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AN ULTRAWEAK-LOCAL DISCONTINUOUS GALERKIN METHOD FOR
NONLINEAR BIHARMONIC SCHRODINGER EQUATIONS

Q1 WANG!® AND LU ZHANG?3*

Abstract. This paper proposes and analyzes a fully discrete scheme for nonlinear biharmonic
Schrodinger equations. We first write the single equation into a system of problems with second-order
spatial derivatives and then discretize the space variable with an ultraweak discontinuous Galerkin
scheme and the time variable with the Crank—Nicolson method. The proposed scheme proves to be
computationally more efficient compared to the local discontinuous Galerkin method in terms of the
number of equations needed to be solved at each single time step, and it is unconditionally stable
without imposing any penalty terms. It also achieves optimal error convergence in L? norm both in the
solution and in the auxiliary variable with general nonlinear terms. We also prove several physically
relevant properties of the discrete schemes, such as the conservation of mass and the Hamiltonian for
the nonlinear biharmonic Schrédinger equations. Several numerical studies demonstrate and support
our theoretical results.
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1. INTRODUCTION

Discontinuous Galerkin (DG) methods are a class of finite element methods that use completely discontinuous
basis functions for both numerical solutions and test functions in spatial variables. Since their proposal in 1973
by Reed and Hill [34] for hyperbolic equations, and in 70’s for elliptic equations (see, e.g., [4-6,39]), they have
become very popular in solving PDEs. Moreover, due to their attractive properties such as arbitrary high-order
accuracy, extremely local data structure, and hp-adaptivity, they have been widely used to solve problems in
many areas of science, engineering, and industry. For details of the applications, we refer to [20,24] and the
references therein.

Over the past few decades, DGs methods have evolved in several directions. For example, Cockburn and Shu
[19] propose the so-called local DG method to solve a large class of nonlinear convection-diffusion equations
with high-order spatial derivatives. By introducing auxiliary variables that reduce the original problem to a
lower-order system, typically with first-order spatial derivatives, local DG methods ensure the stability of the
scheme through appropriate numerical fluxes embedded in the resulting system. See [26,41,42] and references
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therein for recent developments of the local DG method. Another stream of development is motivated by the
urge to solve higher-order problems, and this includes the ultraweak DG introduced by Despres [25] for linear
elliptic PDEs. The idea of the ultraweak DG method is to shift all spatial derivatives via integration by parts
to the test function in the weak formulation, and the stability of the scheme is guaranteed by certain numerical
fluxes and, if necessary, additional internal penalty terms. See [13,14,17,36] and the references therein for the
applications and further development of the ultraweak DG method.

1.1. Biharmonic Schrodinger equations and their numerical studies

Nonlinear biharmonic Schrodinger equations arise frequently from the study of propagations in intense laser
beams, quantum mechanics, nonlinear optical fibers, electromagnetic beams in plasma, etc. See [1,22, 30, 33]
and references therein. In this paper, we consider nonlinear biharmonic Schréodinger equations of the following
form

iy + kA% A uF ([ul?) =0, (x,t) €Qx(0,T], QCRY d=1,2 (1.1)
where u(x, t) is a complex function of the space-time variable (x,t), where |u]| is its Euclidean length, i = /—1 is
the imaginary number, A% = (ijl %)2 is the biharmonic operator, F’(y) = ?TI; is a real function measuring

J

the medium nonlinearity, and « is a real constant depending on the physical relevance. Problem (1.1) is a special
form of the following equation with € = 0

iug + eAu+ kA% + uF'(Ju?) = 0, (1.2)

which was introduced in [29,30] to study the role of small fourth-order dispersion in the propagation of intense
laser beams in a bulk medium.

For F'(|u|?) = |u|?>?, o being a positive integer, the well-posedness and the formation of singularities for both
(1.1) and (1.2) have been studied by many researchers over the past few decades. For example, Karpman [29],
Karpman and Shagalov [30] have shown that the waveguide solutions of (1.2) are stable for all K < 0 when
do < 2 and for all K < —1 when 2 < do < 4, but these solutions are unstable for all x < 0 when od > 4. These
results carry over to the fourth order equation (1.1) according to [9,27]. They prove that (1.1) is defocusing for
k > 0 and its solution exists globally, and it is focusing for K < 0 and there exists a critical exponent do = 4
which determines the blow-ups and global existence subject to the (L?) size of the initial data.

