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DISCRETE QUANTUM HARMONIC OSCILLATOR AND KRAVCHUK
TRANSFORM*

QUENTIN CHAULEUR! AND ERWAN FAQU?**

Abstract. We consider a particular discretization of the harmonic oscillator which admits an or-
thogonal basis of eigenfunctions called Kravchuk functions possessing appealing properties from the
numerical point of view. We analytically prove the almost second-order convergence of these discrete
functions towards Hermite functions, uniformly for large numbers of modes. We then describe an effi-
cient way to simulate these eigenfunctions and the corresponding transformation. We finally show some
numerical experiments corroborating our different results.
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1. INTRODUCTION

Let us consider the harmonic oscillator operator, for z € R?,
H=—-A+|z% (1)

We are interested in discretizing this operator on a uniform grid hZ¢ where h > 0 denotes the stepsize of the
grid. The harmonic oscillator appears in a lot of natural contexts, in particular as a fundamental model in
quantum mechanics, and its well-known spectral properties in the whole space R? make it a primary example
of unbounded operators on Hilbert spaces.

Hermite functions are eigenfunctions of the operator H. They are given by the expressions, for d = 1,

1 _2?
m@ 2 Hn(l‘), n > O7 (2)

where H,,(z) are the Hermite polynomials defined by the relation

n(z) =

Hpt1(z) =22H,(z) — 2nH,_1(x), Hp=1, (3)
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with H,, = 0 for n < 0. The set {1, }nen forms a basis of L?(R) satisfying the relation

Vn,meN, / U (2) Y (x)dz = 0y,
R
where ), ,, denotes the Kronecker symbol, and

Hipy = (20 + 1)1y,

Any function of L?(R) can thus be written

f= et el = [ S@hin(a)da, (4)

n>0

and we can generalize these properties to any dimension d by tensorization. The Hermite functions can also be
expressed using the raising an lowering operators

L=0,+x, and R=-0,+=x

for which we have (Lf, g)r2®) = (f, Rg)2(w) for any functions f ang g, and

1
H = §(RL+LR)a Lipp, = v2n1,_1, and R, =V2n+2¢,41.

The discretization of the operator H poses the question of the transfer of the previous properties to discrete
operators in a global perspective of geometric numerical integration or for robustness and stability arguments.
For example the use of discrete Fourier transform will induce naturally a truncation on a large grid which has
in general serious drawbacks. The same phenomenon appears in the classical discretization by finite differences.
Also, the eigenvalues of the operator will be distorted in ways that are difficult to estimate, see for instance
[4,14]. Tt is also not clear at all if the natural hierarchy given by the operators L and R is preserved by space
discretization.

Another option would be to use spectral methods and Gauss-Hermite quadrature, but the computations of the
roots of Hermite polynomials as well as the associated quadrature weights appears to be quite computationally
expensive in practice [6,12], and moreover, the solution is not evaluated on a standard regular grid hZ making
delicate the possible combination with other type of operator discretization.

The goal of this paper is to revitalize, amongst all possible discretizations by finite differences, the operator
and functions associated with the Kravchuk polynomials, named after the Ukrainian mathematician Mikhailo
Pylypovych Kravchuk!. These polynomials are well documented in the existing literature, see in particular
[11], and they appear in discrete quantum mechanics [9], digital signal processing [13], and coding theory [§],
or probability in the context of multinomial distribution [5]. However, to the best of the authors knowledge,
none of these properties has yet been exploited in the context of numerical analysis of quantum systems, while
several important features make them a priori very appealing and worth deserving more elaborate studies. Let
us summarize the main advantages of the Kravchuk functions denotes by ¢,, ;, and defined on a regular grid hZ
for h > 0:

— They diagonalize on a regular grid a discrete tridiagonal operator Hj, similar to the classical order 2 finite
difference scheme.

INote that a writing difference subsists in the literature between “Kravchuk” or “Krawtchouk” polynomials, which both refer
to the same mathematical object. We adopt in this paper the transcription “Kravchuk” as commonly employed in most physical
contexts, contrary to the transliteration “Krawtchouk” he may have used when writing in french, which seems to be mostly adopted
in the combinatorics and probabilistic literature.
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— The eigenvalue associated with the Kravchuk functions are ezactly the one of the Harmonic oscillator:
Hppnp = (2n + 1)@, . This isospectral diagonalization, which is usually a feature reserved to spectral
methods, is very promising in particular in the numerical approximation of nonlinear evolution equations of
Schrédinger form where discrete resonances are essential.

— The Kravchuk functions form an orthonormal set defined on a discrete finite grid for the standard discrete
scalar product.

— They uniformly approximate Hermite functions when h — 0, and thus the Hermite coefficients. This result
(stated in a precise way in Theorem 2.2 below) is one of the main novelty of this work, and gives convergence
estimates uniform with respect to the level of the mode in the asymptotic limit, and in the appropriate
function space associated with the domain of the harmonic oscillator.

— Finally, the computation of the Kravchuk coefficients corresponding to the Hermite coefficients (the Kravchuk
transform) can be reduced to the multiplication by the exponential of a skew hermitian tridiagonal matrix.

Each of these point would deserve complete numerical and analytical study, but we believe that the use of
these polynomials could be particularly appealing in nonlinear situations, for ground states computing, or for
equations coupled with operators naturally defined on regular grid. As a very first example of result, we consider
in Section 6 the discretization of the time dependent Schrodinger equation

10y = Hp

by the Kravchuk operator, and we obtain a global convergence in time as an immediate consequence of the
isospectral nature of the discretization and our uniform bounds. In Theorem 6.2 we show that if f is a given
smooth function, and v (t,z) = e~ f, then we can construct a solution 1y, (¢) to the equation

0y, = Hyty, ()
such that
[mntp(t, ) = Un(t, )l nzy < €(h)

where 7, is the projection on the grid hZ, and where e(h) — 0 in a way depending on the smoothness of f,
but where this estimate holds uniformly in time. We also note that the solution of (5) can be obtained by the
computation of the exponential of a skew-hermitian tridiagonal matrix, which can be easily done by using Padé
approximations, see for instance [10]. A complete numerical study of these advantages would be the subject of
further works.

2. MAIN RESULTS

Let N € N* be an even integer and h = v2N ~2. We define the scaled Kravchuk polynomials by the relation

n—1

knsrn(z) = 20kn p(z) — 2n (1 - h2( )) kno1n(@), ko =1, (6)

with the convention k, » = 0 for n < 0 (we will moreover prove that k, , = 0 for n > N). We denote the finite
set 11
Ay, =hZN|——, = 7
h |: h7 ]’L:| 9 ( )
and we consider the discrete Hilbert space £2(hZ) defined through the norm
|‘U||?2(hz) =h Z |u(a)|2
a€hZ

induced by the scalar product

(U, v)2(nzy = h Z u(a)v(a)

a€hZ
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for u, v : hZ — C. We define the Kravchuk functions, for a € hZ,

Pn,n(@) = o nknn(a)y/pn(a) (8)
where, with Nh? =2 and k = % + ¢ for a € Ay,
1 L1+ %) 1 (N)
a) = = 9
PO A T+ &+ DI+ & =) 2Y \ )

with the I' function satisfying I'(1 + n) = n!, and pp(a) = 0 for a ¢ Ay, and

1 F(l + hZ *TL
o 1/ 10
e | T+ &) Nin! (10)

We define the following discrete operator: for all a € Aj, and u € (?(hZ),

Hyu(a) = h12 T+ ah + 72 = ahjula + h)
— V(L= ah + 21+ ah)u(a — 1) + (1+ §2> u(a), (11)

and the lowering and raising operators

1 1
Lo pu(a) = (nh— = 4a ) ula) + —/(1 — ah)(1 + ah + h2)u(a + h),
) = (= ) o)+ »

R, pu(a) = <nh — % + a> u(a) + %\/(1 + ah)(1 —ah+ h?)u(a — h)

and Hp(a) = L,f(a) = Ryu(a) = 0 for a € hZ\Ap. Then we have the following result, which gathers and
rephrases informations that can be found in [11,15].

