘≤𝐾

1, one can remark that ̂︀𝜇 𝑥 = 𝜇 ∘ Proj−1
𝑥 , which is the law

of the discrete random variable ̂︀𝑋 𝑥 := Proj𝑥(𝑋).
If 𝜇 ∈ 𝒫𝑝(R𝑑), 𝑝 ≥ 1, there exists (at least) an optimal quantizer 𝑥* = (𝑥*1, . . . , 𝑥

*
𝐾) ∈ (R𝑑)𝐾 in the sense that̂︀𝜇 𝑥* is the closest probability measure to 𝜇 with respect to the Wasserstein distance 𝒲𝑝, among all probability

distributions having a support of at most𝐾 points (see [17], Lem. 3.4 and further Prop. 4.1–(3)). In the quadratic
setting (𝑝 = 2), such optimal quantizer 𝑥* can be found by several numerical methods such as Lloyd’s fixed
point algorithm, as described in Algorithm 1 (see [22, 30, 38] for more details) or the CLVQ algorithm (see e.g.
[34], Sect. 3.2). In this paper, we implement Lloyd’s algorithm to obtain the quadratic optimal quantizer in
the simulations but numerical results can be obtained by other methods as well. Figure 2 is an illustration of
the quadratic optimal quantization at level 𝐾 = 60 for the standard normal distribution 𝜇 = 𝒩 (0, I2), where
the blue points represent an optimal quantizer and the colour in red represents the weight 𝜇(𝑉𝑘(𝑥)) of each
Voronöı cell (the darker the heavier). Furthermore, in the framework of unsupervised learning with unlabeled
dataset {𝜉1, . . . , 𝜉𝑛} ⊂ R𝑑, the 𝐾-means clustering is to compute the (quadratic) optimal quantizer of the
empirical measure 𝜈 = 1

𝑛

∑︀𝑛
𝑖=1 𝛿𝜉𝑖

on the dataset.
In this paper, we propose the following two quantization-based schemes for the simulation of the McKean-

Vlasov equation2:

(𝑎) Recursive quantization scheme in the Vlasov setting (1.2),
(𝑏) Hybrid particle-quantization scheme.

Different from the particle method, the recursive quantization scheme is deterministic, that is, the simulation
result does not depend on 𝜔 ∈ Ω.

1The Voronöı partition
(︀
𝑉𝑘(𝑥)

)︀
1≤𝑘≤𝐾

generated by a fixed quantizer 𝑥 = (𝑥1, . . . , 𝑥𝐾) is not unique since we can place points

on the hyperplane 𝐻𝑖,𝑗 := {𝜉 ∈ R𝑑 | |𝑥𝑖 − 𝜉| = |𝑥𝑗 − 𝜉|} in either the Voronöı cell 𝑉𝑖(𝑥) or 𝑉𝑗(𝑥). However, the choice of the
Voronöı partition has no impact on the quantization error of the quantizer 𝑥 (see further discussion in (2.6) and in (4.1)).

2This idea of applying optimal quantization to simulate the McKean-Vlasov equation was firstly introduced in Section 4 of [16]
in a different framework. Besides, another quantization-based scheme is proposed in Section 7.4 of [27], called doubly quantized
scheme, in which we implement the quantized Gaussian random variables instead of (𝑍𝑚)1≤𝑚≤𝑀 in (1.3).
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Figure 2. The quadratic optimal quantization for the standard normal distribution 𝒩 (0, I2).

Algorithm 1: Lloyd’s (fixed point) algorithm for a probability measure 𝜇 ∈ 𝒫2(R𝑑)

Set 𝐾 ∈ N* for the quantization level.

Input: Initial quantizer 𝑥[0] = (𝑥[0]
1 , . . . , 𝑥

[0]
𝐾 ) such that 𝑥[0]

𝑘 ∈ supp(𝜇), 1 ≤ 𝑘 ≤ 𝐾.
Repeat

Compute 𝑥 [𝑙+1] = E
[︀
𝑋

⃒⃒ ̂︀𝑋 𝑥[𝑙] ]︀
(Ω), i.e. for every 𝑘 = 1, . . . ,𝐾,

𝑥
[𝑙+1]
𝑘 =

⎧⎪⎪⎨⎪⎪⎩
𝑥

[𝑙]
𝑘 , if 𝜇

(︀
𝑉𝑘(𝑥[𝑙])

)︀
= 0,

E
[︀
𝑋

⃒⃒ ̂︀𝑋 𝑥[𝑙]
= 𝑥

[𝑙]
𝑘

]︀
=
∫︀

𝑉𝑘(𝑥[𝑙])
𝜉𝜇(𝑑𝜉)

𝜇
(︀
𝑉𝑘(𝑥[𝑙])

)︀ , otherwise.
(1.9)

until Some stopping criterion occurs (for example, |𝑥[𝑙+1] − 𝑥[𝑙] | < 𝜀 for a fixed threshold 𝜀 > 0);
Return 𝑥[𝑙] = (𝑥[𝑙]

1 , . . . , 𝑥
[𝑙]
𝐾 )

(𝑎) Recursive quantization scheme. The most natural idea of applying optimal quantization to the simula-
tion of the McKean-Vlasov equation is to replace 𝑋̄𝑡𝑚

and 𝜇̄𝑡𝑚
in (1.3) by their respective quantized projection.

More precisely, we consider a quantizer sequence for each time step 𝑡𝑚

𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) ∈ (R𝑑)𝐾 , 0 ≤ 𝑚 ≤𝑀 (1.10)

and define the quantized random variable ̂︀𝑋𝑡𝑚 and its probability distribution ̂︀𝜇𝑡𝑚 by⎧⎪⎨⎪⎩
̃︀𝑋0 = 𝑋0, ̂︀𝑋0 = Proj𝑥(0)( ̃︀𝑋0), ̂︀𝜇0 = P ∘ ̂︀𝑋−1

0 ,̃︀𝑋𝑡𝑚+1 = ̂︀𝑋𝑡𝑚
+ ℎ · 𝑏(𝑡𝑚, ̂︀𝑋𝑡𝑚

, ̂︀𝜇𝑡𝑚
) +

√
ℎ𝜎(𝑡𝑚, ̂︀𝑋𝑡𝑚

, ̂︀𝜇𝑡𝑚
)𝑍𝑚+1,̂︀𝑋𝑡𝑚+1 = Proj𝑥(𝑚+1)( ̃︀𝑋𝑡𝑚+1), ̂︀𝜇𝑡𝑚+1 = P ∘ ̂︀𝑋−1

𝑡𝑚+1
, 𝑚 = 0, . . . ,𝑀 − 1.

(1.11)

In (1.11), at each time step 𝑡𝑚, we add a quantization procedure for ̃︀𝑋𝑡𝑚 , ̃︀𝜇𝑡𝑚 = ℒ( ̃︀𝑋𝑡𝑚) and inject their
quantization projection ̂︀𝑋𝑡𝑚

= Proj𝑥(𝑚)( ̃︀𝑋𝑡𝑚
) as well as ̂︀𝜇𝑡𝑚

= ℒ( ̂︀𝑋𝑡𝑚
) = ̃︀𝜇𝑡𝑚

∘ Proj−1
𝑥(𝑚) into the time step

𝑡𝑚+1. Later in Theorem 4.2, we establish an upper bound on the error of this approximation (1.11) in terms
of the 𝐿2-distance between the quantization projection ̂︀𝑋𝑡𝑚

and the random variable 𝑋̄𝑡𝑚
defined by the Euler

scheme (1.3). This error depends on the quantization error at each time step 𝑡𝑚, which, in turn, is influenced
by the choice of quantizers 𝑥(𝑚) = (𝑥(𝑚)

1 , . . . , 𝑥
(𝑚)
𝐾 ), 0 ≤ 𝑚 ≤ 𝑀 . The upper bound presented in Theorem 4.2

entails the accumulation of quantization errors over the time discretization, indicating potential sub-optimality
and opening possibilities for future research and refinement.
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This scheme (1.11) is not directly implementable because of ̂︀𝜇𝑡𝑚
for the same reason as the theoretical Euler

scheme (1.3), so we call (1.11) theoretical quantization-based scheme. However, in the Vlasov setting (1.2), we
can circumvent this issue by using the recursive quantization method, which is first introduced in [37] for the
diffusion equation 𝑑𝑋𝑡 = 𝑏(𝑡,𝑋𝑡)𝑑𝑡+ 𝜎(𝑡,𝑋𝑡)𝑑𝐵𝑡.

The main idea of the recursive quantization method is to construct the Markovian transitions of ( ̂︀𝑋𝑡𝑚
, ̂︀𝜇𝑡𝑚

)
based on (1.11). To be more specific, for each time step 𝑡𝑚, by considering Voronöı partitions (𝑉𝑘(𝑥(𝑚)))1≤𝑘≤𝐾

generated by 𝑥(𝑚), 0 ≤ 𝑚 ≤𝑀, and by applying (1.6), we can rewrite ̂︀𝜇𝑡𝑚
in (1.11) as follow

̂︀𝜇𝑡𝑚
=

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛿

𝑥
(𝑚)
𝑘

, (1.12)

where 𝑝(𝑚)
𝑘 = ̃︀𝜇𝑡𝑚

(︀
𝑉𝑘(𝑥(𝑚))

)︀
= P( ̃︀𝑋𝑡𝑚

∈ 𝑉𝑘(𝑥(𝑚))) = P( ̂︀𝑋𝑡𝑚
= 𝑥

(𝑚)
𝑘 ), 1 ≤ 𝑘 ≤ 𝐾. The expression (1.12)

shows that for every 𝑚 ∈ {0, . . . ,𝑀}, the quantized distribution ̂︀𝜇𝑡𝑚
is determined by the quantizer 𝑥(𝑚) =

(𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) and its weight vector 𝑝(𝑚) = (𝑝(𝑚)

1 , . . . , 𝑝
(𝑚)
𝐾 ). In the Vlasov setting (1.2), the transition step of

(1.11), with respect to ̂︀𝜇𝑡𝑚
in (1.12), writes

̃︀𝑋𝑡𝑚+1 = ̂︀𝑋𝑡𝑚
+ ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, ̂︀𝑋𝑡𝑚

, 𝑥
(𝑚)
𝑘 ) +

√
ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, ̂︀𝑋𝑡𝑚 , 𝑥

(𝑚)
𝑘 )𝑍𝑚+1.

Consequently, under the condition that the weight vector 𝑝(𝑚) is known, and given the value of ̂︀𝑋𝑡𝑚
, the

transition probability is

P
(︁ ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗 | ̂︀𝑋𝑡𝑚 = 𝑥

(𝑚)
𝑖

)︁
(1.13)

= P
[︁(︁
𝑥

(𝑚)
𝑖 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ) +

√
ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )𝑍𝑚+1

)︁
∈ 𝑉𝑗(𝑥(𝑚+1))

]︁
,

so that we can compute 𝑝(𝑚+1)
𝑗 = P( ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗 ), 1 ≤ 𝑗 ≤ 𝐾, by

𝑝
(𝑚+1)
𝑗 =

𝐾∑︁
𝑖=1

P
(︀ ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗 | ̂︀𝑋𝑡𝑚 = 𝑥

(𝑚)
𝑖

)︀
· 𝑝(𝑚)

𝑖 . (1.14)

A detailed proof of the above equalities is provided in Section 4.2, where we also explain how to combine this
recursive quantization method with Lloyd’s algorithm to optimally compute the quantizer 𝑥(𝑚) at each time
step.

(𝑏) Hybrid particle-quantization scheme. Another way to simulate the McKean-Vlasov equation is to
apply the optimal quantization method to the particle system (1.5) and subsequently devise the following
hybrid particle-quantization scheme. Consider the same initial random variables 𝑋̄1,𝑁

0 , . . . , 𝑋̄𝑁,𝑁
0 and the same

Brownian motions 𝐵𝑛, 1 ≤ 𝑛 ≤ 𝑁 as (1.5) and define⎧⎪⎪⎨⎪⎪⎩
̃︀𝑋𝑛,𝑁

𝑡𝑚+1
= ̃︀𝑋𝑛,𝑁

𝑡𝑚
+ ℎ · 𝑏(𝑡𝑚, ̃︀𝑋𝑛,𝑁

𝑡𝑚
, ̂︀𝜇𝐾

𝑡𝑚
) +

√
ℎ𝜎(𝑡𝑚, ̃︀𝑋𝑛,𝑁

𝑡𝑚
, ̂︀𝜇𝐾

𝑡𝑚
)𝑍𝑛

𝑚+1, 1 ≤ 𝑛 ≤ 𝑁,̂︀𝜇𝐾
𝑡𝑚

=
(︀

1
𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

)︀
∘ Proj−1

𝑥(𝑚) =
∑︀𝐾

𝑘=1

[︀
𝛿
𝑥
(𝑚)
𝑘

·
∑︀𝑁

𝑛=1 1𝑉𝑘(𝑥(𝑚))( ̃︀𝑋𝑛,𝑁
𝑡𝑚

)
]︀
,̃︀𝑋𝑛,𝑁

𝑡0 = 𝑋̄𝑛,𝑁
0

i.i.d∼ 𝑋0, 𝑍𝑛
𝑚 = 1√

ℎ
(𝐵𝑛

𝑡𝑚+1
−𝐵𝑛

𝑡𝑚
) i.i.d∼ 𝒩 (0, I𝑞).

(1.15)

The concept behind constructing this scheme is as follows. Considering that the measure argument ̂︀𝜇𝑡𝑚
in

(1.11) cannot be directly simulated except for the Vlasov setting (1.2), an alternative strategy is injecting the
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quantization projection ̂︀𝜇𝐾
𝑡𝑚

of the empirical measure 1
𝑁

∑︀𝑁
𝑖=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

at time 𝑡𝑚 into the simulation for ̃︀𝑋𝑛,𝑁
𝑡𝑚+1

at time 𝑡𝑚+1, instead of using ̂︀𝜇𝑡𝑚 .
The theoretical foundation for this idea comes from the consistency of the optimal quantizer as established

in [28]. Specifically, if a sequence of probability distributions (𝜇𝑛)𝑛≥1 converges to 𝜇∞ with respect to the
Wasserstein distance, any limiting point of the optimal quantizers 𝑥(𝑛) of 𝜇𝑛 is an optimal quantizer of 𝜇∞.
Considering the convergence of the particle method obtained in Theorem 3.1, we can anticipate that an optimal
quantizer of the empirical measure 1

𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

is close to being optimal for the measure 𝜇̄𝑡𝑚
of (1.3).

Following this idea, Proposition 4.4, detailed in Section 4.3, provides an error analyse of the scheme (1.15) in
terms of an upper bound of the Wasserstein distance between the quantization projection ̂︀𝜇𝐾

𝑡𝑚
and the probability

distribution 𝜇̄𝑁
𝑡𝑚

defined by the particle method (1.5). Moreover, from a practical perspective, obtaining an
optimal quantizer for the empirical measure 1

𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

is more straightforward in simulations by using e.g.
sklearn.cluster.KMeans package in Python, as demonstrated in the pseudo-code in Algorithm 5.

1.2. Comparison of spatial discretization approaches and future outlook

We now provide concise comments on the numerical performance and characteristics of these three spatial
discretization approaches. Additional details can be found in Section 5.

First, regarding computing time, both the particle method (1.5) and the recursive quantization scheme (1.11)–
(1.13)–(1.14) (excluding Lloyd iteration) essentially involve the computation of a Markov chain in R𝑁 and R𝐾

respectively. Consequently, these are theoretically the two fastest methods. However, the recursive quantization
scheme requires rapid computation for terms such as 𝑝(𝑚)

𝑘 = ̃︀𝜇𝑡𝑚

(︀
𝑉𝑘(𝑥(𝑚))

)︀
, which is a numerical integration over

a Voronöı cell. This process becomes numerically costly in high-dimensional settings, particularly when utilizing
packages like qhull (see www.qhull.com). Furthermore, the accuracy of the quantization method depends on
the choice of the quantizer, while integrating the Lloyd’s algorithm into the quantization scheme to obtain an
optimal quantizer adds to the computing time. In some cases, particularly in one-dimensional setting, adding
the Lloyd’s algorithm proves to be more numerically costly without significant improvement on the accuracy,
compared to a simpler strategy of increasing the quantizer size 𝐾 and using a uniformly spaced quantizer.

In terms of accuracy, both the particle method (1.5) and the hybrid particle-quantization scheme (1.15) are
classified as random algorithms, indicating that their simulation results, depend on 𝜔 in the probability space
(Ω,ℱ ,P). Therefore, when evaluating the accuracy of these two methods, one needs to compute the standard
deviation of errors simultaneously. On the other hand, the recursive quantization scheme (1.11)–(1.13)–(1.14)
is deterministic, but this scheme is currently adapted only to the Vlasov case (1.2).

Moreover, in many research areas and applications associated to the McKean-Vlasov equation, such as mean
field games (see e.g. [8]) and opinion dynamics (see e.g. [18]), the primary focus is on an 𝑁 -particle system
(𝑋1,𝑁

𝑡 , . . . , 𝑋𝑁,𝑁
𝑡 )𝑡∈[0,𝑇 ] satisfying (𝑋1,𝑁

0 , . . . , 𝑋𝑁,𝑁
0 ) i.i.d.∼ 𝑋0 and following the dynamics given by{︃

𝑑𝑋𝑛,𝑁
𝑡 = 𝑏(𝑡,𝑋𝑛,𝑁

𝑡 , 𝜇𝑁
𝑡 )𝑑𝑡+ 𝜎(𝑡,𝑋𝑛,𝑁

𝑡 , 𝜇𝑁
𝑡 )𝑑𝐵𝑛

𝑡 , 1 ≤ 𝑛 ≤ 𝑁,

∀ 𝑡 ∈ [0, 𝑇 ], 𝜇𝑁
𝑡 = 1

𝑁

∑︀𝑁
𝑛=1 𝛿𝑋𝑛,𝑁

𝑡
.

(1.16)

The McKean-Vlasov equation (1.1) is considered as a limit equation of such particle system (1.16) when 𝑁 →
+∞, often appeared in the propagation of chaos theory in the literature. The particle method (1.5) presented
in this paper can be viewed as a temporal discretization of (1.16). Meanwhile, the hybrid particle-quantization
scheme (1.15) essentially incorporates a 𝐾-means clustering step into the particle method. From the perspective
of unsupervised learning, considering the particles in (1.5) as a dataset, this additional step is inherently heuristic
for modeling, given that 𝐾-means clustering is commonly employed for identifying salient features, natural
classification and data compression in unsupervised learning (see e.g. [21]). In Section 5.2, we show through
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numerical experiments that the hybrid particle-quantization scheme reduces data volume while maintaining
stability in both the mean and variance of the test function value.

In considering future directions, advancements in optimal quantization theory and numerical methods will
enhance the outcomes of this paper. First, the development of faster computational algorithms for numerical
integrations over Voronöı cells in high-dimensional settings will expand the practical applicability of the recursive
quantization scheme. Additionally, the current upper bounds on simulation errors for the quantization-based
schemes in Theorem 4.2 and Proposition 4.4 are not optimal. These bounds represent the accumulation of
quantization errors over the time discretization, lacking constraints when the time discretization number 𝑀
tends to infinity. However, such divergence was not observed in the simulation examples in Section 5, even with
a large value of 𝑀 . Therefore, investigating alternative error bounds and determining conditions for convergence
will be another direction for the future research.

Furthermore, since the convergence results in Theorem 3.1 and Proposition 4.4 are established with respect
to the Wasserstein distance, developing precise and efficient computation methods for the Wasserstein distance
is crucial when practically evaluating the convergence, especially in high-dimensional settings. Finally, the
simulation example in Section 5.2 involves the density estimation of the solution to the McKean-Vlasov equation.
For a more in-depth understanding of its dependency on the choice of kernel and bandwidth in the density
estimation procedure, we recommend consulting [1] and [19].

1.3. Organization of this paper

This paper is organised as follows.
Section 2 gathers the notations used in this paper and the assumptions for the error analyses of the three

numerical schemes.
In Section 3, we discuss the particle method and prove its convergence rate in Theorem 3.1. The proof shares

the same idea of the well-known propagation of chaos (see e.g. [24], Thm. 3.3). We compare the particle system
(1.5) with another particle system without interaction, that is, a system composed by 𝑁 i.i.d. Itô processes
(𝑌 1

𝑡 , . . . , 𝑌
𝑁
𝑡 )𝑡∈[0,𝑇 ] simulated by the continuous Euler scheme (1.4). Then the error of the particle method can

be bounded by, up to a constant multiplier, the Wasserstein distance between the probability measure of 𝑋̄
defined by (1.4) and its empirical measure defined on its i.i.d. copies (𝑌 1, . . . , 𝑌 𝑁 ).

Section 4 is devoted to the quantization-based schemes (1.11), (1.13) and (1.15), along with their respective
error analyses. In Subsection 4.1, we first give a review of the optimal quantization method. Then we present and
prove Theorem 4.2, the 𝐿2-error analysis of the theoretical quantization-based scheme (1.11). In Subsection 4.2,
we show how to obtain the transition probability (1.13) for the recursive quantization scheme in the Vlasov
setting, as well as the integration of Lloyd’s algorithm. Finally, Subsection 4.3 contains Proposition 4.4, the
error analysis of the hybrid particle-quantization scheme (1.15), and its proof.

Section 5 illustrates two simulation examples by using the above numerical methods. The first simulation is
for a one-dimensional Burgers equation, introduced in [41] and [4]. This equation has a closed-form solution, so
we can compute and compare the accuracy of different methods. The second example is a 3-dimensional model,
the network of FitzHugh-Nagumo neurons, firstly introduced and simulated in [2] (see also some corrections in
[5]) and also simulated in [11].