Before proceeding further, we want to note that several numerical methods have been proposed in the litera-
ture to solve nonlinear Schrodinger equations (1.2) for k = 0, such as the finite difference methods [2,7,12,15],
the time-splitting pseudospectral methods [8,32,35], the finite element methods [3,23,28], and the DG methods
[16,41, 46]. However, only a few works have considered the problem for k # 0. For example, Xiao et al. [40]
propose a conservative linearly-implicit finite difference scheme for the modified Zakharov system that describes
the coupling of high-frequency Langmuir waves (e.g., biharmonic Schréodinger equation) and low-frequency ion-
acoustic waves (e.g., wave equations). The linearly-implicit finite difference method generates independent linear
algebraic equations to be solved, and it has second-order convergence in space. Zhang and Su [45] improve the
convergence of the method to the fourth order in space by developing a linearly implicit compact finite dif-
ference scheme. Note that both schemes are studied only in the one-dimensional case. On the other hand,
Schrédinger equations in multiple dimensions have further applications, such as optimal observation or sensor
location problems in piezoelectric actuators and damage detection. Baruch et al. [10,11] investigate singular and
ring type singular solutions of (1.1) in multidimensions by adaptive lattice methods and static lattice redistri-
bution methods, respectively. No numerical analysis is conducted therein on the numerical methods concerning
their stability, convergence, etc. Nevertheless, we want to emphasize that nonlinear Schrodinger equations with
the higher-order dispersive term (1.2) in both one-dimensional and multi-dimensional cases not only play an
important role in the physical model description, such as the quantum effect in the propagation of Langmuir
waves in plasma but also bring interesting mathematical effects, such as the stabilization of soliton instabilities.
Therefore, it is both theoretically and practically rewarding to develop stable and efficient numerical methods
for a better understanding of the dynamics within nonlinear biharmonic Schrodinger equations.
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1.2. Main results

This paper presents and analyzes a fully discrete ultraweak-local DG scheme with the Crank—Nicolson time
discretization for the nonlinear biharmonic Schrodinger equation (1.1). The proposed scheme is implicit in time,
unconditionally stable, and preserves the mass and Hamiltonian associated with the problem at the fully discrete
level. We are motivated by Tao et al. [37,38] and Zhang [44] to introduce a second-order spatial derivative as
an auxiliary variable to reduce the fourth-order problem to a second-order system in space. This allows us to
ensure the stability of the proposed scheme through the integration by parts and a suitable choice of numerical
fluxes. In particular, its stability can be achieved without the need for internal penalty terms compared to the
ultraweak DG method, which also improves the robustness of this new scheme. This hybrid approach requires
only one auxiliary variable regardless of the dimension of the problem and greatly reduces the memory and
computational cost of the local DG method, see Remark 1 for detailed discussion.

The rest of the paper is organized as follows. In Section 2, we first present the governing equations and their
DG formulation. Then, we study and discuss the stability of our proposed scheme formulated in Theorem 1.
Section 3 introduces some projection operators and presents in Theorem 2 the optimal L? error estimates for
the semi-discrete scheme through an auxiliary equation and suitable numerical fluxes. Section 4 then presents
the fully discrete ultraweak-local DG coupled to the Crank—Nicolson time discretization and proves its mass
and Hamiltonian conserving properties in Theorem 3. Some numerical experiments in both 1D and 2D which
demonstrate and verify the theoretical results are presented in Section 5. A summary of this work is given in
Section 6.

2. SEMI-DISCRETE DG FORMULATION AND STABILITY

We choose £ = 1 in (1.1) and consider the following nonlinear biharmonic Schrédinger equation over a
bounded domain © C R?, d > 1, with a piecewise smooth boundary 9

iug + A%u = —uF'([u]?), x€QCRY t>0, (2.1)

under an initial condition and periodic boundary condition. Note that x = 1 is chosen for ease of demonstration,
and the proposed method applies to cases where k takes other values; moreover, our scheme cooperates with
more general boundary conditions and we restrict our analysis to periodic boundary conditions to simplicity
the discussion, but present numerical studies with general boundary conditions in Section 5.1. We also assume
that F(|u|?) > 0 so that (2.1) has a strictly positive Hamiltonian; when F(|u|?) < 0, the problem (2.1) is said
to be focusing, where control of the H? norm with the Hamiltonian is no longer possible.

To derive a DG formulation for (2.1), we denote w := Awu and write it into

(2.2)

iug = —Aw — uF'([ul?),
w = Au.