Theorem 2.1. We have for all h such that N = % eN* and all0 <n,m <N,

thon’h = (2n + ]-)SDn,h
(On,hs @mn)e2(hZ) = Onm

13
Ly honn = /n(2—nh?+ h2)p,_14 (13)
Rn,h‘Pn,h = \/(2 — nh2)(n + 1)80n+1,h-
and the operator relations
(R nt, v)2(hz) = (U, L, w0) e2(nz) 5 (14)

2(Ru—1hLnh + Log1,pBup) = (1 — ah — nh?)Hy + ((2n + 1)ah + (n + 1)nh?) Id.

We give a complete proof of this result (up to some calculations that are left to the reader) in order to make
the paper as self contained as possible.

The second result concerns the approximation of the Hermite function and Hermite operator by the Kravchuk
functions. We introduce the natural projection from H(R) to ¢?(hZ) defined by

(mnf)(a) = f(a),

as f has a continuous representative, and we introduce the weighted Sobolev spaces associated with the domain
of the Harmonic oscillator operator

SM(R) = {9 € L2(R) | [¥llsn@) = 1]l + I1{2)" ¢l L2(r) < 00}
for n > 0, with (z)? =1+ 22



DISCRETE QUANTUM HARMONIC OSCILLATOR AND KRAVCHUK TRANSFORM 2159
Theorem 2.2. We have the following error estimates:
(i) There exists constants C and Ny such that for all N > Ny and h = V2N ~2, and for all g € $5(R), we have

Imn 0 Hg — Hy o mugll o ) < CH oy

(ii) For all § € (0,1) and o > 0, there exists constants C' and Ng such that for all N > Ny and h = 2N~ 2,

1 2
(a)? (ph(a) - —e ) < Ch?79, (15)
VT ©2(hz)
and the uniform estimate
1 , _
Vi< golloghl, ) (onn = mnthn) s ugy < CH2 (16)

The previous proposition shows that for asymptotically large modes n < |loghl, the Hermite coefficients?
en(f) = (f,¥n) 2 are well approximated by the discrete Kravchuck coefficients

nn(f) = (Tnfnn)emzy =h Y enla)f(a).
a€Ap

Our last result, which was already noted in [2], shows that these coefficients can be calculated at a cost
equivalent to the evaluation of the exponential of a unitary tridiagonal matrix of size N:

Theorem 2.3. Let N € N*, h = \@N_%, and for k € {0,..., N}, let us set

On(k) = ppnla), a= —% + hk.

Then we have

Then we have

L=e" T De=FAD* (18)
with
1 (0) N+1 —p (0)
etz
D= o oand A= | A NI , (19)
= . —fOn
(0) s (0) —fBn N +1

where for all1 <k < N

Br = \/k(N—k—i-l).
Note that in practice the matrix-vector multiplication by the exponential of a unitary tridiagonal matrix, can
be easily done by using Padé approximations [10]. The complete analysis of this transform from the numerical
point of view, as well as combination with highly oscillatory situations, will be the subject of further studies.

2We conjecture that the condition n < |logh| can be replaced by n < h=% but this would require a subtle analysis of the
asymptotics of the Kravchuk functions, yet to be performed.
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3. DISCRETE ORTHOGONAL KRAVCHUK POLYNOMIALS

In this section, we give some fundamental properties of the discrete difference theory in order to introduce
the Kravchuk polynomials. Some of the statements we give in the following are also proven for a larger class of
discrete orthogonal polynomials in the book of A.F. Nikiforov, S.K. Suslov and V.B. Uvarov [11], however they
use there an heavier formalism that we try to avoid here for clearness and conciseness purposes. In particular,
the difference equation (28) accounts for equation (2.1.11) in Section 2.1.4 of [11] and the recurrence relation
(35) for equation (2.5.5) in Section 2.5.2 of [11]. Note that Proposition 3.7, which will be useful to introduce the
Kravchuk transform in Section 7, is not established in [11], as well as the various properties of the Kravchuk
functions given below.

We first introduce some notations. Recall that in the following, N € N* and h are linked by the formula
h=+2N"%, and we write Xy = {0,..., N}. We define the application 7, : Xy — Aj (see (7)) by the formula

Th(k;):h<k—];7):h<k—h12>-

We also define the binomial distribution function on the grid Xy

1 (N 1 N!
16 =5 (i) - v -

and we extend this function to Z by setting II(k) = 0 for k£ ¢ X . The Kravchuk polynomials we consider above

are of the form
1 —1

1
d—Kn(Th (a),N), with T{l(a) a

an,hkn,h(a) = = ﬁ + E’

where K, (k,N), n=0,...,N are the standard Kravchuk polynomials, and where the constant d,, is equal to

1 N!
_ 1 21
dn 20\ nl(N —n)!’ 1)
so that
1
kn,h(a) = Kn(Th_l(a)a N) = thHR!Kn(Th_l(a), N) (22)

Qo hdn

)

We describe now the properties of the Kravchuk polynomials K, (k, N).

3.1. Discrete difference operators

Let us recall some classical properties of difference operators. We give only some hints for the proof which
are essentially based on polynomial and difference calculus that are mostly left to the reader.
Let f : Z — C, we define the operators D, and D_ from C% to C? by the formula

Dif(k)=f(k+1)— f(k), and D_f(k)= f(k)— f(k—1).
They satisfy the following properties, for k € Z, and f, g € CZ,

D f(k) = D_f(k+1),
D.D_f(k) = D_Dy f(k) = f(k+ 1)+ f(k — 1) — 2f (),
D [£(k)g(k)] = F(R)D . g(k) + gk + 1)D.y £(F),
D_ [£(k)g(k)] = f(k — YD_g(k) + g(k)D_ £ (k).



DISCRETE QUANTUM HARMONIC OSCILLATOR AND KRAVCHUK TRANSFORM 2161

We can also prove the discrete Leibniz rule

n

D [F Rk = 3 @ DI F(R)D" T g(k + ). (23)

=0

where D"} is the n-th composition of the operator D . This formula can be proved by induction using the previous
relation for the derivative of products, and the Pascal formula for the binomial coefficients. The following result
is also easy to prove:

Proposition 3.1. Let P : Z — C be a polynomial of order n. Then Dy P and D_P are polynomials of order
n—1 or less.