Finally, for the reader’s convenience, Figure B.1 in Appendix B displays all the numerical methods pre-
sented in this paper along with their connections, where we also briefly mention their convergence rates. Addi-
tionally, Appendix B includes the pseudo-codes for the two quantization-based schemes introduced in this
paper.
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2. Notations and assumptions

2.1. Notations and definitions

In the whole paper, we place ourselves in a filtered probability space (Ω,ℱ , (ℱ𝑡)𝑡≥0,P) satisfying the usual
conditions and (𝐵𝑡)𝑡≥0 denotes an (ℱ𝑡)−standard Brownian motion valued in R𝑞. The same holds for (𝐵𝑛

𝑡 )𝑡≥0

with 𝑛 ∈ N*. We use |·|𝑑 for the Euclidean norm on R𝑑 (we drop the subscript 𝑑 in |·|𝑑 when there is no
ambiguity) and ⟨·, ·⟩ for the Euclidean inner product. We write M𝑑,𝑞(R) for the space of real matrices with 𝑑

rows and 𝑞 columns and endow the space M𝑑,𝑞(R) with an operator norm |||·||| defined by |||𝐴||| := sup|𝑧|𝑞≤1 |𝐴𝑧|𝑑 .
We write (𝐸, ‖ · ‖𝐸) for a Banach space 𝐸 endowed with the norm ‖ · ‖𝐸 . For a random variable 𝑋 valued

in (𝐸, ‖ · ‖𝐸), we write 𝑃𝑋 or ℒ(𝑋) for its probability distribution P ∘ 𝑋−1 and write ‖𝑋‖𝑝 for its 𝐿𝑝-norm,
defined by ‖𝑋‖𝑝 :=

[︀
E ‖𝑋‖𝑝

𝐸

]︀1/𝑝, 𝑝 ≥ 1. Moreover, we consider the space of R𝑑-valued continuous mappings
endowed with the supremum norm, denoted by

(︀
𝒞([0, 𝑇 ],R𝑑), ‖ · ‖sup

)︀
, that is,

𝒞([0, 𝑇 ],R𝑑) :=
{︀
𝛼=(𝛼𝑡)𝑡∈[0,𝑇 ] such that 𝑡 ∈ [0, 𝑇 ] ↦→ 𝛼𝑡 ∈ R𝑑 is continuous

}︀
and ‖𝛼‖sup= sup

𝑡∈[0,𝑇 ]

|𝛼𝑡|.

The space 𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
denotes the 𝐿𝑝-space of (ℱ𝑡)-adapted random processes, that is,

𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
:=

{︁
𝑌 = (𝑌𝑡)𝑡∈[0,𝑇 ] : (Ω,ℱ , (ℱ𝑡)𝑡≥0,P) → 𝒞

(︀
[0, 𝑇 ],R𝑑

)︀
such that

𝑌 is (ℱ𝑡)-adapted and ‖𝑌 ‖𝑝 :=
[︀
E ‖𝑌 ‖𝑝

sup

]︀1/𝑝
< +∞

}︁
. (2.1)

The notation 𝐶𝑝1,...,𝑝𝑛
means a positive constant depending on parameters 𝑝1, . . . , 𝑝𝑛 whose value is allowed to

change from line to line, 𝒩 (0, I𝑞) denotes the R𝑞 standard normal distribution, where I𝑞 is the 𝑞 × 𝑞 identity
matrix, and 𝛿𝑎 denotes the Dirac measure at a point 𝑎. For two random variables 𝑋 and 𝑌 , the notation 𝑋 ⊥⊥ 𝑌

is used to indicate that 𝑋 is independent of 𝑌 .

Now we introduce two classes of notations frequently used in this paper.

(1) Wasserstein type notations

For a Polish space (𝑆, 𝑑𝑆), we denote the set of probability distributions on 𝑆 by 𝒫(𝑆) and denote by 𝒫𝑝(𝑆)
the set of probability distributions on 𝑆 having 𝑝-th finite moment, 𝑝 ≥ 1. The definition of the 𝐿𝑝-Wasserstein
distance 𝑊𝑝 on 𝒫𝑝(𝑆) is

∀𝜇, 𝜈 ∈ 𝒫𝑝(𝑆),

𝑊𝑝(𝜇, 𝜈) :=
(︁

inf
𝜋∈Π(𝜇,𝜈)

∫︁
𝑆×𝑆

𝑑𝑆(𝑥, 𝑦)𝑝𝜋(𝑑𝑥, 𝑑𝑦)
)︁ 1

𝑝

= inf
{︁(︀

E [𝑑𝑆(𝑋,𝑌 )𝑝]
)︀ 1

𝑝, 𝑋, 𝑌 : (Ω,ℱ ,P) → (𝑆,𝒮) with P ∘𝑋−1 = 𝜇,P ∘ 𝑌 −1 = 𝜈
}︁
, (2.2)

where in (2.2), Π(𝜇, 𝜈) denotes the set of all probability measures on
(︀
𝑆 ×𝑆,𝒮⊗2

)︀
with marginals 𝜇 and 𝜈, and

𝒮 denotes the Borel 𝜎-algebra on 𝑆 generated by the distance 𝑑𝑆 . We write 𝒲𝑝 for the case 𝑆 = R𝑑 endowed
with the Euclidean norm |·|𝑑 and write W𝑝 for the case 𝑆 = 𝒞([0, 𝑇 ],R𝑑) endowed with the sup norm ‖ · ‖sup.
Inspired by [24], we also consider the “truncated Wasserstein distance” on 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
, defined by

∀𝜇, 𝜈 ∈ 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
, W𝑝,𝑡(𝜇, 𝜈) :=

[︁
inf

𝜋∈Π̄(𝜇,𝜈)

∫︁
𝒞([0,𝑇 ],R𝑑)×𝒞([0,𝑇 ],R𝑑)

sup
𝑠∈[0,𝑡]

|𝑥𝑠 − 𝑦𝑠|𝑝 𝜋(𝑑𝑥, 𝑑𝑦)
]︁ 1

𝑝

, (2.3)

where Π̄(𝜇, 𝜈) denotes the set of all probability measures on 𝒞
(︀
[0, 𝑇 ],R𝑑

)︀
×𝒞

(︀
[0, 𝑇 ],R𝑑

)︀
equipped with the Borel

𝜎-algebra generated by ‖ · ‖sup.



580 Y. LIU

We also introduce 𝒞
(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
as the marginal distributions space, defined by

𝒞
(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
:=

{︁
(𝜇𝑡)𝑡∈[0,𝑇 ] s.t. 𝑡 ↦→ 𝜇𝑡 is a continuous mapping from [0, 𝑇 ] to

(︀
𝒫𝑝(R𝑑),𝒲𝑝

)︀}︁
equipped with the distance

𝑑𝒞
(︀
(𝜇𝑡)𝑡∈[0,𝑇 ], (𝜈𝑡)𝑡∈[0,𝑇 ]

)︀
:= sup

𝑡∈[0,𝑇 ]

𝒲𝑝(𝜇𝑡, 𝜈𝑡). (2.4)

The mapping 𝜄 sends elements from 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
to 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
and is defined by

𝜇 ↦→ 𝜄(𝜇) = (𝜇 ∘ 𝜋−1
𝑡 )𝑡∈[0,𝑇 ] = (𝜇𝑡)𝑡∈[0,𝑇 ], (2.5)

where for any 𝑡 ∈ [0, 𝑇 ], 𝜋𝑡 : 𝒞([0, 𝑇 ],R𝑑) → R𝑑 is defined by 𝛼 = (𝛼𝑡)𝑡∈[0,𝑇 ] ↦→ 𝜋𝑡(𝛼) = 𝛼𝑡.

(2) Quantization type notations

For a given quantization level 𝐾 ∈ N*, we represent a 𝐾-level quantizer as 𝑥 = (𝑥1, . . . , 𝑥𝐾) ∈ (R𝑑)𝐾 .
It is generally assumed that the components 𝑥𝑖 are distinct, that is, 𝑥𝑖 ̸= 𝑥𝑗 if 𝑖 ̸= 𝑗. Given the quantizer
𝑥 = (𝑥1, . . . , 𝑥𝐾), the notation

(︀
𝑉𝑘(𝑥)

)︀
1≤𝑘≤𝐾

represents a Voronöı partition generated by 𝑥, which is a Borel
partition on R𝑑 satisfying

𝑉𝑘(𝑥) ⊂
{︁
𝑦 ∈ R𝑑

⃒⃒
|𝑦 − 𝑥𝑘| = min

1≤𝑗≤𝐾
|𝑦 − 𝑥𝑗 |

}︁
, 1 ≤ 𝑘 ≤ 𝐾.

and the notation Proj𝑥 is the projection function based on a Voronöı partition
(︀
𝑉𝑘(𝑥)

)︀
1≤𝑘≤𝐾

, defined by

𝜉 ∈ R𝑑 ↦−→ Proj𝑥(𝜉) :=
𝐾∑︁

𝑘=1

𝑥𝑘1𝑉𝑘(𝑥)(𝜉) ∈ {𝑥1, . . . , 𝑥𝐾}.

Let 𝑋 be a random variable taking values in R𝑑 with probability distribution 𝜇 and let 𝑥 = (𝑥1, . . . , 𝑥𝐾) ∈
(R𝑑)𝐾 be a 𝐾-level quantizer. We denote the quantization approximation of 𝑋 by ̂︀𝑋𝑥 := Proj𝑥(𝑋) and denote
the quantization approximation of 𝜇 by ̂︀𝜇 𝑥 :=

∑︀𝐾
𝑘=1 𝜇

(︀
𝑉𝑘(𝑥)

)︀
· 𝛿𝑥𝑘

=𝜇 ∘ Proj−1
𝑥 , which is the law of ̂︀𝑋𝑥. When

there is no ambiguity on the quantizer, we drop the superscript 𝑥 in ̂︀𝑋 𝑥 and in ̂︀𝜇 𝑥.
When 𝜇 ∈ 𝒫𝑝(R𝑑), the accuracy of the quantization approximation can be assessed through the quantization

error function 𝑒𝐾,𝑝(𝜇, ·), defined by

𝑥 = (𝑥1, . . . , 𝑥𝐾) ∈ (R𝑑)𝐾 ↦→ 𝑒𝐾,𝑝(𝜇, 𝑥) :=
[︂∫︁

R𝑑

min
1≤𝑘≤𝐾

|𝜉 − 𝑥𝑘|𝑝𝜇(𝑑𝜉)
]︂ 1

𝑝

∈ R+. (2.6)

Sometimes we also use the notation 𝑒𝐾,𝑝(𝑋, ·) instead of 𝑒𝐾,𝑝(𝜇, ·) for a random variable 𝑋 such that 𝑃𝑋 = 𝜇.
The optimal quantizer at level 𝐾 and order 𝑝 for 𝜇 is denoted by 𝑥* = (𝑥*1, . . . , 𝑥

*
𝐾), which is defined by

𝑥* = (𝑥*1, . . . , 𝑥
*
𝐾) ∈ argmin

𝑦∈(R𝑑)𝐾

𝑒𝐾,𝑝(𝜇, 𝑦), (2.7)

and we call
𝑒*𝐾,𝑝(𝑋) = 𝑒*𝐾,𝑝(𝜇) := inf

𝑥∈(R𝑑)𝐾
𝑒𝐾,𝑝(𝜇, 𝑥) (2.8)

the optimal quantization error at level 𝐾 and order 𝑝 for 𝜇. Finally, the notation

ℳ𝑝(𝜇) := inf
𝑎∈R𝑑

[︂∫︁
R𝑑

|𝜉 − 𝑎|𝑝𝜇(𝑑𝜉)
]︂ 1

𝑝

will be repeatedly used in an upper bound for the optimal quantization error.
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2.2. Assumptions

Throughout this paper, we make the following assumption on the coefficients 𝑏, 𝜎 and on the initial random
variable 𝑋0. Remark that the following assumption depends on an index 𝑝 ∈ [2,+∞).

Assumption 2.1. There exists 𝑝 ∈ [2,+∞) such that the following conditions (1) and (2) hold.

(1) The initial random variable 𝑋0 satisfies ‖𝑋0‖𝑝 < +∞.

(2) The coefficient functions 𝑏 and 𝜎 are 𝛾-Hölder continuous in 𝑡, 𝛾 ∈ (0, 1], and Lipschitz continuous in 𝑥

and in 𝜇 in the following sense: there exists a constant 𝐿 > 0 such that

∀ (𝑥, 𝜇) ∈ R𝑑 × 𝒫𝑝(R𝑑),∀ 𝑠, 𝑡 ∈ [0, 𝑇 ] with 𝑠 ≤ 𝑡,

|𝑏(𝑡, 𝑥, 𝜇)− 𝑏(𝑠, 𝑥, 𝜇)| ∨ |||𝜎(𝑡, 𝑥, 𝜇)− 𝜎(𝑠, 𝑥, 𝜇)||| ≤ 𝐿
(︀
1 + |𝑥|+𝒲𝑝(𝜇, 𝛿0)

)︀
(𝑡− 𝑠)𝛾 , (2.9)

and such that

∀ 𝑡 ∈ [0, 𝑇 ],∀𝑥, 𝑦 ∈ R𝑑 and ∀𝜇, 𝜈 ∈ 𝒫𝑝(R𝑑),

|𝑏(𝑡, 𝑥, 𝜇)− 𝑏(𝑡, 𝑦, 𝜈)| ∨ |||𝜎(𝑡, 𝑥, 𝜇)− 𝜎(𝑡, 𝑦, 𝜈)||| ≤ 𝐿
(︀
|𝑥− 𝑦|+𝒲𝑝(𝜇, 𝜈)

)︀
. (2.10)

Assumption 2.1 is a classical assumption for existence and uniqueness of a strong solution 𝑋 = (𝑋𝑡)𝑡∈[0,𝑇 ] to
the McKean-Vlasov equation (1.1) (see e.g. [24] and Chap. 5 in [27]) and the convergence of the Euler scheme
(1.3), (1.4).

Proposition 2.2. ([29], Prop. 2.1) Assume that Assumption 2.1 holds for an index 𝑝 ∈ [2,+∞). Let 𝑋 =
(𝑋𝑡)𝑡∈[0,𝑇 ] be the unique strong solution of (1.1) and let 𝑋̄𝑀 = (𝑋̄𝑀

𝑡 )𝑡∈[0,𝑇 ] denote the process defined by the
continuous Euler scheme (1.4). Then there exists a constant 𝐶𝑝,𝑑,𝑇,𝐿,𝛾,‖𝑋0‖𝑝

such that⃦⃦⃦
sup

𝑡∈[0,𝑇 ]

⃒⃒
𝑋𝑡 − 𝑋̄𝑀

𝑡

⃒⃒⃦⃦⃦
𝑝
≤ 𝐶𝑝,𝑑,𝑇,𝐿,𝛾,‖𝑋0‖𝑝

ℎ
1
2∧𝛾 .

Building upon the conclusion of Proposition 2.2, we will focus on the convergence analysis of the three spatial
discretization approaches defined in (1.5), (1.11) and (1.15). Besides, in the Vlasov case (1.2), a sufficient
condition for Assumption 2.1 is Assumption 2.3 (see below), which follows from the Kantorovich-Rubinstein
dual representation of the Wasserstein distance 𝒲1:

𝒲1(𝜇, 𝜈) = sup
{︁ ∫︁

R𝑑

𝑓(𝜉)𝜇(𝑑𝜉)−
∫︁

R𝑑

𝑓(𝜉)𝜈(𝑑𝜉)
⃒⃒⃒
𝑓 Lipschitz continuous with [𝑓 ]Lip := sup

𝑥̸=𝑦

|𝑓(𝑥)−𝑓(𝑦)|
|𝑥−𝑦| ≤ 1

}︁
and follows from the fact that for every 𝑝 ≥ 1, 𝒲1(𝜇, 𝜈) ≤ 𝒲𝑝(𝜇, 𝜈) (see e.g. [12] and [42], Chap. 6).

Assumption 2.3. The functions 𝛽 and 𝑎 in (1.2) are 𝛾-Hölder continuous in 𝑡, 𝛾 ∈ (0, 1], Lipschitz continuous
in (𝑥, 𝑢) uniformly with respect to 𝑡 ∈ [0, 𝑇 ] in the following sense: there exists a constant 𝐿 > 0 such that

∀𝑥, 𝑢 ∈ R𝑑,∀ 𝑠, 𝑡 ∈ [0, 𝑇 ] with 𝑠 ≤ 𝑡,

|𝛽(𝑡, 𝑥, 𝑢)− 𝛽(𝑠, 𝑥, 𝑢)| ∨ |||𝑎(𝑡, 𝑥, 𝑢)− 𝑎(𝑠, 𝑥, 𝑢)||| ≤ 𝐿
(︀
1 + |𝑥|+ |𝑢|

)︀
(𝑡− 𝑠)𝛾 ,

and such that

∀ 𝑡 ∈ [0, 𝑇 ],∀𝑥1, 𝑥2, 𝑢1, 𝑢2 ∈ R𝑑,

|𝛽(𝑡, 𝑥1, 𝑢1)− 𝛽(𝑡, 𝑥2, 𝑢2)| ∨ |||𝑎(𝑡, 𝑥1, 𝑢1)− 𝑎(𝑡, 𝑥2, 𝑢2)||| ≤ 𝐿
(︀
|𝑥1 − 𝑥2|+ |𝑢1 − 𝑢2|

)︀
.
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3. Particle method and its convergence rate

The following theorem shows the convergence rate of the particle method (1.5).

Theorem 3.1. Assume that Assumption 2.1 is in force for an index 𝑝 ∈ [2,+∞). Set 𝑀 ∈ N* and ℎ = 𝑇
𝑀

for the temporal discretization. Let (𝜇̄𝑡𝑚)1≤𝑚≤𝑀 , (𝜇̄𝑁
𝑡𝑚

)1≤𝑚≤𝑀 be probability distributions respectively defined
by the theoretical Euler scheme (1.3) and the particle method (1.5).

(𝑖) We have ⃦⃦⃦⃦
sup

0≤𝑚≤𝑀
𝒲𝑝(𝜇̄𝑁

𝑡𝑚
, 𝜇̄𝑡𝑚)

⃦⃦⃦⃦
𝑝

≤ 𝐶𝑑,𝑝,𝐿,𝑇

⃦⃦
W𝑝(𝜇̄, 𝜈𝑁 )

⃦⃦
𝑝

𝑁→+∞−−−−−−→ 0,

where 𝜇̄ is the probability distribution of the process 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined by (1.4) and 𝜈𝑁 := 1
𝑁

∑︀𝑁
𝑖=1 𝛿𝑌 𝑖

is the empirical measure on the i.i.d. copies (𝑌 1, . . . , 𝑌 𝑁 ) of 𝑋̄.

(𝑖𝑖) If, in addition, ‖𝑋0‖𝑝+𝜀 < +∞ for some 𝜀 > 0, we have the following inequality

⃦⃦⃦⃦
sup

0≤𝑚≤𝑀
𝒲𝑝(𝜇̄𝑁

𝑡𝑚
, 𝜇̄𝑡𝑚)

⃦⃦⃦⃦
𝑝

≤ ̃︀𝐶 ×
⎧⎪⎨⎪⎩
𝑁− 1

2𝑝 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 > 𝑑/2 and 𝜀 ̸= 𝑝,

𝑁− 1
2𝑝

[︀
log(1 +𝑁)

]︀ 1
𝑝 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 = 𝑑/2 and 𝜀 ̸= 𝑝,

𝑁− 1
𝑑 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 ∈ (0, 𝑑/2) and 𝑝+ 𝜀 ̸= 𝑑
(𝑑−𝑝) ,

where ̃︀𝐶 is a constant depending on 𝑝, 𝜀, 𝑑, 𝑏, 𝜎, 𝐿, 𝑇 and ‖𝑋0‖𝑝+𝜀.

Theorem 3.1 can be considered as a strong error of the particle method. The weak error, that is, the upper-bound
of |Φ(𝜇̄𝑡𝑚

)− E Φ(𝜇̄𝑁
𝑡𝑚

)| for a function Φ : 𝒫𝑝(R𝑑) → R𝑑 with appropriate differentiability, can be established in
the future by applying similar techniques as [9]. Moreover, we refer to [1] and [19] for the studies of the density
simulation of 𝜇̄𝑡𝑚

based on the particle method (1.5).
The proof of Theorem 3.1 can be divided into 3 steps.

– Step 1 (Subsect. 3.1): We present some preliminary results on the McKean-Vlasov equation (1.1) and the
process 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined by the continuous Euler scheme (1.4). Additionally, we discuss basic prop-
erties of the space of probability distributions and the space of marginal distributions of these two processes
𝑋 = (𝑋𝑡)𝑡∈[0,𝑇 ] and 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ].

– Step 2 (Subsect. 3.2): The system (𝑋̄1,𝑁
𝑡𝑚

, . . . , 𝑋̄𝑁,𝑁
𝑡𝑚

)0≤𝑚≤𝑀 defined by (1.5) can be considered as a particle
system with interaction through 𝜇̄𝑁

𝑡𝑚
= 1

𝑁

∑︀𝑁
𝑛=1 𝛿𝑋̄𝑛,𝑁

𝑡𝑚

at each time 𝑡𝑚, 0 ≤ 𝑚 ≤ 𝑀 . We define another

particle system (𝑌 1
𝑡 , . . . , 𝑌

𝑁
𝑡 )𝑡∈[0,𝑇 ] without interaction, that is, 𝑌 𝑛, 1 ≤ 𝑛 ≤ 𝑁 , are i.i.d. Itô processes with

the same distribution as 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined by (1.4).

– Step 3 (Subsect. 3.3): We compare these two particle systems and prove Theorem 3.1.

3.1. Preliminary results

The following lemma shows that the 𝑝-th moments of the unique strong solution 𝑋 = (𝑋𝑡)𝑡∈[0,𝑇 ] to the
McKean-Vlasov equation (1.1) and of the process 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined by the continuous Euler scheme (1.4)
are finite.