Note that any solution to (2.2) formally satisfies the conservation of mass and the Hamiltonian
M(t) = M(0), H(t)= H(0) vt > 0,

where the mass and the Hamiltonian are given by

M(t) ::/Q|u|2dx, and H(t) ::/Q\w|2+F(\u|2)dx.

2.1. Notations

We will now introduce the notations used for our numerical analysis. Let the spatial domain be 2 =
H?:I[x?, x?] with a Cartesian mesh

Q ={K | K =T_Ij;,,1 < kx; < Ny, },
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where Iy, = [xj,kxf%»xj,kxﬁ%] is a subinterval in the partition of [xj,xé’] caf o= xyr < wys < eee <
TjN,,+1 = x?. For each element K we denote its length in x;-direction as x; ., 4 1 —; p, 1. We further write
h = maxgeq, (xjy,mﬁ% — xj,kmr%) and use Fj, to denote the collection of inter-element faces of €. Further,
the mesh is quasi-uniform such that h < 5(%‘,1@%4—% — xjykxj_%) for some positive constant . Then, on each
element K we approximate the duo (u,w) by its discrete counterparts (up,wy,), each component belonging to
the space of piecewise polynomials of degree defined by

Vil i= {up(x)|vn(x) € QU(K),x € K VK € Q4},
where Q9(K) is the space of tensor products of polynomials of degree at most ¢ in each variable z; defined on
K. Specifically, if we denote 1 = x and x5 = y, then
U?f:l [mj_%,ijr%} in 1D,
:|X|:yj7%=yj+l:|7 k:17"'7NZL’u j: 7"'7Ny iH2D,
and
j:(xj_%,xﬂé), j=1,2,-- N in 1D,
I x I; = (xk,%,xk+%) x (yj,%,yﬂ%), k=1,--,N,, j=1,--,N, in2D.

In 1D, for any n € V;!, we denote n~ and n™ to be the right and left limit values of 7 at Tii1, respectively.
Let n;, = —1 and ng = 1 be the outward unit normal to the left and right end of each sub-cell I;, respectively,
we then have the average and the jump at x;, 1as follows

1
s =5 (vhy T o) Iy = v, mu o), o

In 2D, let e be an interior edge shared by the “left” and “right” elements denoted by K1, and Kg. The “left”
and “right” can be uniquely defined for each e according to any fixed rule. In this work, considering the rectangle
for Cartesian meshes, we refer to the left and bottom directions as “left” and the right and top directions as
“right”. Let ¢ be a continuously differentiable scalar function on K1, and Kgr, and ¢~ := ({|xy)]e, ¢ = ({|xg)le
be the left and right traces, respectively. We then introduce the conventional notations for averages and jumps
of scalar-valued function ¢ and vector-valued function ¢ as follows

1, _ 1, . _
{¢}:= 5@ +¢*), [Kl:==¢ np+¢Tog, {¢} = §(C +¢*), Kl:==¢ nL+¢" -ng,
where ny, and ng are the outward unit normals to 0K, and KR, respectively.

2.2. Semi-discrete DG formulation

To find an approximation of the second-order system, on each element K € ) we test the first and the
second equation in (2.2) by functions ¢, € V,'. Integration by parts gives rise to

/ iunid + wp A + up ' (Jup|?) ¢ dx = / —Vwp -né+ WV -ndS (2.3)
K OK
and
/ wpth —upAdx = | Vup -ny — @V -ndsS, (2.4)
K oK

where Vwy,, Wy, Vuy, and uy, are numerical fluxes at element boundaries, and n is the outward unit normal to
oK.
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To complete the DG formulation, we specify the numerical fluxes %“ Wh, @L and w;, at the element
boundaries by choosing

up = aqu)l + (1 —aq)uy,, Vwy, = (1 —a1)Vw +aVuwy,, (2.5)
and -
Vup, = aaVuyh + (1 — a2)Vu,, wy, = (1 — ag)w) + aswy,, (2.6)

where a1, as € R. In particular, when (aq, az) = (0,1) or (1, 0), we have the alternating fluxes compatible with
the error estimates in Sections 3.3 and 3.4.
For the simplicity of presentation, we denote

B (wp, ¢) = / wpApdx + | Vw,-ng — wpVe - n ds, (2.7)
K oK

B3 (up, ) == / —upAtpdx — / Vup, -0 — upVep - ndS. (2.8)
K OK

Then one can further simplify (2.3) and (2.4) into

[ iunis + wnF (a6 dx + Bic(wn, ) = 0 (2.9)
K

/ wp dx + B (up, ) = 0. (2.10)
K

Remark 1. The local DG method requires 2d + 1 auxiliary variables to transform the original fourth-order
problem into a first-order system in space, while our proposed scheme requires only one additional variable,
regardless of the dimension d of the problem. Accordingly, at each time step our method only needs to evaluate
9 integrals in (2.9) and (2.10), and this is more economical compared to the local DG method, which needs to
evaluate 6d + 7 integrals (cf. [26]).