Eventually, the binomial distribution (20) satisfies the following property (called Pearson equation, see [11]):
VkeZ, D, (KIL(k)) = (N — 2k)II(k). (24)
3.2. Kravchuk polynomials
The Kravchuk polynomials (see [15]) are given by the following formula: for all k € Xy,
1 « N —k
- )i 9
=52 G) &
7=0
where (l;) =k(k-1)...(k—j+1)/j! for k> j>1 and (IS) = 1. Note that K,,(k, N) can be seen as the n-th

coefficient of the polynomial

Fun(X) = (1 + i)k (1 - ;()Nk - f: Kn(k, N)X". (26)

n=0

Proposition 3.2. For a polynomial P € R[X], we denote by lc(P) € R its leading coefficient. Then, for all
0<n<N, K,(-,N) is a polynomial of degree n, with leading coefficient

Proof. The proof directly comes from the fact that for all 0 < j <k,

P;(k) = (k> :%k(kfl)...(k—j+1)

J J:

is a polynomial of degree j in k with leading coefficient 1/5!, and

N~k 1 .
Q;(k) == (n_j) = N RO k=) (N k=g 1)

is a polynomial of degree n — j in k, with leading coefficient (—1)"~7/(n — j)!. Then we have
1 n o 1 n 1 1
le(Kn) = o= > (—=1)"le(P))le(Q;) = o Z Al

_ |
2”]:0 — Jl(n Ot nl

which gives the result. (I
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For instance, the first polynomials are given by

N,  NN-1)

N 1
Ko(k, N) =1, Ki(k,N) =k— - and Kz(k,N):§k2—5k+

Directly from the explicit formula (25), we can prove the following:

Proposition 3.3. For all k,n € {0,...,N},
Kn (N = k) = (=1)" Ky (k),

Finally, the polynomials K, (-, N) satisfy the following difference equation:

N
n

Proposition 3.4. For all k,n € {0,...,N}, K, (-, N) satisfies the equation
kD, D_ K, (k) + (N — 2k)D Ko (k) = —2nK, (k).
Proof. We only give the main points. First this equation is equivalent to
(N-K)K,(k+1)— (N -2n)K, (k) + kK,(k—1) =0
for all 0 < k < N. Differentiating equation (26) with respect to X, we get that

N+1-k

k
Frnr(X) = =5 B v (X) + 5

Fi n(X).
We evaluate the coefficients of the monomial X" in the previous expression, and we find
(n+ DKy (k, N +1) = _gKn(k 1N+ N%HKR(IC, N).
On the other hand, using the definition of the polynomials, we have
Ko(k+1,N+1)=K,(k,N)— %Kn,l(k,N).
Shifting N to N — 1 into this last expression, we have
K,(k+1,N)=K,(k,N—1)— %Kn_l(k,N —1).
In the same way, we get that
Kok, N +1) = Kn(k, N — 1) + %Kn_l(k,N),
so shifting N to N — 1 we obtain
Kok, N) = Kn(k, N — 1) + %Kn_l(k:, N1
Substracting equation (30) to equation (31), we get that

Kn(k,N) = Kp(k+1,N) = Kn_(k, N — 1).

8

(27)

(28)

(29)

(31)

(32)
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Finally, going back to equation (29), shifting n to n — 1, N to N — 1 and multiplying by 2, we have
2nK,(k,N)— (N —k)K,—1(k,N = 1)+ kK, 1(k—1,N—-1) =0,
so using equation (32) for both K,,_1 we get that
2K, (k,N) — (N — k) (K,,(k,N) — K,(k+1,N)) + k (K, (k—1,N) — K,(k,N)) =0.
Simplifying this equation, we get the result. O

Using (24) we get the following Sturm-Liouville difference equation. From now on we will often omit the N in
the notation for the Kravchuk polynomial, and write K, (k) = K, (k, N).

Corollary 3.5. For all0 <n < N, K, satisfies the equation
Dy, [FI1(6)D_ Ky (k)] = 20T1(k) Ko (k). (33)

Proof. We multiply equation (28) by II(k) and we use the Pearson equation (24), so that

KIL(E)DyD_K, (k) + (N = 2k)II(k)D+ K, (k) — A K (R)II(K)
= kII(k)D:D_K,, (k) + D_K, (k 4+ 1)D [KII(k)] — A\, K, (R)IL(k)
=D, [kII(k)D_K, (k)] — A\ K, (K)II(k) = 0.
O
We also have the following orthogonality property:
Proposition 3.6. For 0 <n,m < N, we have
N
> Ko (k) K (k)IL(k) = 63 md, (34)
k=0
with the normalization constant d,, given by (21).
Proof. The proof consists in expanding the relation
(903 (3 D] (2
using (26). O

The following formula will explain the specific form of the Kravchuk transform:

Proposition 3.7. For0 <n,m < N,

iQkKk(n)Km(k)eM = 2% e e K, (n, N).
Proof. The proof consists in expanding the relation
M= =
= (L+49)"(1—9)N " (1 - 1)2()” (1 — if)N_n,

by using the definition of the Kravchuk polynomials. O
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We finally give the three-term recurrence relation for the Kravchuk polynomials:

Proposition 3.8. For alln € N* and for k € Xy, we have

N

(n+1)Kni1(k) = (k - ) Kok - Y =nt!

1 Kp-1(k). (35)

2
Proof. We denote by a,, and b,, the leading coefficients in the expansion
Ku(k) = apk™ + b, k"t + ...,
and we have (see for instance [11, p. 44])

N

1
T I T— -
“ an 2(n — 1)

n!

Let us now remark that

n

deg (Kn+1 _ ot kKn> <n

This shows that

K1 — aZHkK ZClKla
1=0

and by taking the weighted discrete scalar products with weight II(k) and using (34), we can prove that ¢; = 0
for I <n —1 as deg(kK;) < n. We obtain a relation of the form

kKn == anKn-‘rl + ﬁnKn + ’YnK’ﬂ—l’

whose coeflicients a.,, 3, and =, can be found by the formulas

_ G, _ bn bn+1 _ Ap—1 d721
Qp = ) ﬁn — T T T Tn = 2
Ap41 (075 Ap41 Qn dnfl
by standard computations, which gives the result. O

We are now going to prove the discrete counterpart of the classical Rodrigues formula for Kravchuk polyno-
mials; as it will be useful for the derivation of the lowering and raising operators. We first need to introduce
some notations and properties in the following lemma, which is a consequence of the formula for the discrete
derivative of products:

Lemma 3.9. Letn, m >0, and k € Z. We denote

IL,,, (k) = H(k + m) Hk‘—i—j K™ =D7K, and p{™ =2n—2m.

Then, for all k € Z, KT(Lm) satisfies the following Sturm-Liouville difference equation:
D, [kn,,L(k)D_Kgm)(k)} L, (B) K™ (k) = 0.
Proof. Differentiating equation (28), we get that

D [kD_ KM ()] + Dy [(V = 20) KD (k)] + MKV () =0,
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which simplifies in
kDyD_K\V(k) + (N — 2k —1)DL KV (k) + (A, — 2) KV (k) = 0.

(m)

Applying m times this computation, we can prove by induction that ¥m > 0, that K, satisfies the following

difference equation:
EDyD_K{™ (k) + (N — 2k — m)D K™ (k) + (A, — 2m) K™ (k) = 0.

We are now going to show that II,, satisfies a Pearson-type equation. In fact,

b

D [kIL, (k)] = (k+1)H(k+1+mﬁk+1+j) kH(k+m)

j=1

ﬁkﬂ [k+1+m)<k+1+m> k<k+m>]
:2% ﬁ(k+j) [(N—k—m)(kivm)_k<kivm)]

= (N - 2k )Ly, ().