Lemma 3.2. ([29], Prop. 2.1) Assume that Assumption 2.1 holds for an index 𝑝 ∈ [2,+∞). Then the unique
solution 𝑋 = (𝑋𝑡)𝑡∈[0,𝑇 ] of (1.1) and the process 𝑋̄𝑀 = (𝑋̄𝑀

𝑡 )𝑡∈[0,𝑇 ] defined by the continuous Euler scheme
(1.4) satisfy the following inequality

∀𝑀 ≥ 1,
⃦⃦⃦

sup
𝑡∈[0,𝑇 ]

|𝑋𝑡|
⃦⃦⃦

𝑝
∨

⃦⃦⃦
sup

𝑡∈[0,𝑇 ]

⃒⃒
𝑋̄𝑀

𝑡

⃒⃒ ⃦⃦⃦
𝑝
≤ 𝐶𝑝,𝑑,𝑏,𝜎,𝑇,𝐿

(︁
1 + ‖𝑋0‖𝑝

)︁
, (3.1)
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where 𝐶𝑝,𝑑,𝑏,𝜎,𝑇,𝐿 is a constant depending on 𝑝, 𝑑, 𝑏, 𝜎, 𝑇, 𝐿. Hence, 𝑋, 𝑋̄ ∈ 𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
and

their respective probability distributions 𝜇 = P ∘𝑋−1 and 𝜇̄ = P ∘ 𝑋̄−1 lie in 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
.

For any random variable 𝑌 ∈ 𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
, its probability distribution 𝑃𝑌 naturally lies in

𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
. Moreover, the space 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
equipped with the Wasserstein distance is complete and

separable since
(︀
𝒞([0, 𝑇 ],R𝑑), ‖·‖sup

)︀
is a Polish space (see [3]). Moreover, as

(︀
𝒫𝑝(R𝑑),𝒲𝑝

)︀
is a complete space

(see [3]), the space 𝒞
(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
equipped with the uniform distance 𝑑𝒞 defined in (2.4) is also complete.

Recall that the mapping 𝜄 : 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
→ 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
is defined by (2.5) and the well-posedness of

the mapping 𝜄 has been proved in Lemma 5.1.2 of [27], which also implies that the marginal distributions of
processes 𝑋 and 𝑋̄ lie in the space 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
.

Lemma 3.3. Let (𝜇𝑡)𝑡∈[0,𝑇 ] and (𝜇̄𝑡)𝑡∈[0,𝑇 ] be respective marginal distributions of the unique solution 𝑋 of (1.1)
and the process 𝑋̄ defined by the continuous Euler scheme (1.4). Then (𝜇𝑡)𝑡∈[0,𝑇 ], (𝜇̄𝑡)𝑡∈[0,𝑇 ] ∈ 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
.

Finally, the following Lemma, whose proof is postponed to Appendix A, shows the relation between W𝑝,𝑡(𝜇, 𝜈)
and sup𝑠∈[0,𝑡]𝒲𝑝(𝜇𝑠, 𝜈𝑠).

Lemma 3.4. For every 𝜇, 𝜈 ∈ 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
, we have, for every 𝑡 ∈ [0, 𝑇 ],

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜇𝑠, 𝜈𝑠) ≤ W𝑝,𝑡(𝜇, 𝜈),

where 𝜇𝑠 = 𝜇 ∘ 𝜋−1
𝑠 and 𝜈𝑠 = 𝜈 ∘ 𝜋−1

𝑠 . In particular, for every 𝜇, 𝜈 ∈ 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
, 𝑑𝒞(𝜄(𝜇), 𝜄(𝜈)) ≤ W𝑝(𝜇, 𝜈).

Hence the mapping 𝜄 defined in (2.5) is 1-Lipschitz continuous.

3.2. Definition of the particle systems with and without interaction

We define the continuous expansion (𝑋1,𝑁
𝑡 , . . . , 𝑋𝑁,𝑁

𝑡 )𝑡∈[0,𝑇 ] of the particle system (1.5) as follows : set

𝑋̄ 𝑛,𝑁
0 , 1 ≤ 𝑛 ≤ 𝑁

i.i.d.∼ 𝑋0; for any 𝑛 ∈ {1, . . . , 𝑁} and for any 𝑡 ∈ (𝑡𝑚, 𝑡𝑚+1], set

𝑋̄ 𝑛,𝑁
𝑡 = 𝑋̄ 𝑛,𝑁

𝑡𝑚
+ (𝑡− 𝑡𝑚)𝑏

(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀
+ 𝜎

(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀
(𝐵𝑛

𝑡 −𝐵𝑛
𝑡𝑚

) with 𝜇̄𝑁
𝑡𝑚

:=
1
𝑁

𝑁∑︁
𝑛=1

𝛿𝑋̄𝑛,𝑁
𝑡𝑚

. (3.2)

For every 𝑡 ∈ [𝑡𝑚, 𝑡𝑚+1), we define 𝑡 = 𝑡𝑚. Then, the continuous expansion (𝑋1,𝑁
𝑡 , . . . , 𝑋𝑁,𝑁

𝑡 )𝑡∈[0,𝑇 ] are solutions
to the following equations with initial random variable 𝑋̄ 𝑛,𝑁

0 , 1 ≤ 𝑛 ≤ 𝑁,

𝑋̄ 𝑛,𝑁
𝑡 = 𝑋̄ 𝑛,𝑁

0 +
∫︁ 𝑡

0

𝑏(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )𝑑𝑢+
∫︁ 𝑡

0

𝜎(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )𝑑𝐵𝑛
𝑡 , 1≤𝑛≤𝑁, with 𝜇̄𝑁

𝑡 :=
1
𝑁

𝑁∑︁
𝑛=1

𝛿𝑋̄ 𝑛,𝑁
𝑡

. (3.3)

Lemma 3.5. Suppose that Assumption 2.1 holds for some 𝑝 ∈ [2,+∞).

(𝑎) The coefficients 𝑏 and 𝜎 have a linear growth in the sense that there exists a constant 𝐶𝑏,𝜎,𝐿,𝑇 depending
on 𝑏, 𝜎, 𝐿 and 𝑇 such that

∀ 𝑡 ∈ [0, 𝑇 ],∀𝑥 ∈ R𝑑,∀𝜇 ∈ 𝒫𝑝(R𝑑), |𝑏(𝑡, 𝑥, 𝜇)| ∨ |||𝜎(𝑡, 𝑥, 𝜇)||| ≤ 𝐶𝑏,𝜎,𝐿,𝑇 (1 + |𝑥|+𝒲𝑝(𝜇, 𝛿0)). (3.4)

(𝑏) Let (𝑋̄1,𝑁
𝑡 , . . . , 𝑋̄𝑁,𝑁

𝑡 )𝑡∈[0,𝑇 ] be processes defined by (3.2). Then for a fixed temporal discretization number
𝑀 ∈ N*, we have

∀𝑛 ∈ {1, . . . , 𝑁},
⃦⃦⃦

sup
𝑡∈[0,𝑇 ]

⃒⃒
𝑋̄𝑛,𝑁

𝑡

⃒⃒ ⃦⃦⃦
𝑝
< +∞. (3.5)
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The proof of Lemma 3.5 is postponed to Appendix A. The system (𝑋̄1,𝑁
𝑡 , . . . , 𝑋̄𝑁,𝑁

𝑡 )𝑡∈[0,𝑇 ] defined by (3.2)
can be considered as a particle system having interaction through 𝜇̄𝑁

𝑡𝑚
= 1

𝑁

∑︀𝑁
𝑛=1𝛿𝑋̄𝑛,𝑁

𝑡𝑚

, 0 ≤𝑚 ≤𝑀 . Now we

define another particle system (𝑌 1
𝑡 , . . . , 𝑌

𝑁
𝑡 )𝑡∈[0,𝑇 ] without interaction, which are essentially i.i.d. processes of

𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined by the continuous Euler scheme (1.4). Based on the same Brownian motions 𝐵𝑛, 𝑛 =
1, . . . , 𝑁 as in (3.2), these processes 𝑌 𝑛 = (𝑌 𝑛

𝑡 )𝑡∈[0,𝑇 ], 1 ≤ 𝑛 ≤ 𝑁, are defined by the following equations

∀𝑛 = 1, . . . , 𝑁, ∀𝑚 = 0, . . . ,𝑀 − 1, ∀ 𝑡 ∈ (𝑡𝑚, 𝑡𝑚+1]

𝑌 𝑛
𝑡 = 𝑌 𝑛

𝑡𝑚
+ (𝑡− 𝑡𝑚)𝑏(𝑡𝑚, 𝑌 𝑛

𝑡𝑚
, 𝜇̄𝑡𝑚) + 𝜎(𝑡𝑚, 𝑌 𝑛

𝑡𝑚
, 𝜇̄𝑡𝑚)(𝐵𝑛

𝑡 −𝐵𝑛
𝑡𝑚

), 𝑌 𝑛
0 = 𝑋̄𝑛,𝑁

0 (3.6)

where for every 𝑡 ∈ [0, 𝑇 ], 𝜇̄𝑡 in (3.6) is the marginal distribution at time 𝑡 of the process 𝑋̄ = (𝑋̄𝑡)𝑡∈[0,𝑇 ] defined
by (1.4). By using the same notation 𝑡 as in (3.3), for every 𝑛 = 1, . . . , 𝑁 , (𝑌 𝑛

𝑡 )𝑡∈[0,𝑇 ] defined by (3.6) is the
solution of

𝑌 𝑛
𝑡 = 𝑌 𝑛

0 +
∫︁ 𝑡

0

𝑏(𝑢, 𝑌𝑢, 𝜇̄𝑢)𝑑𝑢+
∫︁ 𝑡

0

𝜎(𝑢, 𝑌𝑢, 𝜇̄𝑢)𝑑𝐵𝑛
𝑢 with 𝑌 𝑛

0 = 𝑋̄𝑛,𝑁
0 .

Moreover, it is obvious that the processes 𝑌 𝑛, 1 ≤ 𝑛 ≤ 𝑁, are i.i.d copies of 𝑋̄ and then

𝜈𝑁,𝜔 :=
1
𝑁

𝑁∑︁
𝑛=1

𝛿𝑌 𝑛(𝜔), 𝜔 ∈ Ω (3.7)

is the empirical measure of 𝜇̄ = P ∘ 𝑋̄−1. When there is no ambiguity, we will write 𝜈𝑁 instead of 𝜈𝑁,𝜔. The
random measure 𝜈𝑁,𝜔 is valued in 𝒫𝑝

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
. In fact, for every 𝜔 ∈ Ω, 𝑌 𝑛(𝜔) lies in 𝒞([0, 𝑇 ],R𝑑) so that

‖𝑌 𝑛(𝜔)‖sup < +∞. Hence, for every 𝜔 ∈ Ω,

∫︁
𝒞([0,𝑇 ],R𝑑)

‖𝜉‖𝑝
sup 𝜈

𝑁,𝜔(𝑑𝜉) =
1
𝑁

𝑁∑︁
𝑛=1

‖𝑌 𝑛(𝜔)‖𝑝
sup < +∞.

As before, we write 𝜈𝑁,𝜔
𝑡 := 𝜈𝑁,𝜔 ∘ 𝜋−1

𝑡 = 1
𝑁

∑︀𝑁
𝑛=1 𝛿𝑌 𝑛

𝑡 (𝜔). Thus, 𝜄(𝜈𝑁,𝜔) = (𝜈𝑁,𝜔
𝑡 )𝑡∈[0,𝑇 ] ∈ 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
.

3.3. Proof of Theorem 3.1

The proof of Theorem 3.1 relies on a variant version of Gronwall’s Lemma (see e.g. [35], Lem. 7.3 for the
proof) and on Theorem 1 of [13]. For the reader’s convenience, we restate the following Theorem 3.7 from
Theorem 1 of [13], which provides a non-asymptotic upper bound on the convergence rate in the Wasserstein
distance of the empirical measures.

Lemma 3.6 (“À la Gronwall” Lemma). Let 𝑓 : [0, 𝑇 ] → R+ be a Borel, locally bounded, non-negative and
non-decreasing function and let 𝜓 : [0, 𝑇 ] → R+ be a non-negative non-decreasing function satisfying

∀ 𝑡 ∈ [0, 𝑇 ], 𝑓(𝑡) ≤ 𝐴

∫︁ 𝑡

0

𝑓(𝑠)𝑑𝑠+𝐵

(︂∫︁ 𝑡

0

𝑓2(𝑠)𝑑𝑠
)︂ 1

2

+ 𝜓(𝑡),

where 𝐴,𝐵 are two positive real constants. Then, for any 𝑡 ∈ [0, 𝑇 ], 𝑓(𝑡) ≤ 2𝑒(2𝐴+𝐵2)𝑡𝜓(𝑡).

Theorem 3.7. ([13], Thm. 1) Let 𝑝 > 0 and let 𝜇 ∈ 𝒫𝑞(R𝑑) for some 𝑞 > 𝑝. Let 𝑈1(𝜔), . . . , 𝑈𝑛(𝜔), . . . be i.i.d
random variables with distribution 𝜇. Let 𝜇𝜔

𝑛 denote the empirical measure of 𝜇 defined by

𝜇𝜔
𝑛 :=

1
𝑛

𝑛∑︁
𝑖=1

𝛿𝑈𝑖(𝜔).
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Then, there exists a real constant 𝐶 only depending on 𝑝, 𝑑, 𝑞 such that, for all 𝑛 ≥ 1,

E
(︁
𝒲𝑝

𝑝 (𝜇𝜔
𝑛 , 𝜇)

)︁
≤ 𝐶𝑀𝑝/𝑞

𝑞 (𝜇)×

⎧⎪⎨⎪⎩
𝑛−1/2 + 𝑛−(𝑞−𝑝)/𝑞 if 𝑝 > 𝑑/2 and 𝑞 ̸= 2𝑝

𝑛−1/2 log(1 + 𝑛) + 𝑛−(𝑞−𝑝)/𝑞 if 𝑝 = 𝑑/2 and 𝑞 ̸= 2𝑝

𝑛−𝑝/𝑑 + 𝑛−(𝑞−𝑝)/𝑞 if 𝑝 ∈ (0, 𝑑/2) and 𝑞 ̸= 𝑑/(𝑑− 𝑝)

,

where 𝑀𝑞(𝜇) :=
∫︀

R𝑑 |𝜉|𝑞 𝜇(𝑑𝜉).

In particular, Theorem 3.7 implies that for 𝑝 ≥ 2,

⃦⃦
𝒲𝑝(𝜇𝜔

𝑛 , 𝜇)
⃦⃦

𝑝
≤ 𝐶𝑀1/𝑞

𝑞 (𝜇)×

⎧⎪⎨⎪⎩
𝑛−1/2𝑝 + 𝑛−(𝑞−𝑝)/𝑞𝑝 if 𝑝 > 𝑑/2 and 𝑞 ̸= 2𝑝

𝑛−1/2𝑝
(︀
log(1 + 𝑛)

)︀1/𝑝 + 𝑛−(𝑞−𝑝)/𝑞𝑝 if 𝑝 = 𝑑/2 and 𝑞 ̸= 2𝑝
𝑛−1/𝑑 + 𝑛−(𝑞−𝑝)/𝑞𝑝 if 𝑝 ∈ (0, 𝑑/2) and 𝑞 ̸= 𝑑/(𝑑− 𝑝)

. (3.8)

Moreover, we need the following Lemma, whose proof is postponed to Appendix A, for the proof of
Theorem 3.1.

Lemma 3.8. Assume that Assumption 2.1 holds for an index 𝑝 ∈ [2,+∞). Then the coefficients 𝑏 and 𝜎 satisfy
the following inequalities

∀
(︀
𝑋, (𝜇𝑡)𝑡∈[0,𝑇 ]

)︀
,
(︀
𝑌, (𝜈𝑡)𝑡∈[0,𝑇 ]

)︀
∈ 𝐿𝑝

𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
× 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
, ∀ 𝑡 ∈ [0, 𝑇 ]⃦⃦⃦⃦

⃦ sup
𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑠

0

[︀
𝑏(𝑢,𝑋𝑢, 𝜇𝑢)− 𝑏(𝑢, 𝑌𝑢, 𝜈𝑢)

]︀
𝑑𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤ 𝐿

∫︁ 𝑡

0

[︀
‖𝑋𝑢 − 𝑌𝑢‖𝑝 + ‖𝒲𝑝(𝜇𝑢, 𝜈𝑢)‖𝑝

]︀
𝑑𝑢, (3.9)⃦⃦⃦⃦

⃦ sup
𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑠

0

[︀
𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)

]︀
𝑑𝐵𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤ 𝐶𝑑,𝑝,𝐿

{︁ ∫︁ 𝑡

0

[︀
‖𝑋𝑢 − 𝑌𝑢‖2𝑝 + ‖𝒲𝑝(𝜇𝑢, 𝜈𝑢)‖2𝑝

]︀
𝑑𝑢

}︁ 1
2
,

where 𝐶𝑑,𝑝,𝐿 is a constant depending on 𝑑, 𝑝, 𝐿.

Proof of Theorem 3.1. (𝑖) For every 𝑛 ∈ {1, . . . , 𝑁}, we have⃒⃒⃒
𝑌 𝑛

𝑡 − 𝑋̄ 𝑛,𝑁
𝑡

⃒⃒⃒
=

⃒⃒⃒⃒∫︁ 𝑡

0

[︀
𝑏(𝑢, 𝑌 𝑛

𝑢 , 𝜇̄𝑢)− 𝑏(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )
]︀
𝑑𝑢+

∫︁ 𝑡

0

[︀
𝜎(𝑢, 𝑌 𝑛

𝑢 , 𝜇̄𝑢)− 𝜎(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )
]︀
𝑑𝐵𝑢

⃒⃒⃒⃒
.

Hence,⃦⃦⃦⃦
⃦ sup

𝑠∈[0,𝑡]

⃒⃒
𝑌 𝑛

𝑠 − 𝑋̄𝑛,𝑁
𝑠

⃒⃒⃦⃦⃦⃦⃦
𝑝

≤

⃦⃦⃦⃦
⃦ sup

𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑠

0

[︀
𝑏(𝑢, 𝑌 𝑛

𝑢 , 𝜇̄𝑢)− 𝑏(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )
]︀
𝑑𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

+

⃦⃦⃦⃦
⃦ sup

𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑠

0

[︀
𝜎(𝑢, 𝑌 𝑛

𝑢 , 𝜇̄𝑢)− 𝜎(𝑢, 𝑋̄ 𝑛,𝑁
𝑢 , 𝜇̄𝑁

𝑢 )
]︀
𝑑𝐵𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤ 𝐿

∫︁ 𝑡

0

[︁ ⃦⃦⃦
𝑌 𝑛

𝑢 − 𝑋̄ 𝑛,𝑁
𝑢

⃦⃦⃦
𝑝

+
⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝

]︁
𝑑𝑢

+ 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

[︁ ⃦⃦⃦
𝑌 𝑛

𝑢 − 𝑋̄ 𝑛,𝑁
𝑢

⃦⃦⃦2

𝑝
+

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦2

𝑝

]︁
𝑑𝑢

]︁ 1
2 (︀

by Lem. 3.8
)︀

≤ 𝐿

∫︁ 𝑡

0

⃦⃦⃦
sup

𝑣∈[0,𝑢]

⃒⃒
𝑌 𝑛

𝑣 − 𝑋̄ 𝑛,𝑁
𝑣

⃒⃒ ⃦⃦⃦
𝑝
𝑑𝑢+ 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
sup

𝑣∈[0,𝑢]

⃒⃒
𝑌 𝑛

𝑣 − 𝑋̄ 𝑛,𝑁
𝑣

⃒⃒ ⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2

+ 𝜓(𝑡),
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where

𝜓(𝑡) = 𝐿

∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝
𝑑𝑢+ 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2
, (3.10)

owing to
√
𝑎+ 𝑏 ≤

√
𝑎+

√
𝑏 for any 𝑎 ≥ 0, 𝑏 ≥ 0. Then by Lemma 3.6, we have⃦⃦⃦

sup
𝑠∈[0,𝑡]

⃒⃒
𝑌 𝑛

𝑠 − 𝑋̄𝑛,𝑁
𝑠

⃒⃒ ⃦⃦⃦
𝑝
≤ 2 𝑒(2𝐿+𝐶2

𝑑,𝑝,𝐿) 𝑡𝜓(𝑡).

Here we can apply Lemma 3.6 since Lemmas 3.2 and 3.5–(b) imply

𝑌 𝑛, 𝑋̄𝑛,𝑁 ∈ 𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
, 𝑛 = 1, . . . , 𝑁

as 𝑌 𝑛, 𝑛 = 1, . . . , 𝑁 i.i.d.∼ 𝑋̄, thus the process 𝑌 𝑛 − 𝑋̄𝑛,𝑁 is also in 𝐿𝑝
𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
for every

𝑛 = 1, . . . , 𝑁 .
Moreover, the empirical measure 1

𝑁

∑︀𝑁
𝑛=1 𝛿(𝑋̄ 𝑛,𝑁 ,𝑌 𝑛) is a coupling of the random measures 𝜇̄𝑁 and 𝜈𝑁 . Thus

E W𝑝
𝑝,𝑡(𝜇̄

𝑁 , 𝜈𝑁 ) = E
[︁

inf
𝜋∈Π(𝜇̄𝑁 ,𝜈𝑁 )

∫︁
𝒞([0,𝑇 ],R𝑑)×𝒞([0,𝑇 ],R𝑑)

sup
𝑠∈[0,𝑡]

|𝑥𝑠 − 𝑦𝑠|𝑝 𝜋(𝑑𝑥, 𝑑𝑦)
]︁

≤ E
[︁ ∫︁

𝒞([0,𝑇 ],R𝑑)×𝒞([0,𝑇 ],R𝑑)

sup
𝑠∈[0,𝑡]

|𝑥𝑠 − 𝑦𝑠|𝑝
1
𝑁

𝑁∑︁
𝑛=1

𝛿(𝑋̄ 𝑛,𝑁 ,𝑌 𝑛)(𝑑𝑥, 𝑑𝑦)
]︁

= E
[︁ 1
𝑁

𝑁∑︁
𝑛=1

sup
𝑠∈[0,𝑡]

⃒⃒
𝑋̄𝑛,𝑁

𝑠 − 𝑌 𝑛
𝑠

⃒⃒𝑝 ]︁
=

1
𝑁

𝑁∑︁
𝑛=1

⃦⃦⃦
sup

𝑠∈[0,𝑡]

⃒⃒
𝑋̄𝑛,𝑁

𝑠 − 𝑌 𝑛
𝑠

⃒⃒ ⃦⃦⃦𝑝

𝑝

≤
[︁
2 𝑒(2𝐿+𝐶2

𝑑,𝑝,𝐿) 𝑡𝜓(𝑡)
]︁𝑝

≤
[︁
2 𝑒(2𝐿+𝐶2

𝑑,𝑝,𝐿) 𝑇𝜓(𝑡)
]︁𝑝

.