2.3. Energy conservation

We now prove that the proposed scheme formulated in (2.9) and (2.10) preserves both the semi-discrete mass
and the semi-discrete Hamiltonian. In particular, we show that they imply the stability of the scheme as follows.

Theorem 1. The solution of the DG scheme (2.9) and (2.10) with numerical fluzes (2.5) and (2.6) satisfies
the following conservation laws for all t > 0

Mh(t)z/Q lup|? dx = My(0), (2.11)

Hy(t) :/ lwn|? + F(jun|?) dx = Hy(0). (2.12)

h

Proof. We first prove the conservation of mass. Multiply (2.9) by —¢, (2.10) by ¢, choose ¢ = uj, in (2.9) and
1 = wj; in (2.10), where “x” denotes the complex conjugate, and then sum them up over all elements K. We
get that

—i ) Bic(wp, uj) —i/ dunguf, + [un|” F' (Jup|?) dx = 0, (2.13)
K Qn

and

i Z B3 (up, w}) + iwpwy, dx = 0, (2.14)
K 2
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where Bk and B% are defined in (2.7) and (2.8), respectively. Let 7, be the interelement boundary face shared
by two neighboring elements (e.g., Fj are the two points on the boundary in 1D and the interior edges in 2D).
Thanks to the periodic boundary condition, we integrate by parts to collect

~i Y Blc(wp,up) = | iV, -V dx =i Y | Vwp - [uh] — @4[Vuj] + [wy Vuz] dS, (2.15)
K Qn FIF

and

iZB%((uh, wy) = iVuyp, - Vuy, dx — ZZ Vup, - [wy] — up[Vwy] + [unVwy] dS. (2.16)
K Qn 7 JF

Then, substituting (2.15) and (2.16) into (2.13) and (2.14), respectively, computing the complex conjugate
of the resulting two equations and adding them together with (2.13) and (2.14), we arrive at

ozi/ |uh|2F'(|uh|2)dx—i/ (a2 F (Jun|2) dxc
Qn

Qp

d

=% junlPdx — i) Bic(wn, uj,) = Bic (w, un) — B (un, wi,) + By (uj,, wn)
Qp K

d - .
=% A lup, |2dx + 2Im (Z /F Vwp, - [uy] — wp[Vur] + [wn Vur] dS)
n F

+ 2Im <; /F Vup, - [wi] — @n[Vwy] + [un Vwy)] dS). (2.17)
Further, by using the fact
[ab] = (1 —0)a™ + 0a™)[b] + ((1 — O)b™ +6b7)[a], 6 €[0,1], (2.18)
we get
Ki=Y" / wonVal] + Van - [wl] — @5 [Vui] dS
— Jr
= Z/ (aow;, + (1 — a2)w; ) [Vuz] + ((1 — a2)Vuy ™ + aQVuZ’JF) - [wp]
— Jr
+ (a2Vuy + (1 — a2)Vuy) - [wi] — ((1 — a2)wy + aowy, ) [Vuy] dS
-y / 9Re(((1 — az)Vuy + asVul) - [wf]) dS, (2.19)
= Jr
and

Ko := XF: /F[uthZ] + Yy, - [uy,] — up[Vwy]dS
= / Re(((1 - 1)Vt + ar V) - [u}]) dS. (2.20)
= JF

These identities indicate both K1 and Ky are real. Plugging (2.19) and (2.20) into (2.17) leads us to

d

2
— dx =0
dt a, |Uh| X )
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which yields the conservation of mass in (2.11).
To prove the conservation of Hamiltonian in (2.12), we differentiate (2.10) with respect to time

/K wheth dx + B (e, ) = 0, (2.21)

where B% is defined in (2.8). Now, by choosing ¢ = uj}, in (2.9), ¥ = wj in (2.21) and summing them over all
elements K, respectively, we get

> Bic(wp,ujy) + / dupeuj,y + upF (Jup|*)uj,, dx = 0 (2.22)
K n

and
Z B (ups, wi) + / wprwy, dx = 0, (2.23)
K Qn

where B}, is defined in (2.7). Moreover, we integrate by parts and have
> Bl (wn, uy) = / ~Vwy, - Vuj, dx+ Y / Vwn - [ul,] — wn [V, + [w, V] dS,
K Qn F

and
E B%(uht,w;‘b) = / Vup - Vwy, dx — g / Vupe - [wf] — tpe[Vwy] + [upe Vwi] dS.
K Qp F F