(k+J)

.
I
-

We then just have to reproduce the computation of the proof of Corollary 3.5 to get the result. ([

Proposition 3.10. (Rodrigues formula). For k € Xy, we have

2”n'

K, (k) = “Up H 9. (36)

Proof. With the previous notations, it is a direct consequence of Lemma 3.9 to see that

1 it 1 i
T (k) K™ (k) = = 5D KL (R)D- K™ ()| = = 5D [Ty ()K" (k)|
Hm Hm

By induction we get that
1 ()
H., ( (n)> © RO W)

As K, is polynomial of degree n, K,(L”) = % is a constant, so we calculate directly,

n n—1
(6K (k) = D2 1,6) = S0 ey Tk - )] -
| Il

which gives the result. (I
Corollary 3.11. For alln € N and k € Xy,

2(n + 1) K1 (k) = (n + 2k — N)K,, (k) — kD_K, (k).
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Proof. With ¢, = (G2 by the Rodrigues formula, we have that

2npl o
K1 (k)I(k) = ¢ 1 D", 11 (k) = ¢t D™ [DyI0, 1 (k —1)].
Noticing that we can compute
n+1
DIl (k—1) =Dy | TI(k +n) H(k —1+j)| =Dy [k, (k)] = (N = 2k — n)I,(k),
j=1

we see that

K1 (R)I(k) = ¢ D2 (N = 2k — n)IL, (k)]
=1 D" H[(N — 2k — n)D_TL, (k) — 2D_TI,(k — 1)]
= ¢py1 (N =2k —n)D™ [IL, (k)] — 2nD™ " [II,, (k — 1)])

as we can prove easily by induction. Since

D_Kn(k) = KOk —1) = —% D11, (k — 1
we obtain . c
Kny1(k) = 2NN — 2k — n) K, (k) — Z“ D_K, (k)
which shows the result. O

3.3. Kravchuk functions

We now define the Kravchuk functions (¢y,),, such that for all k € Xy,
1
(k) = K () VIR, (37)
and ¢, (k) = 0 elsewhere. From (34) we immediately get that the sequence (¢, ), is orthogonal for the discrete

scalar product on X y:

Proposition 3.12. For all0 <n,m < N,

N

(Gns dm)e2 @) = D In(k)dm (k) = Gnm.

k=0

Several properties of the Kravchuk polynomials can of course be easily passed to the Kravchuk functions and
we omit the proof of the following formulas:

Proposition 3.13. For all 0 < k,n < N,
(=1 n(k) = (=1)"dx(n);

and for all 0 <m,n < N,
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3.4. Kravchuk oscillator

As Hermite functions for the harmonic oscillator, Kravchuk functions are eigenfunctions for a particular
discrete operator denoted H, which also admits a ladder operator description that we explicit in the following.

Proposition 3.14. (Kravchuk oscillator on 7). We define the operator H for f € (*(Z) by
Hf(k) = /(k+ DN = k) f(k+1) + VEN —k+1)f (k —1) = Nf(k),
forke Xy, and Hf(k) =0 ifk ¢ Xn. Then
Hon = —2n¢,.
Proof. Tt comes directly from multiplying equation (28) by d;, 1\/1W , and noticing that formally

Ok) _ k10 M) _ N—-k+1
Ok+1) N-—Fk O(k—1) k

Proposition 3.15. (Lowering and raising operators).
We define the operators L and R acting on (*(Z) by

LI(R) = (k= N)f(k) + /(N = K)(k+ 1) f (k + 1),
Rf(k) = (k= N)f(k) + /BN =k +1)f (k= 1),
forke Xy, Lf(k)=Rf(k)=0ifk ¢ Xn, and we denote
L,=L+nld and R, =TR+nld,
for alln > 0. Then, for all0 < n < N, we have
Logn = V(N =n+Donor and Rudn = /(N =n)(n+ Dns1. (38)
In particular, for all 1 < n < N, we have
Ron-1Lntdn =n(N —n+1)¢, and Loy 1Rndn =n(N —n+1)d,.

Proof. We compute

dpnRndn(k) = (k+n — N)K,(k)/TI(k) + V/E(N — k + 1)K, (k — 1)/TI(k — 1)
= (k4 n— N)K,(k)VII(k) + k/TI(k) K,,(k — 1)
= (n+ 2k — N)K,, (k)\/TI(k) — /TI(k)kD_ K, (k)
= —2(n+ 1)K, 1(k)\/I1(k)

using Corollary 3.11, so

Ruha(K) = ~200+ )L (1) = IV = )00+ Do ()

The calculation for the operator £, is entirely similar. (Il
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Proposition 3.16. (Self-adjointness of H).
For all n > 0, the operators L,, and R, are adjoint, namely for all u, v € (*(Z),

<Rnu7 'U>22(Z) = <u7 ﬁnvﬂz(z).
In particular, the operator H is self-adjoint.

Proof. We compute

N N
(Rou,v) =Y (k= N +n)u(k)o(k) + > VEN =k + Du(k — 1)o(k).
k=0 k=0

In order to make the change of variable k — k + 1, we need to remark that the quantity

VE(N —k+1)=0when k=0
Vk+1)(N—k)=0when k=N

and
so we can rewrite the secund sum

N
> VENN =k + Du(k —
k=0

k(N — k + Lyu(k — 1)v(k)

1
M=

2
L

(& + 1)(N — kyu(k)o(k + 1)

M- 114

(k+ 1)(N — k)u(k)o(k +1).

ES
Il

0

The proof for H is a consequence of the factorization of H of the next proposition.

Proposition 3.17. (Factorization of H).
For all0 <n < N and k € Xy, we have

Rn-1Ln = (k+n—1— N)(H+nld) + nkld

and
LptiRy=(k+n+1—-N)(H+nld) + (nk+ N)Id,

and therefore
1
§(Rn—1£n + En—i—an)
N
=k+n—-N)(H-1)+ ((n+1)(k+n—N)+nk+2) Id.

Proof. We compute

LoiaRuf(k)=(k+n+1—-NR,f(k)+ /(N —k)(k+ 1)Ruf(k+1)

=(k+n+1—N)k+n—N)f(k)+ (k+n+1— N)WEN —k+ 1) f(k—

+(k+14+n—=N)V(N—=k)(k+1)f(k+1)4+ (N —k)(k+1)f(k)
=(k+n+1-N)(H+nld) f(
(

= (k+n+1—N)(H+nld) f(k) + (N +nk) f(k).

k) + (k+n+1—N)f(l<:)+(k+1)(N—

k)f (k)
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We compute R, —1L, f(k) the same way:

Ru-1Lnf(k)=(k+n—1—N)Lpf(k) +VE(N —k+ 1)L, f(k —
=(k+n—1-N)(k+n—N)f(k)+(k+n—1—-N)/(k+ k(N —k)f(k+1)
+(k+n—-1-N)/(N—k+Dkf(k+1)+ (N —k+1)kf(k)

= (k+n—1—N)(H+nld) f(k) + k(k+n+1—N)fk) + (k+1)(N — k) f(k)
= (k+n—1—N)(H+nld) f(k) +nkf(k),

and thus
1 N

_(kJrnN)(H1)+(n+1)(k+nN)Id+(nk+];[)1d.

3.5. Kravchuk functions and Kravchuk oscillator on hZ

Theorem 2.1 is now a consequence of the previous results, using (22). For instance, we get that for all n,
m >0,

Ry K Ko (15, (a)) pr(a) = 6y md?,

a€hZ

as we have py,(a) = +11(7; '(a)), see (9). We can also check that with formula (37), we have

1
on,n(a) = ﬁ
This directly gives that
hZQDnh Somh )—6n,m

a€hZ
Then we define for f € (2(hZ),
Hafla) = (CH4 DS o 7, (a),
nfla) =hLnf o, (0)7
n,hf(a’) =hR f OTh (a)?
and from the expression of these operators in variable a, we deduce (11) and (12), and Theorem 2.1 follows.
Eventually, Proposition 3.8 shows that for all n € N*, and for all a € hZ,

(0 DKo (734 (@)) = 5 Fon(77 (@) = (N =0+ D75 (@)

As kyp(a) = h"2"n!K, (7, *(a)), we calculate that for all n € N* and a € hZ,

—1
kny1,n = 2aknp, —2n (1 — h? (n 5 )> kn_1,n,

which is (6).