Lemma 3.4 implies sup𝑠∈[0,𝑡]𝒲𝑝
𝑝 (𝜇̄𝑁

𝑠 , 𝜈
𝑁
𝑠 ) ≤ W𝑝

𝑝,𝑡(𝜇̄𝑁 , 𝜈𝑁 ). Hence,⃦⃦⃦
sup

𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜈

𝑁
𝑠 )

⃦⃦⃦
𝑝
≤ 𝐶𝑑,𝑝,𝐿,𝑇𝜓(𝑡) (3.11)

with 𝐶𝑑,𝑝,𝐿,𝑇 = 2 𝑒(2𝐿+𝐶2
𝑑,𝑝,𝐿) 𝑇 . It follows that,⃦⃦⃦

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝
≤

⃦⃦⃦
sup

𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜈

𝑁
𝑠 )

⃦⃦⃦
𝑝

+
⃦⃦⃦

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜈𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝

≤ 𝐶𝑑,𝑝,𝐿,𝑇𝜓(𝑡) +
⃦⃦⃦

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜈𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝

(by applying (3.11))

≤
⃦⃦⃦

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜈𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝

+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐿
∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝
𝑑𝑢+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2

(by the defintion of 𝜓(𝑡) in (3.10))

≤
⃦⃦⃦

sup
𝑠∈[0,𝑡]

𝒲𝑝(𝜈𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝

+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐿
∫︁ 𝑡

0

⃦⃦⃦
sup

𝑣∈[0,𝑢]

𝒲𝑝(𝜇̄𝑣, 𝜇̄
𝑁
𝑣 )

⃦⃦⃦
𝑝
𝑑𝑢

+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
sup

𝑣∈[0,𝑢]

𝒲𝑝(𝜇̄𝑣, 𝜇̄
𝑁
𝑣 )

⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2
.
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Then, by Lemma 3.6, we obtain⃦⃦⃦
sup

𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦⃦
𝑝
≤ 2𝑒(2𝐴+𝐵2)𝑇

⃦⃦⃦
sup

𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑠, 𝜈
𝑁
𝑠 )

⃦⃦⃦
𝑝
, (3.12)

where 𝐴 = 𝐶𝑑,𝑝,𝐿,𝑇𝐿 and 𝐵 = 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿. Finally,⃦⃦⃦
sup

0≤𝑚≤𝑀
𝒲𝑝(𝜇̄𝑁

𝑡𝑚
, 𝜇̄𝑚)

⃦⃦⃦
𝑝
≤ 2𝑒(2𝐴+𝐵2)𝑇

⃦⃦⃦
sup

𝑠∈[0,𝑇 ]

𝒲𝑝(𝜇̄𝑠, 𝜈
𝑁
𝑠 )

⃦⃦⃦
𝑝

≤ 2𝑒(2𝐴+𝐵2)𝑇
⃦⃦
W𝑝(𝜇̄, 𝜈𝑁 )

⃦⃦
𝑝
−→ 0 as 𝑁 → +∞,

where the second inequality above follows from Lemma 3.4.

(𝑖𝑖) If ‖𝑋0‖𝑝+𝜀 < +∞ for some 𝜀 > 0, Assumption 2.1 holds with index 𝑝 + 𝜀 since for every 𝜇, 𝜈 ∈
𝒫𝑝+𝜀(R𝑑), 𝒲𝑝(𝜇, 𝜈) ≤ 𝒲𝑝+𝜀(𝜇, 𝜈) (see e.g. [42], Rem. 6.6). Then, the inequality (3.1) implies⃦⃦

𝑋̄
⃦⃦

𝑝+𝜀
=

⃦⃦⃦
sup

𝑢∈[0,𝑇 ]

⃒⃒
𝑋̄𝑢

⃒⃒ ⃦⃦⃦
𝑝+𝜀

≤ 𝐶𝑝,𝑑,𝑏,𝜎

(︀
1 + ‖𝑋0‖𝑝+𝜀

)︀
< +∞.

Thus 𝜇̄ ∈ 𝒫𝑝+𝜀

(︀
𝒞([0, 𝑇 ],R𝑑)

)︀
, which implies that 𝜇̄𝑠 ∈ 𝒫𝑝+𝜀(R𝑑) for any 𝑠 ∈ [0, 𝑇 ].

For any 𝑠 ∈ [0, 𝑇 ], 𝜈𝑁
𝑠 is the empirical measure of 𝜇̄𝑠. It follows from Theorem 3.7 that for any 𝑠 ∈ [0, 𝑇 ],⃦⃦

𝒲𝑝(𝜈𝑁
𝑠 , 𝜇̄𝑠)

⃦⃦
𝑝
≤ 𝐶𝑀

1/𝑝+𝜀
𝑝+𝜀 (𝜇̄𝑠)

×

⎧⎪⎨⎪⎩
𝑁−1/2𝑝 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 > 𝑑/2 and 𝜀 ̸= 𝑝

𝑁−1/2𝑝
(︀
log(1 +𝑁)

)︀1/𝑝 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 = 𝑑/2 and 𝜀 ̸= 𝑝

𝑁−1/𝑑 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 ∈ (0, 𝑑/2) and 𝑝+ 𝜀 ̸= 𝑑

(𝑑−𝑝)

, (3.13)

where 𝐶 is a constant depending on 𝑝, 𝜀, 𝑑. Moreover, the inequality (3.1) implies that

sup
𝑠∈[0,𝑇 ]

𝑀𝑝+𝜀(𝜇̄𝑠) = sup
𝑠∈[0,𝑇 ]

E
[︀
|𝑋𝑠|𝑝+𝜀 ]︀

≤
⃦⃦⃦

sup
𝑠∈[0,𝑇 ]

|𝑋𝑠|
⃦⃦⃦𝑝+𝜀

𝑝+𝜀
≤

[︁
𝐶𝑝,𝑑,𝑏,𝜎,𝐿,𝑇 (1 + ‖𝑋0‖𝑝+𝜀)

]︁𝑝+𝜀

< +∞.

Hence,

sup
𝑠∈[0,𝑇 ]

⃦⃦
𝒲𝑝(𝜈𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
≤ 𝐶 ′ ×

⎧⎪⎨⎪⎩
𝑁−1/2𝑝 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 > 𝑑/2 and 𝜀 ̸= 𝑝

𝑁−1/2𝑝
(︀
log(1 +𝑁)

)︀1/𝑝 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 = 𝑑/2 and 𝜀 ̸= 𝑝

𝑁−1/𝑑 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 ∈ (0, 𝑑/2) and 𝑝+ 𝜀 ̸= 𝑑

(𝑑−𝑝)

, (3.14)

where 𝐶 ′ = 𝐶 sup𝑠∈[0,𝑇 ]𝑀
1

𝑝+𝜀

𝑝+𝜀 (𝜇̄𝑠) which is a constant depending on 𝑝, 𝜀, 𝑑, 𝑏, 𝜎, 𝐿, 𝑇 and ‖𝑋0‖𝑝+𝜀.
Moreover, the inequality (3.11) implies that

sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑠 , 𝜈
𝑁
𝑠 )

⃦⃦
𝑝
≤

⃦⃦⃦
sup

𝑠∈[0,𝑡]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜈

𝑁
𝑠 )

⃦⃦⃦
𝑝
≤ 𝐶𝑑,𝑝,𝐿,𝑇𝜓(𝑡). (3.15)

Then,

sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
≤ sup

𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑠 , 𝜈
𝑁
𝑠 )

⃦⃦
𝑝

+ sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜈𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝

≤ 𝐶𝑑,𝑝,𝐿,𝑇𝜓(𝑡) + sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜈𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
(by applying (3.15))

≤ sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜈𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐿

∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝
𝑑𝑢
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+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2

(by the defintion of 𝜓(𝑡) in (3.10))

≤ sup
𝑠∈[0,𝑡]

⃦⃦
𝒲𝑝(𝜈𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐿

∫︁ 𝑡

0

sup
𝑣∈[0,𝑢]

⃦⃦
𝒲𝑝(𝜇̄𝑣, 𝜇̄

𝑁
𝑣 )

⃦⃦
𝑝
𝑑𝑢

+ 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

sup
𝑣∈[0,𝑢]

⃦⃦
𝒲𝑝(𝜇̄𝑣, 𝜇̄

𝑁
𝑣 )

⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2
,

Then, by Lemma 3.6, we obtain

sup
𝑠∈[0,𝑇 ]

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝
≤ 2𝑒(2𝐴+𝐵2)𝑇 sup

𝑠∈[0,𝑇 ]

⃦⃦
𝒲𝑝(𝜇̄𝑠, 𝜈

𝑁
𝑠 )

⃦⃦
𝑝
, (3.16)

where 𝐴 = 𝐶𝑑,𝑝,𝐿,𝑇𝐿 and 𝐵 = 𝐶𝑑,𝑝,𝐿,𝑇 · 𝐶𝑑,𝑝,𝐿. Finally, it follows from (3.14) that

sup
0≤𝑚≤𝑀

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑡𝑚
, 𝜇̄𝑚)

⃦⃦
𝑝
≤ sup

𝑠∈[0,𝑇 ]

⃦⃦
𝒲𝑝(𝜇̄𝑁

𝑠 , 𝜇̄𝑠)
⃦⃦

𝑝

≤ ̃︀𝐶 ×
⎧⎪⎨⎪⎩
𝑁− 1

2𝑝 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 > 𝑑/2 and 𝜀 ̸= 𝑝

𝑁− 1
2𝑝

[︀
log(1 +𝑁)

]︀ 1
𝑝 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 = 𝑑/2 and 𝜀 ̸= 𝑝

𝑁− 1
𝑑 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 ∈ (0, 𝑑/2) and 𝑝+ 𝜀 ̸= 𝑑
(𝑑−𝑝)

, (3.17)

where ̃︀𝐶 is a constant depending on 𝑝, 𝜀, 𝑑, 𝑏, 𝜎, 𝐿, 𝑇 and ‖𝑋0‖𝑝+𝜀.
By the definition of 𝜓(𝑡) in (3.10), we have

𝜓(𝑡) = 𝐿

∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝
𝑑𝑢+ 𝐶𝑑,𝑝,𝐿

[︁ ∫︁ 𝑡

0

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2
,

≤ 𝐿𝑇 sup
𝑢∈[0,𝑇 ]

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝

+ 𝐶𝑑,𝑝,𝐿

√
𝑇 · sup

𝑢∈[0,𝑇 ]

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝
≤ 𝐶𝑑,𝑝,𝐿,𝑇 sup

𝑢∈[0,𝑇 ]

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝

so that (3.11) and (3.17) imply that⃦⃦⃦⃦
⃦ sup

𝑠∈[0,𝑇 ]

𝒲𝑝(𝜇̄𝑁
𝑠 , 𝜈

𝑁
𝑠 )

⃦⃦⃦⃦
⃦

𝑝

≤ 𝐶𝑑,𝑝,𝐿,𝑇 sup
𝑢∈[0,𝑇 ]

⃦⃦⃦
𝒲𝑝(𝜇̄𝑢, 𝜇̄

𝑁
𝑢 )

⃦⃦⃦
𝑝

≤ 𝐶 ×

⎧⎪⎨⎪⎩
𝑁− 1

2𝑝 +𝑁− 𝜀
𝑝(𝑝+𝜀) if 𝑝 > 𝑑/2 and 𝜀 ̸= 𝑝

𝑁− 1
2𝑝

[︀
log(1 +𝑁)

]︀ 1
𝑝 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 = 𝑑/2 and 𝜀 ̸= 𝑝

𝑁− 1
𝑑 +𝑁− 𝜀

𝑝(𝑝+𝜀) if 𝑝 ∈ (0, 𝑑/2) and 𝑝+ 𝜀 ̸= 𝑑
(𝑑−𝑝)

where 𝐶 is a constant depending on 𝑝, 𝜀, 𝑑, 𝑏, 𝜎, 𝐿, 𝑇 and ‖𝑋0‖𝑝+𝜀. �

4. Quantization-based schemes and their error analyses

This section is devoted to the error analyses of the quantization-based schemes (1.11), (1.13) and (1.15).
We start with a review of optimal quantization, as well as its connection with the 𝐾-means clustering. We
also present and prove Theorem 4.2, offering an 𝐿2-error analysis of the quantization-based scheme (1.11) in
Subsection 4.1. Next, in Subsection 4.2, we provide computational details of transition probabilities (1.13) for
the recursive quantization scheme and show how to optimally compute the quantizer 𝑥(𝑚) by integrating Lloyd’s
algorithm to reduce the quantization error. Finally, in Subsection 4.3, we establish Proposition 4.4, the error
analysis of the hybrid particle-quantization scheme.
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4.1. Preliminaries on the optimal quantization and the error analysis of the quantization-
based scheme (1.11)

In this subsection, 𝑋 : (Ω,ℱ ,P) →
(︀
R𝑑,ℬ(R𝑑)

)︀
is a random variable having 𝑝-th finite moment, 𝑝 ≥ 1, and its

probability distribution is denoted by 𝜇. Let 𝐾 ∈ N* be the fixed quantization level. Recall that the quantization
error function 𝑒𝐾,𝑝(𝜇, ·) of 𝜇 at level 𝐾 and order 𝑝 is defined by (2.6). For a quantizer 𝑥 = (𝑥1, . . . , 𝑥𝐾) such
that 𝑥𝑖 ̸= 𝑥𝑗 , 𝑖 ̸= 𝑗 and for (𝑉𝑘(𝑥))1≤𝑘≤𝐾 a Voronöı partition generated by 𝑥 defined in (1.7), the quantization
error of 𝑥 satisfying

𝑒𝑝
𝐾,𝑝(𝜇, 𝑥) =

𝐾∑︁
𝑘=1

∫︁
𝑉𝑘(𝑥)

|𝜉 − 𝑥𝑘|𝑝𝜇(𝑑𝜉). (4.1)

It is obvious that the error value does not depend on the choice of Voronöı partition. Moreover, still considering
this Voronöı partition (𝑉𝑘(𝑥))1≤𝑘≤𝐾 , we have (see e.g. [17], Lem. 3.43)

𝑒𝐾,𝑝(𝜇, 𝑥) =
⃦⃦
𝑋 − ̂︀𝑋𝑥

⃦⃦
𝑝

= 𝒲𝑝(𝜇, ̂︀𝜇𝑥) (4.2)

where ̂︀𝑋𝑥 := Proj𝑥(𝑋) and ̂︀𝜇𝑥 := 𝜇 ∘ Proj−1
𝑥 = ℒ( ̂︀𝑋𝑥) with the projection function Proj𝑥 defined by (1.8).

Recall that the optimal quantizer 𝑥* = (𝑥*1, . . . , 𝑥
*
𝐾) at level 𝐾 and order 𝑝 for 𝜇 is defined by (2.7). The

existence of such an optimal quantizer has been proved in [40]. There exist few results in the literature for the
uniqueness of the optimal quantizer (see e.g. [23]), but in practice, we only need one optimal quantizer for a
further simulation as all optimal quantizers have the same quantization error by (2.7).

Now we recall several fundamental properties of optimal quantization.

Proposition 4.1. Let 𝐾 ∈ N* be the quantization level and let 𝑝 ≥ 1. We consider an R𝑑-valued random
variable 𝑋 having probability distribution 𝜇 ∈ 𝒫𝑝(R𝑑). Let 𝑥* = (𝑥*1, . . . , 𝑥

*
𝐾) be an optimal quantizer of 𝑋 at

level 𝐾 and order 𝑝.

(1) (see [17], Thms. 4.1 and 4.12) Assume that the support of 𝜇 satisfies card(supp(𝜇)) ≥ 𝐾, where
card(supp(𝜇)) denotes the cardinality of the support of 𝜇. Then any 𝐾-level optimal quantizer 𝑥* contains
𝐾 different points, i.e. for every 𝑖, 𝑗 ∈ {1, . . . ,𝐾} such that 𝑖 ̸= 𝑗, we have 𝑥*𝑖 ̸= 𝑥*𝑗 .

(2) (Zador’s theorem, see [31] and [35], Thm. 5.2) If 𝜇 ∈ 𝒫𝑝+𝜀(R𝑑) for some 𝜀 > 0, the optimal error defined
by (2.8) has the following non-asymptotic upper bound for every quantization level 𝐾 ≥ 1,

𝑒*𝑝,𝐾(𝑋) = 𝑒*𝑝,𝐾(𝜇) ≤ 𝐶𝑑,𝑝,𝜀ℳ𝑝+𝜀(𝜇)𝐾− 1
𝑑 , (4.3)

where 𝐶𝑑,𝑝,𝜀 ≥ 0 is a constant depending only on 𝑑, 𝑝 and 𝜀, and where

ℳ𝑝(𝜇) = ℳ𝑝(𝑋) := inf
𝑎∈R𝑑

‖𝑋 − 𝑎‖𝑝. (4.4)

(3) (Optimal discrete representation, see [17], Lem. 3.4 and [35], Prop. 5.1–(b)) Let ̂︀𝑋𝑥* = Proj 𝑥*(𝑋) and let̂︀𝜇 𝑥* := 𝜇 ∘ Proj−1
𝑥* = ℒ( ̂︀𝑋𝑥*). Then⃦⃦

𝑋 − ̂︀𝑋𝑥*
⃦⃦

𝑝
= min

{︁
‖𝑋 − 𝑌 ‖𝑝

⃒⃒⃒
𝑌 : (Ω,ℱ ,P) →

(︀
R𝑑,ℬ(R𝑑)

)︀
random variable such that

the support of 𝑌 has at most 𝐾 points
}︁

and 𝒲𝑝(𝜇, ̂︀𝜇 𝑥*) = min
{︁
𝒲𝑝(𝜇, 𝜈)

⃒⃒⃒
𝜈 ∈ 𝒫𝑝(R𝑑) such that card(supp(𝜈)) ≤ 𝐾

}︁
.

3The statement in Lemma 3.4 of [17] is established only for an optimal quantizer. However, its proof is also valid for an arbitrary
quantizer.
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(4) (Stationary property when 𝑝 = 2, see e.g. [35], Prop. 5) For the quadratic optimal quantization (i.e. 𝑝 = 2),
any optimal quantizer 𝑥* is stationary in the sense that

E
[︀
𝑋

⃒⃒ ̂︀𝑋 𝑥*
]︀

= ̂︀𝑋 𝑥* . (4.5)

(5) (Consistency of the optimal quantization, see [40], Thm. 9 and [28], Thm. 4 and Appendix A) Consider a
probability distribution sequence 𝜇𝑛, 𝜇 ∈ 𝒫2(R𝑑), 𝑛 ≥ 1, such that 𝒲2(𝜇𝑛, 𝜇) → 0 when 𝑛 → 0. For every
𝑛 ≥ 1, let 𝑥(𝑛) be a quadratic optimal quantizer of 𝜇𝑛. Then any limiting point of (𝑥(𝑛))𝑛≥1 is a quadratic
optimal quantizer of 𝜇. Moreover, we have(︀

𝑒*𝐾,2(𝜇𝑛)
)︀2 −

(︀
𝑒*𝐾,2(𝜇)

)︀2 ≤ 4𝑒*𝐾,2(𝜇)𝒲2(𝜇𝑛, 𝜇) + 4𝒲2
2 (𝜇𝑛, 𝜇). (4.6)

From a numerical point of view, the main idea of the optimal quantization is to use ̂︀𝑋 𝑥* = Proj 𝑥*(𝑋)
(respectively, ̂︀𝜇 𝑥* = 𝜇 ∘ Proj−1

𝑥* = ℒ( ̂︀𝑋 𝑥*)) as an approximation of the target random variable 𝑋 (resp. the
target probability distribution 𝜇). Proposition 4.1–(3) shows that ̂︀𝑋 𝑥* (respectively ̂︀𝜇 𝑥*) is the closest discrete
representation of 𝑋 (resp. of 𝜇) with respect to the 𝐿𝑝-norm (resp. the Wasserstein distance 𝒲𝑝), among all
random variables (resp. probability distributions) having a support of at most 𝐾 points. Furthermore, the
Proposition 4.1–(5) shows the connection between the optimal quantization and the 𝐾-means clustering in
unsupervised learning (see e.g. [40] and [28]). Consider a sample {𝜂1, . . . , 𝜂𝑛} ⊂ R𝑑, the 𝐾-means clustering is
essentially to find an optimal quantizer with respect to the empirical measure 𝜇̄𝑛 := 1

𝑛

∑︀𝑛
𝑖=1 𝛿𝜂𝑖

over the sample.
In the unsupervised learning context, such an optimal quantizer is called cluster centers and 𝜂1, . . . , 𝜂𝑛 are often
considered as i.i.d. samples having probability distribution 𝜇 so that 𝒲𝑝(𝜇̄𝑛, 𝜇) → 0 a.s. if 𝜇 ∈ 𝒫𝑝(R𝑑) (see e.g.
[40], Thm. 7).

The following theorem shows the 𝐿2-error analysis of the quantization-based scheme (1.11).

Theorem 4.2 (Error analysis of the quantization-based scheme). Assume that Assumption 2.1 is satisfied with
𝑝 = 2. Set 𝑀 ∈ N* and ℎ = 𝑇

𝑀 for the temporal discretization. Let (𝑋̄𝑡𝑚
)0≤𝑚≤𝑀 be random variables defined

by the Euler scheme (1.3). Consider a fixed 𝐾-level quantizer sequence 𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ), 0 ≤ 𝑚 ≤ 𝑀

and define ( ̃︀𝑋𝑡𝑚
)0≤𝑚≤𝑀 , ( ̂︀𝑋𝑡𝑚

)0≤𝑚≤𝑀 by the quantization-based scheme (1.11).

(𝑖) For every 𝑚 ∈ {1, . . . ,𝑀}, we have⃦⃦⃦
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦⃦
2
≤

𝑚∑︁
𝑗=0

[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀𝑗 · Ξ𝑚−𝑗 , (4.7)

where for every 𝑗 ∈ {0, . . . ,𝑚}, Ξ𝑗 denotes the quadratic quantization error of the 𝑗-th step, that is, Ξ𝑗 =⃦⃦ ̃︀𝑋𝑡𝑗
− ̂︀𝑋𝑡𝑗

⃦⃦
2
.

(𝑖𝑖) If moreover, there exists 𝜀 > 0 such that ‖𝑋0‖2+𝜀 < +∞ and if for every 0 ≤ 𝑚 ≤ 𝑀 , 𝑥(𝑚) is a quadratic
optimal quantizer of ̃︀𝑋𝑡𝑚

, we have⃦⃦⃦
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦⃦
2
≤ 𝐶𝑏,𝜎,𝐿,𝑇,𝑑,𝜀,𝑞,‖𝑋0‖2+𝜀

·𝐾−1/𝑑
(︁ 𝑚∑︁

𝑗=0

[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀𝑗
)︁
. (4.8)

Proof of Theorem 4.2. (𝑖) To simplify the notation, we will denote by

𝑏̄𝑚 := 𝑏(𝑡𝑚, 𝑋̄𝑡𝑚
, 𝜇̄𝑡𝑚

), 𝜎̄𝑚 := 𝜎(𝑡𝑚, 𝑋̄𝑡𝑚
, 𝜇̄𝑡𝑚

), ̂︀𝑏𝑚 := 𝑏(𝑡𝑚, ̂︀𝑋𝑡𝑚
, ̂︀𝜇𝑡𝑚

), ̂︀𝜎𝑚 := 𝜎(𝑡𝑚, ̂︀𝑋𝑡𝑚
, ̂︀𝜇𝑡𝑚

).

The definitions of 𝑋̄𝑡𝑚
, ̃︀𝑋𝑡𝑚

and in (1.3) and (1.11) directly imply that⃒⃒⃒
𝑋̄𝑡𝑚+1 − ̃︀𝑋𝑡𝑚+1

⃒⃒⃒
=

⃒⃒⃒(︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

)︀
+ ℎ

(︀
𝑏̄𝑚 −̂︀𝑏𝑚)︀

+
√
ℎ
(︀
𝜎̄𝑚 − ̂︀𝜎𝑚

)︀
𝑍𝑚+1

⃒⃒⃒
.
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Hence,

E
[︁⃒⃒
𝑋̄𝑡𝑚+1 − ̃︀𝑋𝑡𝑚+1

⃒⃒2]︁
= E

[︁⃒⃒
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃒⃒2]︁ + ℎ2E
[︁⃒⃒
𝑏̄𝑚 −̂︀𝑏𝑚 ⃒⃒2]︁ + 2ℎE

[︁⟨︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚
, 𝑏̄𝑚 −̂︀𝑏𝑚⟩︀]︁

+ ℎE
[︁⃒⃒(︀
𝜎̄𝑚 − ̂︀𝜎𝑚

)︀
𝑍𝑚+1

⃒⃒2]︁ + 2
√
ℎE

[︁⟨︀(︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

)︀
+ ℎ

(︀
𝑏̄𝑚 −̂︀𝑏𝑚)︀

,
(︀
𝜎̄𝑚 − ̂︀𝜎𝑚

)︀
𝑍𝑚+1

⟩︀]︁
. (4.9)

Let ℱ0 denote the 𝜎-algebra generated by 𝑋0. For every 𝑚 ∈ {1, . . . ,𝑀}, we define ℱ𝑚 the 𝜎-algebra generated
by 𝑋0, 𝑍1, . . . , 𝑍𝑚. Then, as 𝑍𝑚+1 is independent of ℱ𝑚 and 𝑋̄𝑡𝑚

, ̂︀𝑋𝑡𝑚
, 𝑏̄𝑚,̂︀𝑏𝑚, 𝜎̄𝑚, ̂︀𝜎𝑚 are ℱ𝑚-measurable, we

have

E
[︁⟨(︀

𝑋̄𝑡𝑚
− ̂︀𝑋𝑡𝑚

)︀
+ ℎ

(︀
𝑏̄𝑚 −̂︀𝑏𝑚)︀

,
(︀
𝜎̄𝑚 − ̂︀𝜎𝑚

)︀
𝑍𝑚+1

⟩]︁
= E

{︁
E

[︁[︀(︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

)︀
+ ℎ

(︀
𝑏̄𝑚 −̂︀𝑏𝑚)︀]︀⊤(︀

𝜎̄𝑚 − ̂︀𝜎𝑚

)︀
𝑍𝑚+1

⃒⃒
ℱ𝑚

]︁}︁
= E

{︁[︁[︀(︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

)︀
+ ℎ

(︀
𝑏̄𝑚 −̂︀𝑏𝑚)︀]︀⊤(︀

𝜎̄𝑚 − ̂︀𝜎𝑚

)︀]︁
E

[︀
𝑍𝑚+1

]︀}︁
= 0.

Moreover, Assumption 2.1 implies that

E
[︁⃒⃒
𝑏̄𝑚 −̂︀𝑏𝑚 ⃒⃒2]︁ ≤ 2𝐿2

[︁
E

[︁⃒⃒
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃒⃒2]︁ +𝒲2
2 (𝜇̄𝑚, ̂︀𝜇𝑚)

]︁
≤ 4𝐿2 E

[︁⃒⃒
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃒⃒2]︁
and

E
[︁⟨︀
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚
, 𝑏̄𝑚 −̂︀𝑏𝑚⟩︀]︁

≤
⃦⃦⃦
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦⃦
2

⃦⃦⃦
𝑏̄𝑚 −̂︀𝑏𝑚⃦⃦⃦

2
≤ 2𝐿E

[︁⃒⃒
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃒⃒2]︁
,

as well as

E
[︁⃒⃒

(𝜎̄𝑚 − ̂︀𝜎𝑚)𝑍𝑚+1

⃒⃒2]︁ ≤ E
[︁
|||𝜎̄𝑚 − ̂︀𝜎𝑚|||2|𝑍𝑚+1|2

]︁
≤ E

[︁
E

[︀
|||𝜎̄𝑚 − ̂︀𝜎𝑚|||2|𝑍𝑚+1|2

⃒⃒
ℱ𝑚

]︀]︁
= E

[︁
|||𝜎̄𝑚 − ̂︀𝜎𝑚|||2E

[︀
|𝑍𝑚+1|2

]︀]︁
≤ 4𝐿2𝑞 E

[︁⃒⃒
𝑋̄𝑡𝑚 − ̂︀𝑋𝑡𝑚

⃒⃒2]︁
,

where we recall that |||·||| denotes the operator norm defined by |||𝐴||| := sup|𝑧|≤1 |𝐴𝑧|. Consequently,

E
[︁⃒⃒
𝑋̄𝑡𝑚+1 − ̃︀𝑋𝑡𝑚+1

⃒⃒2]︁ ≤ [︀
1 + 4𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀
· E

[︁⃒⃒
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃒⃒2]︁
so that ⃦⃦⃦

𝑋̄𝑡𝑚+1 − ̃︀𝑋𝑡𝑚+1

⃦⃦⃦
2
≤

√︀
1 + 4𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

⃦⃦⃦
𝑋̄𝑡𝑚 − ̂︀𝑋𝑡𝑚

⃦⃦⃦
2

≤
[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀ ⃦⃦⃦
𝑋̄𝑡𝑚 − ̂︀𝑋𝑡𝑚

⃦⃦⃦
2

where in the last inequality, we use the fact that
√

1 + 2𝑥 ≤ 1 + 𝑥 when 𝑥 ≥ 0. Hence,⃦⃦⃦
𝑋̄𝑡𝑚+1 − ̂︀𝑋𝑡𝑚+1

⃦⃦⃦
2
≤

⃦⃦⃦
𝑋̄𝑡𝑚+1 − ̃︀𝑋𝑡𝑚+1

⃦⃦⃦
2

+
⃦⃦⃦ ̃︀𝑋𝑡𝑚+1 − ̂︀𝑋𝑡𝑚+1

⃦⃦⃦
2

≤
[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀ ⃦⃦⃦
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦⃦
2

+ Ξ𝑚+1,

where Ξ𝑚 =
⃦⃦ ̃︀𝑋𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦
2

denotes the quadratic quantization error at time 𝑡𝑚 (see (4.2)). This directly implies⃦⃦⃦
𝑋̄𝑡𝑚

− ̂︀𝑋𝑡𝑚

⃦⃦⃦
2
≤

𝑚∑︁
𝑗=0

[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ+ 𝐿𝑞)

]︀𝑗Ξ𝑚−𝑗 .
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(𝑖𝑖) Step 1. We first prove that there exists a constant ̃︀𝐶max > 0 such that

∀𝑚 ∈ {0, . . . ,𝑀}, ‖ ̃︀𝑋𝑡𝑚
‖2+𝜀 ≤ ̃︀𝐶max. (4.10)

As for every 𝑚 ∈ {0, . . . ,𝑀}, the quantizer 𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) is quadratic optimal for ̃︀𝑋𝑡𝑚 , Proposi-

tion 4.1–(4) implies that E
[︀ ̃︀𝑋𝑡𝑚

⃒⃒ ̂︀𝑋𝑡𝑚

]︀
= ̂︀𝑋𝑡𝑚 . Hence, for every 𝑝 ≥ 1,

E
[︁⃒⃒ ̂︀𝑋𝑡𝑚

⃒⃒𝑝]︁ = E
[︁ ⃒⃒⃒

E
[︀ ̃︀𝑋𝑡𝑚

⃒⃒ ̂︀𝑋𝑡𝑚

]︀ ⃒⃒⃒𝑝 ]︁
≤ E

[︁
E

[︀⃒⃒ ̃︀𝑋𝑡𝑚

⃒⃒𝑝 ⃒⃒ ̂︀𝑋𝑡𝑚

]︀ ]︁
= E

[︁⃒⃒ ̃︀𝑋𝑡𝑚

⃒⃒𝑝]︁
. (4.11)

On the other hand, we have

‖ ̃︀𝑋𝑡𝑚+1‖𝑝 ≤ ‖ ̂︀𝑋𝑡𝑚
‖𝑝 + ℎ

⃦⃦
𝑏(𝑡𝑚, ̂︀𝑋𝑡𝑚

, ̂︀𝜇𝑡𝑚
)
⃦⃦

𝑝
+
√
ℎ

⃦⃦⃦⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
𝜎(𝑡𝑚, ̂︀𝑋𝑡𝑚

, ̂︀𝜇𝑡𝑚
)
⃒⃒⃒⃒⃒⃒ ⃒⃒⃒⃒⃒
𝑍𝑚+1

⃒⃒⃦⃦⃦
𝑝

≤ ‖ ̂︀𝑋𝑡𝑚
‖𝑝 + ℎ

⃦⃦
𝑏(𝑡𝑚, ̂︀𝑋𝑡𝑚

, ̂︀𝜇𝑡𝑚
)
⃦⃦

𝑝
+
√
ℎ
⃦⃦⃦⃒⃒⃒⃒⃒⃒ ⃒⃒⃒

𝜎(𝑡𝑚, ̂︀𝑋𝑡𝑚
, ̂︀𝜇𝑡𝑚

)
⃒⃒⃒⃒⃒⃒ ⃒⃒⃒⃦⃦⃦

𝑝

⃦⃦
𝑍𝑚+1

⃦⃦
𝑝

≤
(︁
1 + 2ℎ𝐶𝑏,𝜎,𝐿,𝑇 + 2

√
ℎ‖𝑍𝑚+1

⃦⃦
𝑝
𝐶𝑏,𝜎,𝐿,𝑇

)︁⃦⃦ ̂︀𝑋𝑡𝑚

⃦⃦
𝑝

+ ℎ𝐶𝑏,𝜎,𝐿,𝑇 +
√
ℎ‖𝑍𝑚+1

⃦⃦
𝑝
𝐶𝑏,𝜎,𝐿,𝑇

where the first inequality follows from the definition of ̃︀𝑋𝑡𝑚
in (1.11) and Minkowski’s inequality, the second

inequality follows from the fact that 𝜎(𝑡𝑚, ̂︀𝑋𝑡𝑚 , ̂︀𝜇𝑡𝑚) ⊥⊥ 𝑍𝑚+1 and the third inequality follows from Lemma 3.5–
(a) and the inequality 𝒲𝑝(̂︀𝜇𝑡𝑚 , 𝛿0) ≤ ‖ ̂︀𝑋𝑡𝑚‖𝑝. Thus, the inequality (4.11) implies that⃦⃦ ̃︀𝑋𝑡𝑚+1

⃦⃦
𝑝
≤ 𝐶1

⃦⃦ ̃︀𝑋𝑡𝑚

⃦⃦
𝑝

+ 𝐶2

with 𝐶1 := 1 + 2ℎ𝐶𝑏,𝜎,𝐿,𝑇 + 2
√
ℎ‖𝑍𝑚+1

⃦⃦
𝑝
𝐶𝑏,𝜎,𝐿,𝑇 and 𝐶2 := ℎ𝐶𝑏,𝜎,𝐿,𝑇 +

√
ℎ‖𝑍𝑚+1

⃦⃦
𝑝
𝐶𝑏,𝜎,𝐿,𝑇 . As ̃︀𝑋0 = 𝑋0, we

have

∀𝑚 ∈ {1, . . . ,𝑀},
⃦⃦ ̃︀𝑋𝑡𝑚

⃦⃦
𝑝
≤ 𝐶𝑚

1

⃦⃦
𝑋0

⃦⃦
𝑝

+
𝑚−1∑︁
𝑗=0

𝐶𝑗
1𝐶2 (4.12)

Thus (4.10) is obtained by considering 𝑝 = 2 + 𝜀 and by letting ̃︀𝐶max := 𝐶𝑀
1

⃦⃦
𝑋0

⃦⃦
2+𝜀

+
∑︀𝑀−1

𝑗=0 𝐶𝑗
1𝐶2.

Step 2. As for every 𝑚 ∈ {0, . . . ,𝑀}, the quantizer 𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) is quadratic optimal for ̃︀𝑋𝑡𝑚

,
Zador’s theorem (Prop. 4.1-(2)) implies that

∀𝑚 ∈ {0, . . . ,𝑀}, Ξ𝑚 ≤ 𝐶𝑑,𝜀ℳ2+𝜀( ̃︀𝑋𝑡𝑚)𝐾− 1
𝑑 .

Then we can conclude by remarking ℳ2+𝜀( ̃︀𝑋𝑡𝑚) ≤
⃦⃦ ̃︀𝑋𝑡𝑚

⃦⃦
2+𝜀

≤ ̃︀𝐶max. �

4.2. Recursive quantization-based scheme for the Vlasov equation

In this section, we present the recursive quantization scheme in the Vlasov setting and show how to integrate
Lloyd’s algorithm into this scheme to reduce the quantization error at each time step.

Recall that in the Vlasov setting, there exist 𝛽 : [0, 𝑇 ]× R𝑑 × R𝑑 → R𝑑 and 𝑎 : [0, 𝑇 ]× R𝑑 × R𝑑 → M𝑑,𝑞(R)
such that 𝑏(𝑡, 𝑥, 𝜇) =

∫︀
R𝑑 𝛽(𝑡, 𝑥, 𝑢)𝜇(𝑑𝑢) and 𝜎(𝑡, 𝑥, 𝜇) =

∫︀
R𝑑 𝑎(𝑡, 𝑥, 𝑢)𝜇(𝑑𝑢). Consider a quantizer sequence

𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) ∈ (R𝑑)𝐾 , 0 ≤ 𝑚 ≤ 𝑀 such that for every 𝑚 = {0, . . . ,𝑀}, we have 𝑥(𝑚)

𝑖 ̸= 𝑥
(𝑚)
𝑗 if

𝑖 ̸= 𝑗. Write
(︀
𝑉𝑘(𝑥(𝑚))

)︀
1≤𝑘≤𝐾

for a Voronöı partition generated by 𝑥(𝑚). Then the transition step of theoretical
quantization-based scheme (1.11) can be written as

̃︀𝑋𝑡𝑚+1 = ̂︀𝑋𝑡𝑚 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, ̂︀𝑋𝑡𝑚 , 𝑥

(𝑚)
𝑘 ) +

√
ℎ
[︁ 𝐾∑︁

𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, ̂︀𝑋𝑡𝑚 , 𝑥

(𝑚)
𝑘 )

]︁
𝑍𝑚+1,
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where 𝑝(𝑚)
𝑘 = P

(︀ ̂︀𝑋𝑡𝑚
= 𝑥

(𝑚)
𝑘

)︀
= P

(︀ ̃︀𝑋𝑡𝑚
∈ 𝑉𝑘(𝑥(𝑚))

)︀
is the weight of 𝑥(𝑚)

𝑘 . Hence, given ̂︀𝑋𝑡𝑚
, ̃︀𝑋𝑡𝑚+1 has a

normal distributioñ︀𝑋𝑡𝑚+1 ∼ 𝒩
(︁ ̂︀𝑋𝑡𝑚

+ ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, ̂︀𝑋𝑡𝑚

, 𝑥
(𝑚)
𝑘 ), ℎ

[︀ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, ̂︀𝑋𝑡𝑚

, 𝑥
(𝑚)
𝑘 )

]︀⊤[︀ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, ̂︀𝑋𝑡𝑚

, 𝑥
(𝑚)
𝑘 )

]︀ )︁
since 𝑍𝑚+1 ∼ 𝒩 (0, I𝑞). Under the condition that 𝑝(𝑚) is known, it follows that

P
(︀ ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗 | ̂︀𝑋𝑡𝑚

= 𝑥
(𝑚)
𝑖

)︀
= P

(︀ ̃︀𝑋𝑡𝑚+1 ∈ 𝑉𝑗(𝑥(𝑚+1)) | ̂︀𝑋𝑡𝑚
= 𝑥

(𝑚)
𝑖

)︀
= P

[︁(︀
𝑥

(𝑚)
𝑖 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ) +

√
ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )𝑍𝑚+1

)︀
∈ 𝑉𝑗(𝑥(𝑚+1))

]︁
(4.13)

and obviously, by letting

ℰ𝑖(𝑥(𝑚), 𝑝(𝑚), 𝑍𝑚+1) := 𝑥
(𝑚)
𝑖 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ) +

√
ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )𝑍𝑚+1,

we get

P
(︀ ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗

)︀
= P

(︀ ̃︀𝑋𝑡𝑚+1 ∈ 𝑉𝑗(𝑥(𝑚+1))
)︀

=
𝐾∑︁

𝑖=1

P
(︀ ̂︀𝑋𝑡𝑚+1 = 𝑥

(𝑚+1)
𝑗 | ̂︀𝑋𝑡𝑚

= 𝑥
(𝑚)
𝑖

)︀
· P( ̂︀𝑋𝑡𝑚

= 𝑥
(𝑚)
𝑖 )

=
𝐾∑︁

𝑖=1

P
(︁
ℰ𝑖(𝑥(𝑚), 𝑝(𝑚), 𝑍𝑚+1) ∈ 𝑉𝑗(𝑥(𝑚+1))

)︁
· 𝑝(𝑚)

𝑖 =: 𝑔(𝑥(𝑚), 𝑝(𝑚), 𝑍𝑚+1). (4.14)

Thus one can compute the weights 𝑝(𝑚+1)
𝑗 = P

(︀ ̂︀𝑋𝑡𝑚+1 = 𝑥
(𝑚+1)
𝑗

)︀
, 1 ≤ 𝑗 ≤ 𝐾, starting from the weight vector

𝑝(𝑚) at time 𝑡𝑚 by applying (4.14).
The formula (4.14) is valid for any quantizer sequence 𝑥(𝑚) with distinct components. Nonetheless, the

quantization errors Ξ𝑚 = ‖ ̃︀𝑋𝑡𝑚 − ̂︀𝑋𝑡𝑚‖2 of each time step 𝑡𝑚 impact on the simulation result, which is also
indicated in the error analysis (4.7). One way to reduce the quantization error Ξ𝑚 is to integrate Lloyd’s
algorithm (see Algorithm 1) into the recursive quantization scheme. Given 𝑥(𝑚) and 𝑝(𝑚), the Lloyd’s iteration
(1.9) sending 𝑥(𝑚+1, [𝑙]) = (𝑥(𝑚+1, [𝑙])

1 , . . . , 𝑥
(𝑚+1, [𝑙])
𝐾 ) to 𝑥(𝑚+1, [𝑙+1]) = (𝑥(𝑚+1, [𝑙+1])

1 , . . . , 𝑥
(𝑚+1, [𝑙+1])
𝐾 ) for time

step 𝑡𝑚+1 is

𝑥
(𝑚+1, [𝑙+1])
𝑘 =

∫︀
𝑉𝑘(𝑥(𝑚+1, [𝑙]))

𝜉 ̃︀𝜇𝑡𝑚+1(𝑑𝜉)̃︀𝜇𝑡𝑚+1

(︀
𝑉𝑘(𝑥(𝑚+1, [𝑙]))

)︀ , 𝑘 = 1, . . . ,𝐾. (4.15)

The denominator of (4.15) can be directly computed by (4.14) while the numerator of (4.15) is essentially to
compute the following value

E
[︀ ̃︀𝑋𝑡𝑚+11𝑉𝑗(𝑥(𝑚+1))( ̃︀𝑋𝑡𝑚+1)

]︀
=

𝐾∑︁
𝑖=1

E
[︀ ̃︀𝑋𝑡𝑚+11𝑉𝑗(𝑥(𝑚+1))( ̃︀𝑋𝑡𝑚+1) | ̂︀𝑋𝑡𝑚

= 𝑥
(𝑚)
𝑖

]︀
· 𝑝(𝑚)

𝑖 , (4.16)

where
E

[︀ ̃︀𝑋𝑡𝑚+11𝑉𝑗(𝑥(𝑚+1))( ̃︀𝑋𝑡𝑚+1) | ̂︀𝑋𝑡𝑚
= 𝑥

(𝑚)
𝑖

]︀
= E

[︀
𝑌 1𝑉𝑗(𝑥(𝑚+1))(𝑌 )

]︀
(4.17)

with

𝑌 ∼ 𝒩
(︁
𝑥

(𝑚)
𝑖 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ), ℎ

[︀ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︀⊤[︀ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︀ )︁
.
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Remark 4.3. In dimension 1, Lloyd’s iteration above is numerically low cost, since the Voronöı cells in dimen-
sion 1 are in fact intervals of R. For example, let 𝑥 = (𝑥1, . . . , 𝑥𝐾) ∈ R𝐾 be a quantizer such that 𝑥𝑖 < 𝑥𝑖+1,
𝑖 = 1, . . . ,𝐾 − 1, one can choose a Voronöı partition as follows:

𝑉1(𝑥) =
(︀
−∞,

𝑥1 + 𝑥2

2
)︀

and 𝑉𝐾(𝑥) =
[︀𝑥𝐾−1 + 𝑥𝐾

2
,+∞),

𝑉𝑘(𝑥) =
[︀𝑥𝑘−1 + 𝑥𝑘

2
,
𝑥𝑘 + 𝑥𝑘+1

2
)︀
, 𝑘 = 2, . . . ,𝐾 − 1.