2170 Q. CHAULEUR AND E. FAOU

4. CONVERGENCE OF KRAVCHUK OSCILLATOR

We first show some inequalities between discrete and continuous Sobolev spaces, which will be needed for the
proof of Theorem 2.2.

Lemma 4.1. Let g € H(R), then w9 € (*(hZ) and
I7rglleznzy < 20|90l 1 w) (39)
as soon as h < v/2.

Proof. Let a = jh € hZ with j € Z. We take x € [a,a + h]. As g € H'(R), we can write that

(m9)(a) = o) — | " Ou9(y)dy,

so taking the square on this equation, and by Cauchy-Schwarz inequality and Young’s inequality for products,

we see that
at+h

mng(a)? < 2g(a)[? + 2(x — a) / 1029(y)|? dy.

a

Then, integrating (with respect to dz) between a and a + 1 and summing over a € hZ, we obtain that

BS Imgla)? <2 / lg(@)[2dz + h? / Dag()|? dy,

a€hZ

SO
1701122 nzy < 2090172 r) + h2\|9\|§'{1(R),

hence we get the results as soon as h < V2. O
Remark 4.2. Note that in our case, as h = y/2/N with N > 1, we always fulfill the condition h < V2.
We now state a lemma that will be useful in the proof of Theorem 2.2:

Lemma 4.3. Forall o, § € N and n such that a+ 0 < n—1, there exists C such that we have for all g € ¥™*(R)
with n € N*|

6’71029l e2(hz) < Cllgllsn (w)-

Proof. We first recall a classical lemma from functional analysis, whose complete proof can be found in [7] or
[3]: for all a, B € N such that a + 8 < n, we have

207 gll 2=y < Cllglls» @)
for some constant C' independent of g. It naturally follows that if « + 8 < mn — 1, then
12703 gl 1 m) < Cllgllsn@)- (40)

as
0y (2703 g) = B 059 + 2”05 g.

Combining the fact that
™ (zﬁﬁgg) = a'@ﬂ'hag‘g

with equation (40) and Lemma 4.1, we then get the result. O
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Proof of Theorem 2.2. Let g € ¥°(R) and a € hZ, we have

(mnHg)(a) = —g"(a) + a’g(a),

(¢" € H3(R) well admits a continuous representative), and

(Himng)(@) =~ /(LT ah + R2)(1— ahlg(a + h)

— U ah I+ abgla—h) + (1 + ;) 9(a)

ifa€e A, =hZnN [—%, ﬂ, and Hpmpg(a) = 0 elsewhere. We first compute that
(1F ah+h*)(1+£ah) =1+ h*(1 — a® + ah),

and we denote

R¥(a) —1+h2 (1 —a®£ah) — /1412 (1 - a £ ah)
for all @ € Ay, and Rif(a) := 0 elsewhere. We have
(Hpmng — mnH)(a) = ¢"(a) — Apg(a) — (a® — 1)g(a)
+ LR (a)g(a+ ) + = R (@)g(a — h)

h h
— (1 —a*+ah)gla—h)— (1 —a*—ah)g(a+h),
where
u(a+h) +u(a —h) —2u(a)

Apu(a) = 2

Hence, by a triangular inequality, we get that

|lmnHg — Hymngllez(nzy < S1+ Sa+ S3+ Sa + Ss,

with
St =hY" lg"(a) — Ang(a)la, ()],
a€hZ
a+h)+gla—h 2
—1 Y |(@ - 1 (st0) - LTI )]
a€hZ
2
2 gla+h)
Si=h>_ 5 ,
a€Ap
a+h 2 2
54_h2 Ry(a)] and SZ=hY_ (a)
ac€Ap acAp

We first look at &1, and we split the sum over A, and hZ\ Ay, so that

SE=h Y |g"(@) ~ Ang(a)* + 1 Y 19" (a)

a€Ay G‘%Ah
For all a € Ay, as g € H?(R) — C*(R) by Taylor formula we get that

2 ath (a+h—s)?

3
glath) = g(a) +hg'(@) + o' @)+ g¥ @+ [ T gD s)as
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and

2 3 “ (a—h—s)3
gla=1) = 9(a) = g'(@) + '@ - e~ [ EEEEE gD as

hence by direct cancellations

” gla+h)+gla—h)—2g(a)
g (a) - h2

__ L a+ha —5)3gW(s)ds — ' a—h—s)>9g™(s)ds
- W(/@ (=g (s)ds— [ (@=n=sg(s)as ).

By the standard inequality |a — b|? < 2(|a|? + |b|?), we infer that
2
9" (a) — Ang(a)|

1 at+h 2
= gt / (a+h—1s)3gP(s)ds

2

+ / (a—h—s5)3gW(s)ds
a—h

so by Cauchy-Schwarz inequality we get, for instance for the first integral, that

( / A s>6> ( / ”h |g<4><s>|2ds>

h?
T

2

IN

a+h
/ (a+h—s)3gW(s)ds

h
19 (s)[?ds,

a

and the same way,

ath 3 (4 ’ h’7 “ 4 2
[ amn= s < [ g kas

so finally, as A, C hZ,

a+h
bY@ - g < Y e [ P < e (41)

a€Ap a€hZ

On the other hand, as |a| > 1/h,

1
>l @P = 3 alal'ly"@F < bt Y lal'lg" (@ < Rt (),

a¢Ah a¢Ah a¢Ah

using the fact that hZ\A;, C hZ, so

hY " @) ] < Ch*gll3s ) (42)
agAp

usmg Lemma 4.3, as in particular ||ag”(

2nzy < CllgllZs gy Finally, combining estimates (41) and (42), as
19 N z2®) < Cllgllss m). we get that

81 < CR?||g|lss(m)
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In the same vein, we see that
h) +gla—h)\|"
_ 2 _ 4 ~glat
b Y J@ =1 (sta) !

ac€Ayp
First, for a € Ay, as from Taylor formula

+h Y (@ = gla)f.

GQA;,,

we have

_g(a+h)+g(a_h)__ a+ha —$)d"(s)ds ¢ a—h—s)d"(s)ds
(@) . —— [ arn—ag o+ [ @-n-ag e

Estimating for instance the first integral, we naturally get that

/aa+h(a +h—s)g"(s)ds 2 < (/aa+h(a +h— 8)2d5> (/:Jrh |9N(3)|2d3>

p3 fath
<[ ) Ras
3 Ja
from Cauchy-Schwarz inequality, so
2 a+h
2 2 gla+h)+gla—nh) 4 2 "ea2
hY la? = 11 lgfa) - : <ht Y@ [l
a€Ay acAp

from the standard inequality |a? — 1|? < 2(1 + |a|?) = 2(a)?. Let a > h. If s € [a,a + h], we naturally get that

(@)? < (5)?, 50 » N
(a)? / 10" (5)Pds < / (s)21g" (5)]ds.

If s € [a — h,a], we can write that
1<1+(a—h)*<1+s%

SO
1+a? <14 s*+2ah —h? <34 5% < 3(s)?