Let 𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥

(𝑚)
𝐾 ) be the quantizer of the𝑚-th time step. The transition probability 𝜋(𝑚)

𝑖𝑗 = P
(︀ ̂︀𝑋𝑡𝑚+1 =

𝑥
(𝑚+1)
𝑗 | ̂︀𝑋𝑡𝑚

= 𝑥
(𝑚)
𝑖

)︀
in (4.13) reads

𝐹𝑚,𝜎2

(︁𝑥(𝑚)
𝑗+1 + 𝑥

(𝑚)
𝑗

2

)︁
− 𝐹𝑚,𝜎2

(︁𝑥(𝑚)
𝑗−1 + 𝑥

(𝑚)
𝑗

2

)︁
,

where 𝐹𝑚,𝜎2 denotes the cumulative distribution function of 𝒩 (𝑚,𝜎2) with

𝑚 = 𝑥
(𝑚)
𝑖 + ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑥(𝑚)

𝑖 , 𝑥
(𝑚)
𝑘 ) and 𝜎 =

√
ℎ

[︁ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑥(𝑚)

𝑖 , 𝑥
(𝑚)
𝑘 )

]︁
. (4.18)

Moreover, Lloyd’s iteration (4.17) depends on the value

∫︁ (𝑥
(𝑚)
𝑗+1+𝑥

(𝑚)
𝑗 )/2

(𝑥
(𝑚)
𝑗−1+𝑥

(𝑚)
𝑗 )/2

𝜉 · 𝑓𝑚,𝜎2(𝜉)𝑑𝜉 (4.19)

where 𝑓𝑚,𝜎2(𝜉) is the density function of 𝒩 (𝑚,𝜎2) with 𝑚 and 𝜎 defined in (4.18). In fact, to avoid computing
the integral, (4.19) can be alternatively calculated by the following formula: for every 𝑎, 𝑏 ∈ R,∫︁ 𝑏

𝑎

𝜉 · 𝑓𝑚,𝜎2(𝜉)𝑑𝜉 =
∫︁ 𝑏

𝑎

1√
2𝜋𝜎2

𝜉𝑒−
(𝜉−𝑚)2

2𝜎2 𝑑𝜉 = − 𝜎√
2𝜋

[︂
𝑒−

(𝜉−𝑚)2

2𝜎2

]︂𝑏

𝑎

+𝑚
[︀
𝐹𝑚,𝜎2(𝑏)− 𝐹𝑚,𝜎2(𝑎)

]︀
. (4.20)

However, in higher dimension, the main difficulty of this method is computing the integral of the density
function of a multi-dimensional normal distribution over a Voronöı cell (see (4.14), (4.17)). There exists several
numerical solutions such as pyhull package in Python (see also the website www.qhull.com) for the cubature
formulas of the numerical integration over a convex set in low and medium dimensions (𝑑 = 2, 3, 4).

4.3. 𝐿2-error analysis of the hybrid particle-quantization scheme

The error analysis of the hybrid particle-quantization scheme (1.15) is established in the following proposition.

Proposition 4.4. Set the same temporal discretization as Theorems 3.1 and 4.2. Assume that Assump-
tion 2.1 holds true with 𝑝 = 2. For any 𝑚 ∈ {1, . . . ,𝑀}, let 𝜇̄𝑁

𝑡𝑚
be the empirical measure on the particles

(𝑋̄0,𝑁
𝑡𝑚

, . . . , 𝑋̄𝑁,𝑁
𝑡𝑚

), defined by the particle system (1.5) and let ̂︀𝜇𝐾
𝑡𝑚

be the quantized measure defined in (1.15).
Then,

∀ 1 ≤ 𝑚 ≤𝑀, E
[︁
𝒲2

(︀̂︀𝜇𝐾
𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚

)︀]︁
≤ 𝐶2

𝑚−1∑︁
𝑗=0

𝐶𝑗
1

√︁
E Ξ̂2

𝑚−1−𝑗 + E Ξ̂𝑚. (4.21)

where Ξ̂𝑚 = 𝒲2

(︀̂︀𝜇𝐾
𝑡𝑚
, 1

𝑁

∑︀𝑁
𝑖=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

)︀
denotes the quadratic quantization error at time 𝑡𝑚 and 𝐶1, 𝐶2 are positive

constants depending on 𝐿, 𝑞 and 𝑇 .
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Remark 4.5. (𝑎) We would like to highlight that the upper-bounds in (4.7), (4.8) and (4.21) are not numerically

optimal since the two sums
∑︀𝑀

𝑗=0

[︀
1 + 2𝐿ℎ(1 + 𝐿ℎ + 𝐿𝑞)

]︀𝑗 and
∑︀𝑀−1

𝑗=0 𝐶𝑗
1

√︁
E Ξ̂2

𝑚−1−𝑗 at the right-hand side
converge to infinity as the temporal discretization number 𝑀 → +∞. These error bounds are commonly
observed in Markovian quantization-based schemes (see also in [37]). The resolution of the convergence of these
error bounds, when the temporal discretization number 𝑀 → +∞, remains an open problem. However, we do
not observe a significant simulation error on numerical experiments (see further Sect. 5) even when considering
large values of 𝑀 .
(𝑏) On the right-hand side of (4.21), the quantization error term Ξ̂𝑚 = 𝒲2

(︀̂︀𝜇𝐾
𝑡𝑚
, 1

𝑁

∑︀𝑁
𝑖=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

)︀
is random due

to the random probability measure 1
𝑁

∑︀𝑁
𝑖=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

. Consequently, the direct application of Zador’s theorem (see
Prop. 4.1–(2)) is not theoretically feasible when considering an optimal quantizer. This limitation comes from
the fact that the term ℳ𝑝+𝜀

(︀
1
𝑁

∑︀𝑁
𝑖=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚
(𝜔)

)︀
is random and cannot be uniformly bounded for every 𝜔 ∈ Ω.

Proof of Proposition 4.4. To simplify the notation, we will denote by

𝑏Q,𝑛
𝑚 := 𝑏(𝑡𝑚, ̃︀𝑋𝑛,𝑁

𝑡𝑚
, ̂︀𝜇𝐾

𝑡𝑚
), 𝑏P,𝑛

𝑚 := 𝑏(𝑡𝑚, 𝑋̄
𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

), 𝜎Q,𝑛
𝑚 := 𝜎(𝑡𝑚, ̃︀𝑋𝑛,𝑁

𝑡𝑚
, ̂︀𝜇𝐾

𝑡𝑚
), 𝜎P,𝑛

𝑚 := 𝜎(𝑡𝑚, 𝑋̄
𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

),

where the superscript “P” indicates the Particle method and the superscript “Q” indicates the hybrid
particle-Quantization scheme. Moreover, let ℱ𝑚 be the 𝜎−algebra generated by 𝑋0, 𝑋̄

1,𝑁
0 , . . . , 𝑋̄𝑁,𝑁

0 , 𝑍𝑛
𝑗 , 𝑛 =

1, . . . , 𝑁, 𝑗 = 1, . . . ,𝑚. Then 𝑏P,𝑛
𝑚 , 𝑏Q,𝑛

𝑚 , 𝜎P,𝑛
𝑚 , 𝜎Q,𝑛

𝑚 are ℱ𝑚-measurable and 𝑍𝑛
𝑚+1, 1 ≤ 𝑛 ≤ 𝑁 are independent

of ℱ𝑚. It follows that

̃︀𝑋𝑛,𝑁
𝑡𝑚+1

− 𝑋̄𝑛,𝑁
𝑡𝑚+1

= ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

+ ℎ
(︀
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

)︀
+
√
ℎ
(︀
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

)︀
𝑍𝑛

𝑚+1, (4.22)

then

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚+1
− 𝑋̄ 𝑛,𝑁

𝑡𝑚+1

⃒⃒2]︁ = E
[︁⃒⃒

( ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄ 𝑛,𝑁
𝑡𝑚

) + ℎ
(︀
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

)︀⃒⃒2]︁ + E
[︁⃒⃒√

ℎ
(︀
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

)︀
𝑍𝑛

𝑚+1

⃒⃒2]︁
+ 2E

[︁⟨(︀ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄ 𝑛,𝑁
𝑡𝑚

)︀
+ ℎ

(︀
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

)︀
,
√
ℎ
(︀
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

)︀
𝑍𝑛

𝑚+1

⟩]︁
. (4.23)

The third term in (4.23) equals to 0 since 𝑍𝑛
𝑚+1, 𝑛 ∈ {1, . . . , 𝑁}, are independent of ℱ𝑚. Moreover, Assump-

tion 2.1 implies,
E

[︁⃒⃒
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

⃒⃒2]︁ ≤ 2𝐿2
{︁

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ + E
[︁
𝒲2

2 (̂︀𝜇𝐾
𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︁}︁
,

and

E
[︁⃒⃒√

ℎ (𝜎Q,𝑛
𝑚 − 𝜎P,𝑛

𝑚 )𝑍𝑛
𝑚+1

⃒⃒2]︁ ≤ ℎE
[︁
E

[︁⃒⃒⃒⃒ ⃒⃒
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

⃒⃒⃒⃒ ⃒⃒2 ⃒⃒
𝑍𝑛

𝑚+1

⃒⃒2 ⃒⃒⃒
ℱ𝑚

]︁]︁
= ℎE

[︁⃒⃒⃒⃒ ⃒⃒
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

⃒⃒⃒⃒ ⃒⃒2E
[︁ ⃒⃒
𝑍𝑛

𝑚+1

⃒⃒2 ]︁]︁
= ℎ 𝑞 E

[︁⃒⃒⃒⃒ ⃒⃒
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

⃒⃒⃒⃒ ⃒⃒2]︁ ≤ 2𝐿2ℎ 𝑞
[︁
E

⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2 + E𝒲2
2 (̂︀𝜇𝐾

𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︁
.

Hence, (4.23) becomes

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚+1
− 𝑋̄ 𝑛,𝑁

𝑡𝑚+1

⃒⃒2]︁
= E

[︁⃒⃒
( ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚
) + ℎ

(︀
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

)︀⃒⃒2]︁ + E
[︁⃒⃒√

ℎ
(︀
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

)︀
𝑍𝑛

𝑚+1

⃒⃒2]︁
= E

[︁⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2]︁ + E
[︁
ℎ2

⃒⃒
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

⃒⃒2 ]︁
+ 2ℎE

[︁⟨︀ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

, 𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

⟩︀]︁
+ E

[︁⃒⃒√
ℎ
(︀
𝜎Q,𝑛

𝑚 − 𝜎P,𝑛
𝑚

)︀
𝑍𝑛

𝑚+1

⃒⃒2]︁
≤ E

[︁⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2]︁ + 2𝐿2(ℎ2 + ℎ𝑞)
[︁
E

⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2 + E𝒲2
2 (̂︀𝜇𝐾

𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︁
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+ ℎE
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2 +
⃒⃒
𝑏Q,𝑛
𝑚 − 𝑏P,𝑛

𝑚

⃒⃒2]︁
≤ E

[︁⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2]︁ + 2𝐿2(ℎ2 + ℎ𝑞)
[︁
E

⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2 + E𝒲2
2 (̂︀𝜇𝐾

𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︁

+ ℎE
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ + 2𝐿2ℎ
[︁
E

⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2 + E𝒲2
2 (̂︀𝜇𝐾

𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︁
,

≤
(︀
1 + 2𝐿2(ℎ2 + ℎ𝑞) + ℎ+ 2𝐿2ℎ

)︀
E

[︁⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2]︁ +
(︀
2𝐿2(ℎ2 + ℎ𝑞) + 2𝐿2ℎ

)︀
E𝒲2

2 (̂︀𝜇𝐾
𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
).

Remark that for any 𝑚 ∈ {1, . . . ,𝑀}, the measure 1
𝑁

∑︀𝑁
𝑛=1 𝛿( ̃︀𝑋𝑛,𝑁

𝑡𝑚
,𝑋̄𝑛,𝑁

𝑡𝑚
) is a random coupling of 1

𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

and 𝜇̄𝑁
𝑡𝑚

= 1
𝑁

∑︀𝑁
𝑛=1 𝛿𝑋̄𝑛,𝑁

𝑡𝑚

. Thus, for any 𝑚 ∈ {1, . . . ,𝑀},

E
[︁
𝒲2

2

(︁ 1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︁]︁
≤ E

[︁ ∫︁
R𝑑×R𝑑

|𝑥− 𝑦|2 1
𝑁

𝑁∑︁
𝑛=1

𝛿( ̃︀𝑋𝑛,𝑁
𝑡𝑚

,𝑋̄𝑛,𝑁
𝑡𝑚

)(𝑑𝑥, 𝑑𝑦)
]︁

= E
[︁ 1
𝑁

𝑁∑︁
𝑛=1

⃒⃒ ̃︀𝑋𝑛,𝑁
𝑡𝑚

− 𝑋̄𝑛,𝑁
𝑡𝑚

⃒⃒2]︁
. (4.24)

Hence, by letting 𝐶1 := 1 + 2𝐿2(ℎ2 + ℎ𝑞) + ℎ+ 2𝐿2ℎ, 𝐶2 := 2𝐿2(ℎ2 + ℎ𝑞) + 2𝐿2ℎ and by denoting the quanti-
zation error of the time 𝑡𝑚 by Ξ̂𝑚 = 𝒲2

(︀̂︀𝜇𝐾
𝑡𝑚
, 1

𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚

)︀
, we get⎯⎸⎸⎷ 1

𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚+1
− 𝑋̄ 𝑛,𝑁

𝑡𝑚+1

⃒⃒2]︁

=

⎯⎸⎸⎷𝐶1

𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ + 𝐶2E
[︀
𝒲2

2 (̂︀𝜇𝐾
𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚
)
]︀

≤

⎯⎸⎸⎷𝐶1

𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ + 𝐶2

{︁
2E

[︁
𝒲2

2 (̂︀𝜇𝐾
𝑡𝑚
,

1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

)
]︁

+ 2E
[︁
𝒲2

2 (
1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)
]︁}︁

≤

⎯⎸⎸⎷(𝐶1 + 2𝐶2) ·
1
𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ + 2𝐶2E Ξ̂2
𝑚 (by (4.24))

≤
√︀
𝐶1 + 2𝐶2

⎯⎸⎸⎷ 1
𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ +
√︀

2𝐶2

√︁
E Ξ̂2

𝑚. (4.25)

Let 𝐶1 :=
√
𝐶1 + 2𝐶2 and 𝐶2 =

√
2𝐶2 . The inequality (4.25) implies⎯⎸⎸⎷ 1

𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁ ≤ 𝐶2

𝑚−1∑︁
𝑗=0

𝐶𝑗
1

√︁
E Ξ̂2

𝑚−1−𝑗 .

Hence, it follows from (4.24) that

E

[︃
𝒲2

(︀ 1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀]︃
≤

⎯⎸⎸⎷E𝒲2
2

(︁ 1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︁
≤

⎯⎸⎸⎷ 1
𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒ ̃︀𝑋𝑛,𝑁

𝑡𝑚
− 𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒2]︁

≤ 𝐶2

𝑚−1∑︁
𝑗=0

𝐶𝑗
1

√︁
E Ξ̂2

𝑚−1−𝑗 .
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Consequently,

E
[︁
𝒲2

(︀̂︀𝜇𝐾
𝑡𝑚
, 𝜇̄𝑁

𝑡𝑚

)︀]︁
≤ E

[︃
𝒲2

(︁ 1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︁]︃
+ E

[︃
𝒲2

(︁ 1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

, ̂︀𝜇𝐾
𝑡𝑚

)︁]︃

≤ 𝐶2

𝑚−1∑︁
𝑗=0

𝐶𝑗
1

√︁
E Ξ̂2

𝑚−1−𝑗 + E Ξ̂𝑚.

�

Remark 4.6. For every 𝑚 = 1, . . . ,𝑀 , it follows from (4.2) that

E Ξ̂𝑚 = E

[︃
𝒲2

(︁̂︀𝜇𝐾
𝑡𝑚
,

1
𝑁

𝑁∑︁
𝑛=1

𝛿 ̃︀𝑋𝑛,𝑁
𝑡𝑚

)︁]︃
= E

[︂
𝑒𝐾, 1

𝑁

∑︀𝑁
𝑛=1 𝛿̃︁𝑋𝑛,𝑁

𝑡𝑚

(𝑥(𝑚))
]︂
.

Thus one can implement Lloyd’s algorithm at each time step in order to reduce the error bound on the right-hand
side of (4.21). Moreover, for a fixed 𝜔 ∈ Ω, finding optimal quantizer for the empirical measure 1

𝑁

∑︀𝑁
𝑛=1 𝛿 ̃︀𝑋𝑛,𝑁

𝑡𝑚
(𝜔)

is equivalent to compute the 𝐾-means cluster centers of the sampling
(︀ ̃︀𝑋1,𝑁

𝑡𝑚
(𝜔), . . . , ̃︀𝑋𝑁,𝑁

𝑡𝑚
(𝜔)

)︀
for which we

can use e.g. sklearn.cluster.KMeans package in Python.

5. Simulation examples

In this section, we illustrate two simulation examples. The first one is the Burgers equation introduced and
already considered for numerical tests in [4] and [16]. This is a one-dimensional example with an explicit solution
so we use this example to compare the accuracy and computational time of the different numerical methods under
consideration. The second example, the network of FitzHugh-Nagumo neurons, already numerically investigated
in [2, 5] (see also [11]), is a 3-dimensional example. All examples are implemented in Python 3.7.

5.1. Simulation of the Burgers equation, comparison of three algorithms

In [4], the authors analyse the solution and study the particle method of the Burgers equation{︃
𝑑𝑋𝑡 =

∫︀
R 𝐻(𝑋𝑡 − 𝑦)𝜇𝑡(𝑑𝑦)𝑑𝑡+ 𝜎𝑑𝐵𝑡,

∀ 𝑡 ∈ [0, 𝑇 ], 𝜇𝑡 = 𝑃𝑋𝑡
and 𝑋0 : (Ω,ℱ ,P) → (R,ℬ(R)),

(5.1)

where 𝐻 is the Heaviside function 𝐻(𝑧) = 1{𝑧≥0} and 𝜎 is a real constant. The cumulative distribution function
𝑉 (𝑡, 𝑥) of 𝜇𝑡 satisfies

𝜕𝑉

𝜕𝑡
=

1
2
𝜎2 𝜕

2𝑉

𝜕𝑥2
− 𝑉

𝜕𝑉

𝜕𝑥
, 𝑉 (0, 𝑥) = 𝑉0(𝑥).

Moreover, since the initial cumulative distribution function 𝑉0 satisfies
∫︀ 𝑥

0
𝑉0(𝑦)𝑑𝑦 = 𝒪(𝑥), the function 𝑉 has

a closed form given by (see [20])

𝑉 (𝑡, 𝑥) =

∫︀
R 𝑉0(𝑦)exp

(︁
− 1

𝜎2

[︀ (𝑥−𝑦)2

2𝑡 +
∫︀ 𝑦

0
𝑉0(𝑧)𝑑𝑧

]︀)︁
𝑑𝑦∫︀

R exp
(︁
− 1

𝜎2

[︀ (𝑥−𝑦)2

2𝑡 +
∫︀ 𝑦

0
𝑉0(𝑧)𝑑𝑧

]︀)︁
𝑑𝑦

, (𝑡, 𝑥) ∈ [0, 𝑇 ]× R.

Hence, if we consider 𝑋0 = 0, then the cumulative distribution function at time 𝑇 = 1 reads

𝐹𝑇=1(𝑥) =

∫︀
R+

exp
(︁
− 1

𝜎2

[︀ (𝑥−𝑦)2

2 + 𝑦
]︀)︁
𝑑𝑦∫︀

R exp
(︁
− 1

𝜎2

[︀ (𝑥−𝑦)2

2 + 𝑦1𝑦≥0

]︀)︁
𝑑𝑦
· (5.2)
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So we can compare the accuracy of the different numerical methods proposed in the former sections by
considering

‖𝐹simu − 𝐹true‖sup , (5.3)

where 𝐹simu represents the simulated cumulative distribution function by different numerical methods and 𝐹true

is the true cumulative distribution function (5.2). This term (5.3) is approximated by

‖𝐹simu(𝑥)− 𝐹true(𝑥)‖sup ≃ sup
𝑥∈Unifset

|𝐹simu(𝑥)− 𝐹true(𝑥)| , (5.4)

where Unifset is a uniformly spaced point set in [−2.5, 3.5].
In the following simulation, we choose 𝜎2 = 0.2 and 𝑀 = 50 so that we have the same time step ℎ = 𝑇

𝑀 = 0.02
for each method. We give a detailed comparison of the different methods in Table 1. Remark that the particle
method (1.5) and the hybrid particle-quantization scheme (1.15) are random algorithms. Hence, their accuracy
are computed by taking an average error computed over 50 independent simulations.

In a second phase, we show the converging rate of the simulation error (5.3) of the particle method (1.5)
and the recursive quantization scheme without Lloyd quantizer optimization (1.11)–(1.13)–(1.14) respectively
according to 𝑁 and 𝐾. Table 2 shows the simulation error (5.3) of the particle method (1.5) with respect to the
numbers of particle 𝑁 = 28, . . . , 213 for a fixed 𝑀 = 50. As the particle method (1.5) is a random algorithm,
the error shows in Table 2 is computed by rerunning independently 500 times for each value of 𝑁 . Figures 3
and 4 show the log error of the particle method with respect to log2(𝑁) and the standard deviation of the error.

Table 3 shows the convergence rate of the simulation error (5.3) of the recursive quantization scheme (1.11)–
(1.13) with respect to the quantizer size 𝐾 = 25, 26, 27, 28, 29, 210. Here we use a fixed quantizer sequence which
is a uniformly spaced point set in [−2.5, 3.5] without Lloyd’s algorithm for each time step 𝑡𝑚. Figure 5 show
the log error of the recursive quantization scheme with respect to log2(𝐾).

The slope in Figure 3 is approximately -0.285, and in Figure 5, it’s approximately -0.436. These slopes deviate
results in Theorems 3.1 and 4.2 since we evaluate the simulation error using ‖𝐹simu(𝑥)− 𝐹true(𝑥)‖sup instead of
the Wasserstein distance or the 𝐿2-norm. We opt for this error measure due to the computational cost of the
Wasserstein distance: for two probability distributions 𝜇, 𝜈 ∈ 𝒫𝑝(R𝑑) with respective cumulative distribution
functions 𝐹 and 𝐺, the Wasserstein distance 𝒲𝑝(𝜇, 𝜈) can be computed by

𝒲𝑝
𝑝 (𝜇, 𝜈) =

∫︁ 1

0

⃒⃒
𝐹−1(𝑢)−𝐺−1(𝑢)

⃒⃒𝑝
𝑑𝑢, 𝑝 ≥ 1. (5.5)

The computation cost arises from the inverse functions of the cumulative distribution functions. Moreover, if we
compute (5.5) by using Monte-Carlo simulation, it will induce its own statistical error which may perturb our
comparisons. Additionally, for a fair method comparison between the particle method (1.5) and the recursive
quantization scheme (1.11)–(1.13)–(1.14), consistency in error measurement is necessary.

Now we give some short comments on the numerical performance of different methods mainly with regards
to two aspects: the accuracy and the computing time.

– Comparison of the computing time.
The application of Lloyd’s iteration in the recursive quantization scheme is slightly faster than in the hybrid
particle-quantization scheme since we used the closed formulas (4.20). We can also remark that, when the
quantization level 𝐾 is large, Lloyd’s iteration is numerically costly even in dimension 1 and the application
of Lloyd’s algorithm only slightly reduces the quantization error.

– Comparison of the accuracy computed by ‖𝐹simu(𝑥)− 𝐹true(𝑥)‖sup.
∙ Comparing with the particle size 𝑁 in Table 2 and the quantizer size 𝐾 in Table 3, one can remark that

to achieve the same accuracy, we need fewer points in the quantizer than in the particle.



NUMERICAL METHODS FOR THE MCKEAN-VLASOV EQUATION 599

Table 1. Comparison of three algorithms.

Particle size and
quantizer size

Computing
time for each
Euler step

Error
‖𝐹simu − 𝐹true‖sup

Particle method (1.5) Particle size 𝑁 = 10000 0.00320s 0.01021

Recursive quantization scheme
without Lloyd iterations
(1.11)–(1.14)

Quantizer size 𝐾 = 500 0.00205s 0.01054

Recursive quantization scheme
with 5 Lloyd iterations
at each Euler step
(1.11)–(1.14) and (4.14)–(4.17)

Quantizer size 𝐾 = 500 8.21598s 0.01029

Hybrid particle-quantization
scheme (1.15) without
Lloyd iterations

Particle size 𝑁 = 10000
Quantizer size 𝐾 = 500

6.09480s 0.01626

Hybrid particle-quantization
scheme (1.15) with 5 Lloyd
iterations at each Euler step

Particle size 𝑁 = 10000
Quantizer size 𝐾 = 500

9.37229s 0.01013

Table 2. Error of the particle method (1.5) with respect to the particle size 𝑁 .

N 28 29 210 211 212 213

Error ‖𝐹simu − 𝐹true‖sup 0.04691 0.03409 0.02438 0.01785 0.01407 0.01131

Standard deviation 0.01207 0.00939 0.00687 0.00469 0.00408 0.00294

Table 3. Error of the recursive quantization scheme (1.11)–(1.13) with respect to the quantizer
size 𝐾.

K 25 26 27 28 29 210

Error ‖𝐹simu − 𝐹true‖sup 0.07347 0.04176 0.02360 0.01471 0.01043 0.00829
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Figure 3. Log-error of the particle method (1.5) with respect to log2(𝑁).

Figure 4. Standard deviation of the error of the particle method. The horizontal axis is log2(𝑁).

∙ The error of the recursive quantization scheme (1.11)–(1.13)–(1.14), especially when we implement with-
out Lloyd’s quantizer optimization, strongly depends on the choice of the quantizer. Generally, a practical
way to choose the initial quantizer of a probability distribution 𝜇 is to use the self-quantization technique
for which we refer to [10], Sections 7.1 and 14 of [17], [36] and [39]. Another efficient trick is to rely on
a so-called “splitting method”, that is, using the trained quantizer of the Euler step 𝑡𝑚 as an initial
quantizer of the Euler step 𝑡𝑚+1.

In this one-dimensional example, we did not remark any obvious advantage of the hybrid particle quantization
scheme (1.15) compared with other methods.

5.2. Simulation of the network of FitzHugh-Nagumo neurons in dimension 3

In this section, we consider the network of FitzHugh-Nagumo neurons4 introduced in [2] and [5]:

𝑑𝑋𝑡 = 𝑏(𝑋𝑡, 𝜇𝑡)𝑑𝑡+ 𝜎(𝑋𝑡, 𝜇𝑡)𝑑𝐵𝑡 (5.6)

where 𝑏 : R3 × 𝒫(R3) → R3 and 𝜎 : R3 × 𝒫(R3) → M3×3 are defined by

4In this paper, we exclusively employ this model as a simulation illustration. For a comprehensive understanding of the network
of FitzHugh-Nagumo neurons, we recommend referring to [2] and [5] for more details.
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Figure 5. Log-error of the recursive quantization scheme (1.11)–(1.13)–(1.14) with respect to
log2(𝐾).

Figure 6. The first and second coordinates of 5000 particles at time 𝑇 = 1.5.

𝑏(𝑥, 𝜇) :=

⎛⎜⎝𝑥1 − (𝑥1)3/3− 𝑥2 + 𝐼 −
∫︀

R3 𝐽(𝑥1 − 𝑉rev)𝑧3 𝜇(𝑑𝑧)
𝑐(𝑥1 + 𝑎− 𝑏𝑥2)

𝑎𝑟
𝑇max(1−𝑥3)

1+exp
(︀
−𝜆(𝑥1−𝑉𝑇 )

)︀ − 𝑎𝑑𝑥3

⎞⎟⎠ , (5.7)

𝜎(𝑥, 𝜇) :=

⎛⎝𝜎ext 0 −
∫︀

R3 𝜎𝐽(𝑥1 − 𝑉rev)𝑧3 𝜇(𝑑𝑧)
0 0 0
0 𝜎32(𝑥) 0

⎞⎠ ,

with

𝜎32 := 1𝑥3∈(0,1)

√︃
𝑎𝑟

𝑇max(1− 𝑥3)
1 + exp

(︀
− 𝜆(𝑥1 − 𝑉𝑇 )

)︀ + 𝑎𝑑 𝑥3 Γ exp
(︀
− Λ

1− (2𝑥3 − 1)2
)︀
,

and where the initial random variable 𝑋0 follows a gaussian distribution
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Figure 7. The simulated density function smoothened by the Gaussian kernel method (band-
with =0.241).

Figure 8. The quantizer of (𝑥0, 𝑥1), simulated with particle number 𝑁 = 5000, quantizer size
𝐾 = 300 and 10 Lloyd iterations at each Euler step.

𝑋0 ∼ 𝒩

⎛⎝⎛⎝𝑉0

𝜔0

𝑦0

⎞⎠ ,

⎛⎝𝜎𝑉0 0 0
0 𝜎𝜔0 0
0 0 𝜎𝑦0

⎞⎠⎞⎠
with the following parameter values

𝑉0 = 0 𝜎𝑉0 = 0.4 𝑎 = 0.7 𝑏 = 0.8 𝑐 = 0.08 𝐼 = 0.5 𝜎ext = 0.5
𝜔0 = 0.5 𝜎𝜔0 = 0.4 𝑉rev = 1 𝑎𝑟 = 1 𝑎𝑑 = 1 𝑇max = 1 𝜆 = 0.2
𝑦0 = 0.3 𝜎𝑦0 = 0.05 𝐽 = 1 𝜎𝐽 = 0.2 𝑉𝑇 = 2 Γ = 0.1 Λ = 0.5.

This model was first studied in [2] and then rigorously investigated and analyzed in [5]. We are aware that
the equation (5.6) does not fulfil Assumption 2.1 since the drift 𝑏 defined by (5.7) is only locally Lipschitz in
(𝑥, 𝜇). However, the drift 𝑏 satisfies ⟨︀

𝑥 , 𝑏(𝑥, 𝜇)
⟩︀
≤ 𝑐1

(︀
|𝑥|2 + 1

)︀
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Figure 9. The Voronöı cells of the above quantizer. The colour of each Voronöı cell represents
the weight of this cell (the darker the heavier).

for some 𝑐1 > 0 and the coefficient 𝜎 is bounded. This ensures the existence of a strong solution living on
the whole R+. In fact, the presence of the term − (𝑥1)

3

3 also induces a mean-reversion property that makes
it possible to control the long-run behaviour of the equation. On the other hand, such drift with non-linear
growth (in norm) usually induces instability of the Euler scheme as emphasized e.g. in [26], at least when using
evenly spaced time steps. We nevertheless chose this model for a 3D numerical illustration due to its challenging
feature, but with a refined time step (𝑀 = 5000, see below) to ensure its stability. Other numerical schemes,
typically semi-implicit could be more stable but are out of the scope of this paper.

In this section, we compare the performance of the particle method (1.5) and the hybrid particle-quantization
scheme (1.15) in two aspects. First, we intuitively compare these two methods by simulating the density function
of (𝑥1, 𝑥2) for 𝑇 = 1.5, as in the original paper [2][Page 31, Figure 4, the third one in the right]. In this step, we
choose 𝑀 = 5000 for the temporal discretization to reduce (as much as possible) the error induced by the Euler
scheme. The images of the density function simulated by the particle method are displayed in Figures 6, 7 and
the simulation by the hybrid method is displayed in Figures 8, 9, 10.

Next, as the particle method and the hybrid method are both random methods, we take

𝜙(𝜇simu
𝑇 ) :=

∫︁
R3
|𝜉|2 𝜇simu

𝑇 (𝑑𝜉) = E
[︁ ⃒⃒
𝑋simu

𝑇

⃒⃒2 ]︁
as a test function for the simulated distribution 𝜇simu

𝑇 at time 𝑇 , rerun 200 times for each method and compare
the mean and the standard deviation of 𝜙(𝜇simu

𝑇 ).
The obtained density functions have a similar form by these two methods, but the data volume obtained by

the particle method is

5000 (the number of particle) × 3 (dimension),

while the data volume obtained by the hybrid method is

300 (the quantizer size) × 4 (dimension + weight for each quantizer).
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Figure 10. The density function simulated by the hybrid particle-quantization method (1.15).
The vertical axis is the weight divided by the area of the corresponding Voronöı cell.

Table 4. Comparison of the simulation result 𝜙(𝜇simu
𝑇 ).

Particle method Hybrid method
𝑁 = 300 𝑁 = 5000 𝑁 = 5000 and 𝐾 = 300

Data volume for 𝜇simu
𝑇 300×3 5000×3 300×4

Average computing time
for each Euler step

0.034s 0.608s 2.670s

Test function
𝜙(𝜇simu

𝑇 )
Mean 1.194 1.205 1.192
Standard
deviation

0.058 0.015 0.015

For a more precise comparison, we now set the time discretization number 𝑀 = 150 and we consider the
following test function for the simulated distribution 𝜇simu

𝑇 at 𝑇 = 1.5

𝜙(𝜇simu
𝑇 ) :=

∫︁
R3
|𝜉|2 𝜇simu

𝑇 (𝑑𝜉) = E
[︁ ⃒⃒
𝑋simu

𝑇

⃒⃒2 ]︁

and rerun 200 times for each method. Table 4 shows the simulation results.

Intuitively, the hybrid method can be considered as adding a “feature extraction” step on the particle method.
Comparing the third and fourth columns of Table 4, one can notice that this added step needs more computing
time but reduces the size of the output data for the further computation of the test function 𝜙(𝜇simu

𝑇 ) without
increasing the standard deviation. However, the second column of Table 4 shows that if we implement the
particle method with a similar data size than the quantization level, the test value of 𝜙(𝜇simu

𝑇 ) provides a much
larger standard deviation.
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Appendix A. Proofs of Lemmas 3.4, 3.5 and 3.8

Proof of Lemma 3.4. We consider the canonical space Ω = 𝒞([0, 𝑇 ],R𝑑) × 𝒞([0, 𝑇 ],R𝑑) equipped with the 𝜎-
algebra ℱ generated by the distance 𝑑

(︀
(𝜔1, 𝜔2), (𝛼1, 𝛼2)

)︀
:=

⃦⃦
𝜔1 − 𝛼1

⃦⃦
sup

∨
⃦⃦
𝜔2 − 𝛼2

⃦⃦
sup

and P ∈ Π(𝜇, 𝜈)
where Π(𝜇, 𝜈) is the set of probability measures with marginals 𝜇 and 𝜈. For any 𝜔 = (𝜔1, 𝜔2) ∈ Ω, we define
the canonical projections 𝑋 : Ω → 𝒞([0, 𝑇 ],R𝑑) and 𝑌 : Ω → 𝒞([0, 𝑇 ],R𝑑) by

∀𝜔 = (𝜔1, 𝜔2), ∀ 𝑡 ∈ [0, 𝑇 ], 𝑋𝑡(𝜔) = 𝜔1
𝑡 and 𝑌𝑡(𝜔) = 𝜔2

𝑡 .

The couple (𝑋,𝑌 ) makes up the canonical process on Ω. Since P ∈ Π(𝜇, 𝜈), then 𝑋 has probability distribution
𝜇 and 𝑌 has probability distribution 𝜈. Moreover, we have

sup
𝑠∈[0,𝑡]

𝒲𝑝
𝑝 (𝜇𝑠, 𝜈𝑠) ≤ sup

𝑠∈[0,𝑡]

E |𝑋𝑠 − 𝑌𝑠|𝑝 ≤ E sup
𝑠∈[0,𝑡]

|𝑋𝑠 − 𝑌𝑠|𝑝 .

Then we can choose by the usual arguments P ∈ Π(𝜇, 𝜈) such that E sup𝑠∈[0,𝑡] |𝑋𝑠 − 𝑌𝑠|𝑝 =
(︀
W𝑝,𝑡(𝜇𝑠, 𝜈𝑠)

)︀𝑝 to
conclude the proof. �

Proof of Lemma 3.5. (𝑎) For any 𝑥 ∈ R𝑑 and for any 𝜇 ∈ 𝒫𝑝(R𝑑), Assumption 2.1 implies that

∀𝑡 ∈ [0, 𝑇 ], |𝑏(𝑡, 𝑥, 𝜇)| − |𝑏(𝑡, 0, 𝛿0)| ≤ |𝑏(𝑡, 𝑥, 𝜇)− 𝑏(𝑡, 0, 𝛿0)| ≤ 𝐿
(︀
|𝑥|+𝒲𝑝(𝜇, 𝛿0)

)︀
.

Hence, |𝑏(𝑡, 𝑥, 𝜇)| ≤ |𝑏(𝑡, 0, 𝛿0)|+ 𝐿
(︀
|𝑥|+𝒲𝑝(𝜇, 𝛿0)

)︀
≤ (|𝑏(𝑡, 0, 𝛿0)| ∨ 𝐿)(1 + |𝑥|+𝒲𝑝(𝜇, 𝛿0)). Similarly, we have

|||𝜎(𝑡, 𝑥, 𝜇)||| ≤ (|||𝜎(𝑡, 0, 𝛿0)||| ∨ 𝐿)(1 + |𝑥|+𝒲𝑝(𝜇, 𝛿0)), so we can take

𝐶𝑏,𝜎,𝐿,𝑇 = sup
𝑡∈[0,𝑇 ]

|𝑏(𝑡, 0, 𝛿0)| ∨ sup
𝑡∈[0,𝑇 ]

|||𝜎(𝑡, 0, 𝛿0)||| ∨ 𝐿

to complete the proof.

(𝑏) Step 1. We prove sup
0≤𝑚≤𝑀

sup
1≤𝑛≤𝑁

⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦
𝑝
< +∞ by induction in this step. First, we know that for every

𝑛 = 1, . . . , 𝑁 ,
⃦⃦
𝑋̄𝑛,𝑁

0

⃦⃦
𝑝

=
⃦⃦
𝑋0

⃦⃦
𝑝
< +∞ by the definition of 𝑋̄𝑛,𝑁

0 so that sup1≤𝑛≤𝑁

⃦⃦
𝑋̄𝑛,𝑁

0

⃦⃦
𝑝
< +∞. Now

assume that sup1≤𝑛≤𝑁

⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦
𝑝
< +∞. For every 𝑛 = 1, . . . , 𝑁 , we have⃦⃦⃦

𝑋̄𝑛,𝑁
𝑡𝑚+1

⃦⃦⃦
𝑝
≤

⃦⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦⃦
𝑝

+ ℎ ·
⃦⃦⃦
𝑏
(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀⃦⃦⃦
𝑝

+
√
ℎ ·

⃦⃦⃦ ⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
𝜎(𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)
⃒⃒⃒⃒⃒⃒ ⃒⃒⃒ ⃦⃦⃦

𝑝

⃦⃦⃦
𝑍𝑛

𝑚+1

⃦⃦⃦
𝑝

where the inequality above follows from the Minkowski inequality and the fact that 𝑍𝑛
𝑚+1 is independent of ℱ𝑡𝑚

and 𝜎(𝑡𝑚, 𝑋̄
𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

) is ℱ𝑡𝑚
measurable. By applying the inequality (3.4) in the first part, we obtain⃦⃦⃦

𝑏(𝑡𝑚, 𝑋̄
𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)
⃦⃦⃦

𝑝
∨

⃦⃦⃦ ⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
𝜎(𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)
⃒⃒⃒⃒⃒⃒ ⃒⃒⃒ ⃦⃦⃦

𝑝
≤ 𝐶𝑏,𝜎,𝐿,𝑇

(︁
1 +

⃦⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦⃦
𝑝

+
⃦⃦⃦
𝒲𝑝

(︀
𝜇̄𝑁

𝑡𝑚
, 𝛿0

)︀⃦⃦⃦
𝑝

)︁
and by the definition of 𝜇̄𝑁

𝑡𝑚
, we have⃦⃦⃦

𝒲 𝑝
𝑝

(︀
𝜇̄𝑁

𝑡𝑚
, 𝛿0

)︀ ⃦⃦⃦𝑝

𝑝
= E

[︁
𝒲 𝑝

𝑝

(︀ 1
𝑁

𝑁∑︁
𝑛=1

𝛿𝑋̄𝑛,𝑁
𝑡𝑚

, 𝛿0
)︀]︁
≤ 1
𝑁

𝑁∑︁
𝑛=1

E
[︁⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒𝑝]︁
< +∞. (A.1)

Hence, for every 𝑛 = 1, . . . , 𝑁 ,
⃦⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚+1

⃦⃦⃦
𝑝
< +∞. Then we can conclude sup

0≤𝑚≤𝑀
sup

1≤𝑛≤𝑁

⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦
𝑝
< +∞ by

induction.
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Step 2. We prove (3.5) in this step. The first step implies that

⃦⃦⃦
sup

0≤𝑚≤𝑀
sup

1≤𝑛≤𝑁

⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒ ⃦⃦⃦𝑝

𝑝
≤

𝑀∑︁
𝑚=0

𝑁∑︁
𝑛=1

E
[︁⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒𝑝]︁ ≤ (𝑀 + 1)𝑁 · sup
0≤𝑚≤𝑀

sup
1≤𝑛≤𝑁

⃦⃦
𝑋̄𝑛,𝑁

𝑡𝑚

⃦⃦𝑝

𝑝
< +∞. (A.2)

Then,⃦⃦⃦⃦
⃦ sup

𝑡∈[0,𝑇 ]

⃒⃒⃒
𝑋̄𝑛,𝑁

𝑡

⃒⃒⃒ ⃦⃦⃦⃦
⃦

𝑝

=

⃦⃦⃦⃦
⃦ sup

0≤𝑚≤𝑀
sup

𝑡∈[𝑡𝑚,𝑡𝑚+1]

⃒⃒⃒
𝑋̄𝑛,𝑁

𝑡

⃒⃒⃒ ⃦⃦⃦⃦
⃦

𝑝

≤

⃦⃦⃦⃦
⃦ sup

0≤𝑚≤𝑀
sup

𝑡∈[𝑡𝑚,𝑡𝑚+1]

⃒⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚
+ 𝑏

(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀
(𝑡− 𝑡𝑚) + 𝜎

(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀
(𝐵𝑛

𝑡 −𝐵𝑛
𝑡𝑚

)
⃒⃒⃒ ⃦⃦⃦⃦
⃦

𝑝

≤
⃦⃦⃦⃦

sup
0≤𝑚≤𝑀

⃒⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒⃒
+ ℎ

⃒⃒⃒
𝑏
(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀⃒⃒⃒ ⃦⃦⃦⃦
𝑝

+

⃦⃦⃦⃦
⃦ sup

0≤𝑚≤𝑀

⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
𝜎
(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
sup

𝑡∈[𝑡𝑚,𝑡𝑚+1]

⃒⃒⃒
𝐵𝑛

𝑡 −𝐵𝑛
𝑡𝑚

⃒⃒⃒⃒⃒⃒⃦⃦⃦⃦⃦
𝑝

≤
⃦⃦⃦⃦

sup
0≤𝑚≤𝑀

⃒⃒⃒
𝑋̄𝑛,𝑁

𝑡𝑚

⃒⃒⃒
+ ℎ

⃒⃒⃒
𝑏
(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀⃒⃒⃒⃦⃦⃦⃦
𝑝

+
𝑀∑︁

𝑚=0

⃦⃦⃦⃒⃒⃒⃒⃒⃒ ⃒⃒⃒
𝜎
(︀
𝑡𝑚, 𝑋̄

𝑛,𝑁
𝑡𝑚

, 𝜇̄𝑁
𝑡𝑚

)︀⃒⃒⃒⃒⃒⃒ ⃒⃒⃒⃦⃦⃦
𝑝

⃦⃦⃦⃦
⃦ sup

𝑡∈[𝑡𝑚,𝑡𝑚+1]

⃒⃒⃒
𝐵𝑛

𝑡 −𝐵𝑛
𝑡𝑚

⃒⃒⃒⃦⃦⃦⃦⃦
𝑝

< +∞

by applying (3.4), (A.1) and (A.2). �

For the proof of Lemma 3.8, we need the following two inequalities and we refer to Section 7.8 of [35] among
other references for more details.