@ [ l'ekas<s [Pl oPas

As this bound is obvious for a = 0 and entirely symmetrical for a < —h, we finally get that

(h 3 @ -1 (g(a)— g(a+h);g(a_h)> )

a€Ayp
< Ch? ( Z / | dS) < Oh2||g||24(R) < Ch2||g||25(R)
a€Ap

Now, for a ¢ A, we write that

asa<l/hand 0 < h <1, so

la”g(a) — g(a)|* < 2 (la”g(a)|* + |g(a)[?) ,
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so as for S; we have

hy o la’g(@))P=h > 4Iﬂbllag a)l> <h® Y Ja*g(a)

G,QAA]L G¢Ah H.QAh
< a9 nzy < W NI91%s ).

and

1
h) le@P =h Y —la*g(a) < Ch*llgllzs )
aQAh GQAh

from Lemma 4.3. So finally we well have
82 § Ch2||g||25(R).

Now, looking at S3, we use the fact that, from the same Taylor formula and Cauchy-Schwarz inequality as
before, we have

gla—h) —g(a+h)
ah 5

a a+h a
= —ah?q¢'(a) — ?h </a (a+h—s)g"(s)ds + /tkh(a —h— s)g”(s)ds) ,

SO
_h _ h 2 a+h
ahg(a )29(a+ )+h2ag/(a) §0h5|a|2/ ) |g”(s)\2ds
a+t+h
<cnt [l oas
a—h
as |a| < 1/h for all a € Ay, so
2\ 3
gla+h)
=|h
ac€Ayp

2
= <h > Iah2g'(a)l2> +CR2||g" |l L2y < CP?[lgl 25 )

a€Ap

It now remains to bound Sy and S5 in terms of ||g||ss ). As these two sums are symmetric, we will only show
how to control Sy in the following. Let us first analyze the behavior of the function

Ry (a) =1+ h*(1 —a® —ah)/2 — \/1+ h2(1 — a2 — ah) = f(h*(1 — a® — ah))

3

+ 12— V1+ 2. We have that f’(z) = (1 + x)~2 which is uniformly bounded on R, and

where f(z) =1+ 1
= f(0) = 0, from which we deduce that |f(z)| < Cz2. Hence

moreover f(0)

2

h Z a+h R, (a)] <h Z ’g(a+h)h2(1—a2—ah)|2
a€Ay a€Ap
<h'h Y [g(a)(@)?]® < OnY|glfEs )
a€hZ

which ends the proof of Theorem 2.2. O
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5. CONVERGENCE OF KRAVCHUK FUNCTIONS
The aim of this section is to prove the second part of Theorem 2.2.

5.1. Convergence of the binomial law
We first prove (15). We define the projection of the Gaussian function z — e~ on the grid hZ by

p:aehZHe_GQ.

By definition we have, using (9) and the definition (20) with N = 7,

1 . 1 L1+ 7)
pn(a) = -Ily (75, (a)) = ,
(@) =31y (7 (@) MURT(1+ %+ 8T (1+ 72— %)
where I" denotes the usual Gamma function such that I'(n 4+ 1) = n! for integers. The Stirling asymptotics (see
for instance [1, 6.1.42, p.257]) yields

logT'(z) = <z - 1) log(z) — z + %log(27r) + Ro(z) with |Ro(z)] < ) (43)

for some constant cy. This asymptotic yields in particular the Stirling formula
n!l=T(14n)~vV2rnn"e "
This shows that

2
log pr(a) = —logh — log2 +logT < h2)
ClogT (14 =+ %) “logT 1+i—g
©8 e n) % R h
2 log2+ (= og (1+2) = (142 + Liog(am)
n2 8 h ©8 = pz ) T OB
L, +a t(ielal
R TRt n2
1 a1 A N
T h2 h
+Ro(1+ ) ( ;
1
log pr(a) = ~5 log(27) — logh — log 2
1+ )+ (14 o+ &)+ (145 -2
h2 n2 " h 2
2 1 h?
log 2 — 21 1 L
+<h2+ ){og ogh + og( 2)}

1
+ 2) [—2logh + log(1 + ah + h?)]

—logh —

1
~3 log(27)

so we can write that

1
+ 2) [—2logh + log(1 — ah + h?)]

2 1 a 1 a
1 — | - 1+———
+Ro< +h2> R0< h2+h) Ro( +h2 h>,
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and thus
log pp(a) =1 — %log(ﬂ) + (h22 + ;) log <1 + h;) (44)
- <hl?+z+ ;) log(1 4 ah + h?) — <th —Z+;) log(1 — ah + h?)
+R0(1+;>R0(1+;+Z)R0<1+h12Z). (45)
Let us estimate this term first in the regime |a| < h~° with § € (0,1). In this case, we have
it Laurom) s

h2 " h k2
for h small enough. This shows that in the previous expression, the terms with Ry can be estimated with
(43) and are of order O(h?). We also have |h? £ ah| < Ch? and thus we can expand the log terms by using

log(l1+2z)=x— 962—2 + O(|x]?) and we obtain

1
log pr(a) =1 — 5 log(m

N——

2 1 h? h*
+(m+3) (5T rom)
- (hlz + % + ;) (ah+ h? — %(ah—k h?)? + O(h6)>
1 a 1 1
- (h2 -5t 2> <—ah+ h* — 5(—ah+ h?)? + O(h6)>
+ O(h?)
and thus
1
log pn(a) = 1 = 5 log(m) + 1 + O(h%)
(L e 1 2 Loz s
(h2+h+2) (ah—i—h 2ah ah
(1 a 1N/ 2 L o9 3
<h2 h+2)( ah 4+ h 2ah +ah® |,
yielding

1
log pn(a) = 2 =  log(m) + O(h?)
K 1 1 1
—<Z+a2+ah+1+ah+2—2a2—2a3h—4a2h2—ah—a2h2>
_(_a 2 . hj_}z 13_122 232
( h+a ah+1—ah+ 5 2a —|—2ah 4ah +ah —a“h

or
1 2 Ly 599 2
logph(a):2—§log(ﬂ)—2 a +1—§a —Zah + O(h?)

= f% log(m) — a* + O(h?79).
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We thus obtain that

1 2 2
pn(a) — —=e | < Ch* %™, a€hZN[-h° h"°],
NZ3
from which we deduce that
1 2
h Z <a>20 ph(a) o ﬁeiaﬂ < Ch4726h Z (a>2“efa2

a€hZ,|a|<h—% a€hZ,la|<h—9

< Ch4726h Z <a>2067a2 < Cah4725'

a€hZ

Now from (44), we have that for |a| > h=% and B > 0, by using the fact that the Ry terms are uniformly
bounded in A,

1
log €’% pp,(a) = Ba® + ( 2>log< )—l—(’)( )
1 , 1 a 1 ,
—( >log1+ah+h) <hz—h+2>log(1—ah+h).
In the case a € [h=%,h™1], we write a = h=1(1 — b), b € [0,h' 9] and obtain

Ba? ﬂ 2—-0 1 b h2
tog %" i (a) = (1~ b)? - (h2 #2) (24108 (1- 2+ 2

(:2+ >log(b+h2) o(1)

hi(l AL h12 (210g2+(9 (hl—%))

7 (8—2log2+ O(h' ™) <0
for 5 =1 < 2log2 and h small enough. By symmetry, we deduce that
Yae " h7Y, lon(a)] < e
Hence
e Y @Fle@P<h Y (@
a€hZNh—% ,h—1] a€hZN[h=9,h=1]
<e P Z <a>2”e*“2 < Cpe P h = O(h?).
a€hZn[h=5,h—1]
As the same bounds holds for the Gaussian e*“Q, we obtain the result.

Remark 5.1. Note that adapting the proof above with more involved computations, one could also get con-
vergence in the discrete H'(hZ) norm, namely that for all § > 0,

In fact, as the discrete differentials of p, and p only introduce some polynomials functions which are harmless
in front of the exponential decays used in the proof of the previous proposition. This feature also holds for the
convergence of the Kravchuk functions, and will be illustrated through numerical simulations in Section 8 by
Figures 2 and 4.

() - e

7012

< Ch?*~9,
H(hZ)
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5.2. Convergence of the Kravchuk functions

We now prove (16). Recall that the Hermite polynomials are defined by the relation
H,1(x) =2zH,(x) — 2nH,_1(x), Ho(z) =1, (46)
while the scaled Kravchuk polynomials are defined by the relation

n—1

Kns1n(@) = 20K, 1 (z) — 2n (1 - h2( )) Ko 1n(z), Konlz)=1.

The Hermite functions are then defined by the formula

and let us recall that Cramér’s inequality states that
VeeR, Vn>0, |¢Yp(z)< n7i,

which shows in particular that
Ve eR, Vn>0, |Hy(x)]<e722vnl (47)

Lemma 5.2. For any given N and h = \@Nfé, we denote by (kn.p)n the Kravchuk polynomials given by the
relation (6). We then have the following bounds: there exists C' such that for all N and h = V2N~—z, for all
5 €(0,1),

1 2
Vn < golloghl, Vo €R, [Hy(@) ~ kan(a)] < Ch2=9¢ 2% v/l (48)

and
]. x n
Vi < 2olloghl, Vo €R, [h(@)| < Ch~% 2%Vl (49)

Proof. We first remark that (48) and (47) imply (49), so we only need to prove (48). Let us define

H )= an(x) and  Kn(z,t) =Y %kmh(x).

n>0 n>0

Multiplying (46) by Lr we can prove that the function H (t,z) satisfies the equation d,H (t, z) = (2z — 2t)H (t, )

n!
and we obtain the classical relation

H(z,t) = e2rt=t"

valid for all x € R and ¢ € C. Moreover, relation (6) yields

t" t" t"
> —hni1n (@) = 2k (2,1) -2 > n—kno1n(x) + W2y n(n - 1) —hin—1,n(2)
n>0 n>0 n>0
or
2

tn=
Ky (2, t) = 20K (2,t) — 26Ky (2, 8) + B2 i
n_
n>2

2)' knfl,h(x)

= 20Ky, (x,t) — 2t Ky, (z,t) + h*t20, Ky (, 1),
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and we find
(1 — R0 Ky (z,t) = (22 — 2t) Ky (2, t)

from which we deduce that

b ox —2s
K}L(I,t) = exp (A ]_—h,252d8>
I LS| 1t —2s
1 1 )
exp 2xﬁartanh(ht) exp | o5 log(1 — (ht)?)

= (1) - ney

Remark 5.3. This formula shows in particular that for n > N, the Kravchuk polynomials vanish.

This shows that for ¢t € C, |[t| < R with R > 1, we have for h small enough

|H(CE, t) _ Kh({E, t)‘ _ ‘62a:t7t2”1 B 6290(%artamx(ht)fl)eh%2 log(lf(ht)2)+t2|
_ ‘e2xt—t2”1 . eQz(O(h2|t\3)+O(h2|t|4)|
< Ch2(|3}|R3 + R4)e2\z|R+R2'
By Cauchy estimates on the disk |¢| < R, we obtain
VneN, [Hy(x)—knn(z)| < nIR"Ch?(|z|R? + RY)e2I7IAHR,
We take R? = n. This yields using Stirling expansions

22

=2 .
e 2 |Hp(x) — knn(z)| < Oh2 T n% —|—7’L2 nneinn%n7§e2‘z|\/ﬁ+"67 3
|Hn(z) ,
< Ch2(|x|n% + nQ)n%efnn%e*%(I*Q\/ﬁ)%H’m.
Now we remark that
|‘KE|6_%(QLI_2\/E)2 < ‘.TI — 2\/ﬁle_%(£_2\/ﬁ)2 +2\/ﬁe—%(x—2\/ﬁ)2 < C\/ﬁ

for n > 1. Hence we have

z2

e~ 7 |Hy(x) — kpp(2)] < Ch?2%n%e 5ni (n

ISE

n22_%e_%e3")
S Ch22%m(n%e(%_% 10g2)n)
< Ch*2%Vnle?"
and this yields the result as e3n < e—gdlogh < p—9, _

Now let us recall that the Kravchuk functions are given by the formula

1 1 N —n)!
@n,h(a) = mkn,h(a) pn(a) = W %kn,h(a) pn(a)

)k‘n’h(a)\/ph(a).

1 Fl+3%-n
vl T(1+ 2)
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Using (43), we have

L1+ % —n) 2 1 2 2 1

"z
2 1 2 2 1
- ﬁ—i_i log 1+ﬁ +ﬁ+1—§10g(2ﬂ')

2 2
+R0 (1+}12—n>—R0 <1+}12>—R0(1+n)

log

and thus

h? 2 2

+ 2 +1 log2 — 2logh + lo 1—|—h2
n—|— — — R
iz 9 g g g 2

2 2

Now let us assume that n < h™?, we can write that

rii+ 4 — —
log(#{"zn) - (2—n+1> <10g2—210gh+log (1—h2(nl))>

N1+ % —n)

=n—nlog2+2nlogh—(n—1)—1+ O(h>F),
M+ 2) g gh—(n—1) (™)

log

and thus we have
N1+ %-n) A" 9
—_h T (14 Oh*PY).
1+ %) 2% | (=)

Hence we have for n < h=%,

o) = 55 (1 O )~k @)y V(o)
= k@ V(@)1 + 0P,

25 wiy/nl
By using the previous bound, we thus obtain the result.

6. TIME-DEPENDENT SCHEME

We consider now the time-dependent discrete Schrodinger equation
100 = Hp, (50)
with 1(0, ) = vy € (2(hZ). We define
B =1 3 (~VI—ah Il Retw@)ita — ) + i) (145 ))

2
acAp
= (Y, HyY) 2 (nz),

where Ay, is defined in (7). We first show the conservation of mass and energy property of the discrete harmonic
oscillator:
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Proposition 6.1. For allt € R,
1Y@z nzy = 1Yollez(nzy  and  E(¥(t)) = E(to). (51)

Proof. We multiply (50) by ¢ and we sum over hZ:

> i@oute) = 3 (VI ah B - ahla + 1))

a€hZ a€hZ
2
U ah kR ah(a — h)g(a) + (1 + };) |¢(a)|2) ey,

SO

i%% (Z w(a)IQ) = —% (V+ah +R2)(1 = ah)i(a + h)i(a))

a€hZ acAy

-3 (\/(1 —ah + h2)(1 + ah)y(a — h)@(a)) + (1 + h;) > [(a).

a€hZ a€Ap

By a change of variable a — a — h in the first part of the middle sum of the previous equation, we see that

3 (¢(1 Fah + h2)(1 — ah)y(a + h)d(a)
acAp

/A —ah+ 1)1+ ah)p(a — h)@(a))
= Z (Y(a)p(a — h) +1(a — h)¥(a)) /(1 — ah + h2)(1 + ah)

a€A

=2 3" Re(d(a)dla — b)) /(1 —ah + h2)(L+ ah),

acAp

so multiplying the previous equation by h and taking the imaginary part, we get the mass conservation. The
second statement is classical using the symmetry of H,. |