Lemma A.1 (The generalized Minkowski inequality). For any (bi-measurable) process 𝑋 = (𝑋𝑡)𝑡≥0, for every
𝑝 ∈ [1,∞) and for every 𝑇 ∈ [0,+∞],

⃦⃦ ∫︀ 𝑇

0
𝑋𝑡𝑑𝑡

⃦⃦
𝑝
≤

∫︀ 𝑇

0
‖𝑋𝑡‖𝑝 𝑑𝑡.

Lemma A.2 (Burkölder-Davis-Gundy inequality (continuous time)). For every 𝑝 ∈ (0,+∞), there exists two
real constants 𝑐𝐵𝐷𝐺

𝑝 > 0 and 𝐶𝐵𝐷𝐺
𝑝 > 0 such that, for every continuous local martingale (𝑋𝑡)𝑡∈[0,𝑇 ] null at 0,

we have 𝑐𝐵𝐷𝐺
𝑝

⃦⃦√︀
⟨𝑋⟩𝑇

⃦⃦
𝑝
≤

⃦⃦
sup𝑡∈[0,𝑇 ] |𝑋𝑡|

⃦⃦
𝑝
≤ 𝐶𝐵𝐷𝐺

𝑝

⃦⃦√︀
⟨𝑋⟩𝑇

⃦⃦
𝑝
.

In particular, if (𝐵𝑡) is an (ℱ𝑡)-standard Brownian motion and (𝐻𝑡)𝑡≥0 is an (ℱ𝑡)-progressively measurable
process having values in M𝑑,𝑞(R) such that

∫︀ 𝑇

0
‖𝐻𝑡‖2 𝑑𝑡 < +∞ P−𝑎.𝑠., then the 𝑑-dimensional local martingale∫︀ ·

0
𝐻𝑠𝑑𝐵𝑠 satisfies ⃦⃦⃦⃦

⃦ sup
𝑡∈[0,𝑇 ]

⃒⃒⃒⃒∫︁ 𝑡

0

𝐻𝑠𝑑𝐵𝑠

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤ 𝐶𝐵𝐷𝐺
𝑑,𝑝

⃦⃦⃦⃦
⃦⃦
√︃∫︁ 𝑇

0

‖𝐻𝑡‖2 𝑑𝑡

⃦⃦⃦⃦
⃦⃦

𝑝

. (A.3)

Proof of Lemma 3.8. For every(︀
𝑋, (𝜇𝑡)𝑡∈[0,𝑇 ]

)︀
,
(︀
𝑌, (𝜈𝑡)𝑡∈[0,𝑇 ]

)︀
∈ 𝐿𝑝

𝒞([0,𝑇 ],R𝑑)

(︀
Ω,ℱ , (ℱ𝑡)𝑡≥0,P

)︀
× 𝒞

(︀
[0, 𝑇 ],𝒫𝑝(R𝑑)

)︀
,

for every 𝑡 ∈ [0, 𝑇 ], we have⃦⃦⃦⃦
⃦ sup

𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑡

0

[︀
𝑏(𝑢,𝑋𝑢, 𝜇𝑢)− 𝑏(𝑢, 𝑌𝑢, 𝜈𝑢)

]︀
𝑑𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤
∫︁ 𝑡

0

‖𝑏(𝑢,𝑋𝑢, 𝜇𝑢)− 𝑏(𝑢, 𝑌𝑢, 𝜈𝑢)‖𝑝 𝑑𝑢 (by Lem. A.1)

≤
∫︁ 𝑡

0

⃦⃦
𝐿

[︀
|𝑋𝑢 − 𝑌𝑢|+𝒲𝑝(𝜇𝑢, 𝜈𝑢)

]︀⃦⃦
𝑝
𝑑𝑢 ≤ 𝐿

∫︁ 𝑡

0

[︀
‖𝑋𝑢 − 𝑌𝑢‖𝑝 + ‖𝒲𝑝(𝜇𝑢, 𝜈𝑢)‖𝑝

]︀
𝑑𝑢,

and
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⃦ sup

𝑠∈[0,𝑡]

⃒⃒⃒⃒∫︁ 𝑠

0

[︀
𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)

]︀
𝑑𝐵𝑢

⃒⃒⃒⃒⃦⃦⃦⃦
⃦

𝑝

≤ 𝐶𝐵𝐷𝐺
𝑑,𝑝

⃦⃦⃦⃦
⃦⃦
√︃∫︁ 𝑡

0

|||𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)|||2𝑑𝑢

⃦⃦⃦⃦
⃦⃦

𝑝

(by Lem. A.2)

≤ 𝐶𝐵𝐷𝐺
𝑑,𝑝

⃦⃦⃦⃦∫︁ 𝑡

0

|||𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)|||2𝑑𝑢
⃦⃦⃦⃦ 1

2

𝑝
2

(since
⃦⃦
⃦
√

𝑈
⃦⃦
⃦

𝑝
=
[︀
E𝑈

𝑝
2
]︀ 2

𝑝
× 1

2 = ‖𝑈‖
1
2
𝑝
2
, when 𝑈 ≥ 0)

≤ 𝐶𝐵𝐷𝐺
𝑑,𝑝

[︁ ∫︁ 𝑡

0

⃦⃦⃦
|||𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)|||2

⃦⃦⃦
𝑝
2

𝑑𝑢
]︁ 1

2

≤ 𝐶𝐵𝐷𝐺
𝑑,𝑝

[︁ ∫︁ 𝑡

0

⃦⃦
|||𝜎(𝑢,𝑋𝑢, 𝜇𝑢)− 𝜎(𝑢, 𝑌𝑢, 𝜈𝑢)|||

⃦⃦2

𝑝
𝑑𝑢

]︁ 1
2 (︀

since
⃦⃦⃦
|𝑈 |2

⃦⃦⃦
𝑝
2

=
[︁(︀

E |𝑈 |𝑝
)︀ 1

𝑝

]︁2

= ‖𝑈‖2𝑝
)︀

≤
√

2𝐶𝐵𝐷𝐺
𝑑,𝑝 𝐿

[︁ ∫︁ 𝑡

0

[︀
‖𝑋𝑢 − 𝑌𝑢‖2𝑝 + ‖𝒲𝑝(𝜇𝑢, 𝜈𝑢)‖2𝑝

]︀
𝑑𝑢

]︁ 1
2
.

Then we can conclude the proof by setting 𝐶𝑑,𝑝,𝐿 =
√

2𝐶𝐵𝐷𝐺
𝑑,𝑝 𝐿. �

Appendix B. Organisation of different numerical schemes and pseudo-code

Algorithm 2: Recursive quantization scheme (without Lloyd’s algorithm integrated)

Input: The quantization level 𝐾 ∈ N*.
Input: The quantizer sequence 𝑥(𝑚) = (𝑥(𝑚)

1 , . . . , 𝑥
(𝑚)
𝐾 ), 0 ≤ 𝑚 ≤𝑀 .

/* Compute the weight vector 𝑝(0) = (𝑝(0)
1 , . . . , 𝑝

(0)
𝐾 ) for time 𝑡0 = 0. */

for 𝑘 in {1, . . . ,𝐾} do

𝑝
(0)
𝑘 = 𝜇0

(︀
𝑉𝑘(𝑥(0))

)︀
.

/* Compute the weight vector 𝑝(𝑚+1) = (𝑝(𝑚+1)
1 , . . . , 𝑝

(𝑚+1)
𝐾 ) for time 𝑡𝑚+1 from 𝑥(𝑚) and 𝑝(𝑚).

*/
for 𝑚 in {0, . . . ,𝑀 − 1} do

for 𝑗 in {1, . . . ,𝐾} do

for 𝑖 in {1, . . . ,𝐾} do
Set ̃︀𝜇 𝑖

𝑡𝑚+1
= 𝒩

(︁
𝑥

(𝑚)
𝑖 +ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ),

ℎ
[︁ 𝐾∑︁

𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︁⊤[︁ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︁)︁
.

Compute the transition probability 𝜋𝑖𝑗 in (1.13) by 𝜋𝑖𝑗 = ̃︀𝜇 𝑖
𝑡𝑚+1

(︀
𝑉𝑗(𝑥(𝑚+1))

)︀
.

Compute the weight 𝑝(𝑚+1)
𝑗 in (1.14) by 𝑝(𝑚+1)

𝑗 =
∑︀𝐾

𝑖=1 𝜋𝑖𝑗 · 𝑝(𝑚)
𝑖 .

Output: The discrete probability distributions ̂︀𝜇𝑡𝑚 =
∑︀𝐾

𝑘=1 𝑝
(𝑚)
𝑘 𝛿

𝑥
(𝑚)
𝑘

, 0 ≤ 𝑚 ≤𝑀.
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Figure B.1. The organisation of different numerical schemes in this paper.
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Algorithm 3: Recursive quantization scheme (with Lloyd’s algorithm integrated)

Input: The quantization level 𝐾 ∈ N*.
Input: The Lloyd’s iteration number 𝐿 ∈ N*.
Input: The initial quantizer sequence 𝑥(𝑚,[0]) = (𝑥(𝑚,[0])

1 , ..., 𝑥
(𝑚,[0])
𝐾 ), 0 ≤ 𝑚 ≤𝑀 .

/* Compute an optimal quantizer 𝑥(0) =(𝑥(0)
1 ,..., 𝑥

(0)
𝐾 ) for 𝜇0 by using Lloyd’s algorithm. */

for 𝑙 in {0, ..., 𝐿− 1} do

for 𝑘 in {1, ...,𝐾} do

𝑥
(0,[𝑙+1])
𝑘 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝑥

(0,[𝑙])
𝑘 , if 𝜇0

(︀
𝑉𝑘(𝑥(0,[𝑙]))

)︀
= 0,∫︀

𝑉𝑘(𝑥(0,[𝑙]))
𝜉𝜇0(𝑑𝜉)

𝜇0

(︀
𝑉𝑘(𝑥(0,[𝑙]))

)︀ , otherwise.

/* Compute the weight vector 𝑝(0) = (𝑝(0)
1 , ..., 𝑝

(0)
𝐾 ) for time 𝑡0 = 0. */

Set (𝑥(0)
1 , ..., 𝑥

(0)
𝐾 ) = (𝑥(0,[𝐿])

1 , ..., 𝑥
(0,[𝐿])
𝐾 ).

for 𝑘 in {1, ...,𝐾} do

𝑝
(0)
𝑘 = 𝜇0

(︀
𝑉𝑘(𝑥(0))

)︀
.

/* Compute the weight vector 𝑝(𝑚+1) = (𝑝(𝑚+1)
1 , ..., 𝑝

(𝑚+1)
𝐾 ) for time 𝑡𝑚+1. */

for 𝑚 in {0, ...,𝑀 − 1} do

/* Compute an optimal quantizer 𝑥(𝑚+1) =(𝑥(𝑚+1)
1 ,..., 𝑥

(𝑚+1)
𝐾 ) by using Lloyd’s algorithm.

*/

for 𝑖 in {1, ...,𝐾} do
Set ̃︀𝜇 𝑖

𝑡𝑚+1
= 𝒩

(︁
𝑥

(𝑚)
𝑖 +ℎ

𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝛽(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 ),

ℎ
[︁ 𝐾∑︁

𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︁⊤[︁ 𝐾∑︁
𝑘=1

𝑝
(𝑚)
𝑘 𝑎(𝑡𝑚, 𝑥

(𝑚)
𝑖 , 𝑥

(𝑚)
𝑘 )

]︁)︁
.

for 𝑙 in {0, ..., 𝐿− 1} do

for 𝑗 in {1, ...,𝐾} do

𝑥
(𝑚+1,[𝑙+1])
𝑗 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑥

(𝑚+1,[𝑙])
𝑗 , if

∑︀𝐾
𝑖=1 ̃︀𝜇 𝑖

𝑡𝑚+1

(︀
𝑉𝑗(𝑥(𝑚+1,[𝑙]))

)︀
· 𝑝(𝑚)

𝑖 = 0,

∑︀𝐾
𝑖=1

(︀ ∫︀
𝑉𝑗(𝑥(𝑚+1,[𝑙]))

𝜉̃︀𝜇 𝑖
𝑡𝑚+1

(𝑑𝜉)
)︀
· 𝑝(𝑚)

𝑖∑︀𝐾
𝑖=1 ̃︀𝜇 𝑖

𝑡𝑚+1

(︀
𝑉𝑗(𝑥(𝑚+1,[𝑙]))

)︀
· 𝑝(𝑚)

𝑖

, otherwise.

Set (𝑥(𝑚+1)
1 , ..., 𝑥

(𝑚)
𝐾 ) = (𝑥(𝑚+1,[𝐿])

1 , ..., 𝑥
(𝑚+1,[𝐿])
𝐾 ).

/* Compute the weight vector 𝑝(𝑚+1) = (𝑝(𝑚+1)
1 , ..., 𝑝

(𝑚+1)
𝐾 ) from 𝑥(𝑚), 𝑥(𝑚+1) and 𝑝(𝑚). */

for 𝑗 in {1, ...,𝐾} do

for 𝑖 in {1, ...,𝐾} do

Compute the transition probability 𝜋𝑖𝑗 in (1.13) by 𝜋𝑖𝑗 = ̃︀𝜇 𝑖
𝑡𝑚+1

(︀
𝑉𝑗(𝑥(𝑚+1))

)︀
.

Compute the weight 𝑝(𝑚+1)
𝑗 in (1.14) by 𝑝(𝑚+1)

𝑗 =
∑︀𝐾

𝑖=1 𝜋𝑖𝑗 · 𝑝(𝑚)
𝑖 .

Output: The discrete probability distributions ̂︀𝜇𝑡𝑚 =
∑︀𝐾

𝑘=1 𝑝
(𝑚)
𝑘 𝛿

𝑥
(𝑚)
𝑘

, 0 ≤ 𝑚 ≤𝑀.
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Algorithm 4: Hybrid particle-quantization method (without Lloyd’s algorithm integrated)

Input: The quantization level 𝐾 ∈ N*.
Input: The quantizer sequence 𝑥(𝑚) = (𝑥(𝑚)

1 , . . . , 𝑥
(𝑚)
𝐾 ), 0 ≤ 𝑚 ≤𝑀 .

Generate ̃︀𝑋𝑛,𝑁
𝑡0

i.i.d∼ 𝑋0 and 𝑍𝑛
𝑚

i.i.d∼ 𝒩 (0, I𝑞), 1 ≤ 𝑛 ≤ 𝑁, 1 ≤ 𝑚 ≤𝑀 .

for 𝑚 in {0, . . . ,𝑀 − 1} do

Compute ̂︀𝜇𝐾
𝑡𝑚

=
∑︀𝐾

𝑘=1

[︀
𝛿
𝑥
(𝑚)
𝑘

·
∑︀𝑁

𝑛=1 1𝑉𝑘(𝑥(𝑚))( ̃︀𝑋𝑛,𝑁
𝑡𝑚

)
]︀
.

for 𝑛 in {1, . . . , 𝑁} do

Compute ̃︀𝑋𝑛,𝑁
𝑡𝑚+1

= ̃︀𝑋𝑛,𝑁
𝑡𝑚

+ ℎ · 𝑏(𝑡𝑚, ̃︀𝑋𝑛,𝑁
𝑡𝑚

, ̂︀𝜇𝐾
𝑡𝑚

) +
√
ℎ𝜎(𝑡𝑚, ̃︀𝑋𝑛,𝑁

𝑡𝑚
, ̂︀𝜇𝐾

𝑡𝑚
)𝑍𝑛

𝑚+1.

Output: The discrete probability distributions ̂︀𝜇𝐾
𝑡𝑚

=
∑︀𝐾

𝑘=1

[︀
𝛿
𝑥
(𝑚)
𝑘

·
∑︀𝑁

𝑛=11𝑉𝑘(𝑥(𝑚))( ̃︀𝑋𝑛,𝑁
𝑡𝑚

)
]︀
, 0≤𝑚≤𝑀.

Algorithm 5: Hybrid particle-quantization method (with Lloyd’s algorithm integrated)

Input: The quantization level 𝐾 ∈ N*.
Input: The Lloyd’s iteration number 𝐿 ∈ N*.
Input: The initial quantizer sequence 𝑥(𝑚,[0]) = (𝑥

(𝑚,[0])
1 , . . . , 𝑥

(𝑚,[0])
𝐾 ), 0 ≤ 𝑚 ≤ 𝑀 .

Generate ̃︀𝑋𝑛,𝑁
𝑡0

i.i.d∼ 𝑋0 and 𝑍𝑛
𝑚

i.i.d∼ 𝒩 (0, I𝑞), 1 ≤ 𝑛 ≤ 𝑁, 1 ≤ 𝑚 ≤ 𝑀 .

/* Compute an optimal quantizer 𝑥(0) =(𝑥
(0)
1 ,. . . , 𝑥

(0)
𝐾 ) for 𝜇0 by using Lloyd’s algorithm. */

for 𝑙 in {0, . . . , 𝐿− 1} do

for 𝑘 in {1, . . . , 𝐾} do

𝑥
(0,[𝑙+1])
𝑘 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

𝑥
(0,[𝑙])
𝑘 , if 𝜇0

(︀
𝑉𝑘(𝑥(0,[𝑙]))

)︀
= 0,

∫︀
𝑉𝑘(𝑥(0,[𝑙]))

𝜉𝜇0(𝑑𝜉)

𝜇0

(︀
𝑉𝑘(𝑥(0,[𝑙]))

)︀ , otherwise.

Set (𝑥
(0)
1 , . . . , 𝑥

(0)
𝐾 ) = (𝑥

(0,[𝐿])
1 , . . . , 𝑥

(0,[𝐿])
𝐾 ).

for 𝑚 in {0, . . . , 𝑀 − 1} do

Compute ̂︀𝜇𝐾
𝑡𝑚

=
∑︀𝐾

𝑘=1

[︀
𝛿

𝑥
(𝑚)
𝑘

·
∑︀𝑁

𝑛=1 1𝑉𝑘(𝑥(𝑚))(
̃︀𝑋𝑛,𝑁

𝑡𝑚
)
]︀
.

for 𝑛 in {1, . . . , 𝑁} do

Compute ̃︀𝑋𝑛,𝑁
𝑡𝑚+1

= ̃︀𝑋𝑛,𝑁
𝑡𝑚

+ ℎ · 𝑏(𝑡𝑚, ̃︀𝑋𝑛,𝑁
𝑡𝑚

, ̂︀𝜇𝐾
𝑡𝑚

) +
√

ℎ 𝜎(𝑡𝑚, ̃︀𝑋𝑛,𝑁
𝑡𝑚

, ̂︀𝜇𝐾
𝑡𝑚

)𝑍𝑛
𝑚+1.

/* Compute an optimal quantizer 𝑥(𝑚+1) =(𝑥
(𝑚+1)
1 ,. . . , 𝑥

(𝑚+1)
𝐾 ) by using Lloyd’s algorithm. */

for 𝑙 in {1, . . . , 𝐿} do

for 𝑘 in {1, . . . , 𝐾} do

𝑥
(𝑚+1,[𝑙+1])
𝑘 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

𝑥
(𝑚+1,[𝑙])
𝑘 , if

∑︀𝑁
𝑛=1 1𝑉𝑘(𝑥(𝑚+1,[𝑙]))(

̃︀𝑋𝑛,𝑁
𝑡𝑚+1

) = 0,

∑︀𝑁
𝑛=1

̃︀𝑋𝑛,𝑁
𝑡𝑚+1

1𝑉𝑘(𝑥(𝑚+1,[𝑙]))(
̃︀𝑋𝑛,𝑁

𝑡𝑚+1
)

∑︀𝑁
𝑛=1 1𝑉𝑘(𝑥(𝑚+1,[𝑙]))(

̃︀𝑋𝑛,𝑁
𝑡𝑚+1

)
, otherwise.

Set (𝑥
(𝑚+1)
1 , . . . , 𝑥

(𝑚)
𝐾 ) = (𝑥

(𝑚+1,[𝐿])
1 , . . . , 𝑥

(𝑚+1,[𝐿])
𝐾 ).

Output: The discrete probability distributions ̂︀𝜇𝐾
𝑡𝑚

=
∑︀𝐾

𝑘=1

[︀
𝛿

𝑥
(𝑚)
𝑘

·
∑︀𝑁

𝑛=11𝑉𝑘(𝑥(𝑚))(
̃︀𝑋𝑛,𝑁

𝑡𝑚
)
]︀
, 0≤𝑚≤𝑀.
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