Now we are going to analyze time-dependent scheme (50) and compare it with solutions of the corresponding
equation i0y) = H1 for the harmonic oscillator. Using (4) recall that if f € L?(R), then we can decompose f
on the Hermite-Gauss basis (¢, )nen by

flz) = Z CnPn ()

n>0
for all x € R, with

e = (o) o) = /R F (@) (2)de,

so that the solution of i0;) = H1) with initial condition ¥(0,-) = f can be written, for all ¢ > 0,

¢(ta ) = eiitHf = Z Cneii(2n+1)wn'

n>0

We now denote by u := (m,f) 14, the projection of f on Ap, then we can decompose w on the finite basis
(©n.h)0<n<nma Of £2(Ap), where npmay € N* is a fixed integer:

u(a) = Z C71,,h90n,h(a)

n>0
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for all a € Ay, where the scalars (¢n.p)o<n<nn.,. are defined through the relation
Cn,h = (u, <Pn,h>z2(hz) =h Z U(a)@n,h(a)-
a€hZ

Then, as in the continuous case, we can express the solution v, of (50) by

Mmax

Un(t,-) = Z Cn7hefi(2n+1)t<pn7h.
n=0

Theorem 6.2. Assume that [ is smooth. Then there exists C such that for all s, there exists Cs such that for
all h sufficiently small and all ny,az € N such that +6|log h| < nmax < 36|log hl, for all t >0,

Cs

RN < Op2-9
[mr(t, ) = ¥n(ts )lleznzy < Ch°7° + Tog A*

for all 5 > 0.
Proof. We directly compute, for all a € Aj,, with the notation A\, = 2n + 1,

Mmax

th(ta a) - wh(ta a) = Z Cne_i)\ntwn(a’) - Z Cn,he_p\nt@n?h(a)
n=0

n>0
Nmax
= Z Cneil)\ntqﬁn(a) + Z e~ At (ann(a) - Cn,}L<Pn,h(a))
N>Nmax+1 n=0
so that
[mrib(t, ) = Yn(ts leznzy < &+ E2 + &3,
where
Mmax
E=| 3 ae™un@| &=l cunllvnleos
N>Nmax+1 2(hz) n=0
and
Nmax
83 = Z |Cn,h Hwn - @n,h”ﬁ(hZ)'

n=0
We assume that the first term is smooth in the sense that it belongs to all space ¥*(R), s > 0. Classically, this
is equivalent to say that the coefficients ¢,, decay like Cy(n)~ for all N, with constant depending on N. This
shows that for all s, there exists Cs such that

Cs

&1 < Cs(nmax) ™" <
1= G (tmax) |log hl*

as |log h| < Nmax. In order to bound &, by definition of ¢, and ¢, we see that

n,h — Cn| S s Wn)L2(R) — \W, ¥n)e2(hz) s Wn — Pn,h/e2(hZ) | >
|c el < |(ftn) (u, ¥n) | + (w0 — nn) |
where
|(w, %n = onn)e2nzy| < lulleznzy|¥n — enpllenz) < Com 2N fll 2wy
for all § > 0 by using (16), and because nyax < +6|logh|. The error &3 is estimated similarly, by noticing that

len,nl < lulleznzy lon pllez(nzy < Crpmas | Fl1 1 ()5
so & =0 (hz"s).
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Remark 6.3. The error term in log i could be refined by a better frequency estimate in (16), like for example
n < h~=% but this would require a better bound for the asymptotics of the Kravchuk functions which is out of
the scope of this work.

7. KRAVCHUK TRANSFORM

We now prove Theorem 2.3, which can also be found in [2]. For a vector x € RN¥*!1 we define the transfor-

mation £ = Kx by the formula
N

Bo= Y 30N (),

=0

for all 0 < k < N, corresponding to the multiplication by the matrix

ir im(N-1)
2

im(N—2)
2

T o) ... e Fon(N 1) ¢n(N)

Recall that here ¢, (k) denote the functions (37) corresponding to the function ¢, after scaling. With the
notation (17) and (19), we obtain
K=¢ "%

As a direct consequence of the fact that the (¢,)o<n<n are orthogonal, we get that the matrix L and K are
unitary:
K*K =L"L =1d.

Proposition 7.1. The matriz K satisfies

where A is the matriz defined in (19).

im

Proof. We are going to show that both matrices K* and e™ 4 e'T 4 have the same image on a particular basis of
RN*1 the basis formed by the N + 1-vectors v, := (¢, (0), ¢n(1),..., ¢, (N))T for 0 < n < N. We first compute
that for all 0 < k < N,

(Avn)k - (N+1 ¢n Y/ N k+1 ¢n )_ V (k+1)(N_k)¢n(k+1)’

hence from Proposition 3.14 we get that

(Avn)k = (20 +1) gn(K),

so the matrix A is diagonal in the basis (vg,v1,...,v,), and
1 (ir\" ix (o
_im  im _im k —im im 1
e FeFh, =e 4Zm(4) (2n+1) v, = e~ F i)y,
k>0
=€l u,.
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of the renor bi ial kernel (N=50) towards a gaussian
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FIGURE 1. Convergence of the binomial law pp, to the Gaussian p/\/7.

9

error of the renormil

ial kernel towards a gaussian in o(h?)

o} Discrete L2 error
Discrete Linfty error

Discrete H1 error

1 1 I

6
log(N)

FIGURE 2. (2(hZ), £ (hZ) and h'(hZ) convergence error of the binomial law pj, to the Gaussian

p/\/T.

On the other hand, using Proposition 3.13, we compute

SO

and we get the result.

(K™vy)

=

i N

N
DLDu) =S pu(R)gn(m)e T = 876, (m),
k=0
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F1IGURE 3. Convergence of the Kravchuk functions (¢, n)i<n<e to the Hermite functions
(Yn)1<n<6-

Convergence error of Kravchuk functions ( polynomial degree n=10) towards Hermite functions in O(h?)
C Discrete L2 error

Discrete Linfty error

Discrete H1 error

10 1 1 | I I J
4 6 8 10 12 14 16
log(N)

FIGURE 4. (2(hZ), £>(hZ) and h'(hZ) convergence error of the Kravchuk functions (¢n.n)1<n<6
to the Hermite functions (v, )1<n<e-

8. NUMERICAL SIMULATIONS OF KRAVCHUK FUNCTIONS

In this section we are going to present some plots and numerical simulations of some of the previous properties
of the Kravchuk functions (¢, 5)n. First we illustrate the convergence result (15) on the grid Xy for N = 50. We
plot both functions p, and p//7 in Figure 1. We observe than even if the number of space discretization points
is rather low, the accuracy of the approximation of the Gaussian function is pretty good. This is highlighted
by Figure 2, where we plot the ¢2(hZ), the ¢*°(hZ) and the h'(hZ) norms® of the difference p, — p/+/7 in
logarithmic scale with resplect to N = 2/h?, and we get a leading coefficient of —1 for these three lines, which
corresponds to the O(h?7%) for § > 0 as small as we want in (15).

In the same way, we illustrate Theorem 2.2 by plotting (¢n.n)1<n<e Wwith N = 50 and comparing these
functions to the first Hermite functions (¢,)1<n<e in Figure 3, then by computing the ¢?(hZ), £>°(hZ) and

3The h!(hZ) norm is defined by ||u| il(hZ) = ||| ?2(’12 + (v, Apv) g2 (pz) where Ay, is the discrete Laplacian.
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h(hZ) errors of the differences @19 5 — 110 for n = 10 in logarithmic scale, where we observe a convergence in
—log(N) which well corresponds to the O(h?~?) for § > 0 of Theorem 2.2.
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