Then, summing the complex conjugates of (2.22) and (2.23) up yields

d

g F(lunl?) + [wn|? dx = = > Bic (wn, wj) + Bic (wiy, wne) + B (une, wi,) + Bic (ujyy, wn)
Qh

K

— —2Re (Z / Yy - [uly] — Wn[Vul,] + [w, V] ds>
I3 F

+ 2Re <Z/ Vg, - [wi] — unt[Vwi] + [une Vwy] dS). (2.24)
 JF
Using identity (2.18) and the numerical fluxes (2.5) and (2.6), we have

F
F

= 2 Z/ Im(((1 — a2) Vg, + asVauy),) - [wi]) dS, (2.25)
I3 F
and

K4 = Z/ —[uhtiZ] + 61\1)/}1 : [uzt] + @[vw;] ds
7 F

—2i XF: /F Im(((l — 1)V} + oy V) - [u;;t}) ds. (2.26)

Again, these identities indicate both K3 and Iy are purely imaginary. Finally, substituting (2.25) and (2.26)

into (2.24) leads us to
d

& Jo,

and this proves the conservation of Hamiltonian in (2.12). O

F(|lun|?®) + |wn|? dx = 0,
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Remark 2. To extend (2.5) and (2.6), we can consider the following general form of numerical fluxes:
)+ 61 (upn” +ufnt),
‘n7) 46 (winT +w,n),
QQVUZ + (1 —a2)Vu, — B2 (wh nt + w, n ) 0-( Vuh -nt 4+ Vu, -n7),
) 01(th ++Vu); ~n_),

u, =yl + (1= o)y, + B (Vwin® + Vu, n
wp, = (1 — ag)w) + apwy, —72(Vu' - nt + Vu~
Vuy, :
%L =(1- al)Vw}f + a1V, +11 (uZn+ +u,n

where 6, = (051),0?)),02 = (051), 952)), and o, Ggi),ﬁéi) € R, and §;, 7; > 0 are upwinding parameters, ¢ = 1, 2.

In particular, if 8; and 7; are not all zeros, i = 1,2, we have dissipating schemes.

3. ERROR ESTIMATES

In this section, we derive error estimates of the DG scheme (2.9) and (2.10) proposed for the nonlinear
biharmonic Schrédinger equation (2.1). For simplicity of notation and without loss of generality, we consider
only the following alternating fluxes with oy = @s =1 in (2.5) and (2.6), i.e

un =, %:Vw;, V/u\h:VuZ, W, = w,, . (3.1)
However, the error analysis can be easily generated for other types of alternating fluxes (e.g., (a1, a2) = (0,0)
or (ay, ) = (1,0) or (ag,az) = (0,1) in (2.5) and (2.6)). In Section 3.1, we review some projections and
inequalities that are essential for our proof. Section 3.2 presents a priori error estimates needed to evaluate the
nonlinear terms. The error estimates in the L? norm are given from Sections 3.3 and 3.4. In all that follows, we
denote by C' a generic positive constant that is independent of h but can vary from line to line.

3.1. Projections

We now introduce some projections used in the error estimates. For any ¢ > 1, in 1D, we define the Gauss—
Radau projections P into V}? such that for any u € Ht1(Qy,) and for any ¢ > 2

/ (Phiu —w)vpdr =0 Yoy, € PT73(1;),
1;

P:U(LE;;%> = u(:cj_%), (Pfu), (x;.t%> = Uy (:cj_%), (3.2)

P, u( +2> :u(:r:jJr%), (P,:u)x(x;r%) :uz(xj+%). (3.3)

Note that when ¢ = 1, the Gauss-Radau projections are defined only by (3.2) and (3.3).
In 2D, we define the Gauss—Radau projections to be

M= (PE @ PE )u,
where the subscripts z(y) indicate the application of the one-dimensional operators PhjE in the z(y)-direction.
For the detailed formulation of TIifu, we refer to [37].

In both 1D and 2D, the following inequality holds (see e.g., [18,21]): for small enough h, there exists a positive
constant C' dependent of ¢ but independent of h such that for any u € H? 1 (Qp,)

1
lu = Quull 2, + Bllu = Quull o,y + 72 [lu = Qnull 12r,,) < CRTH, (3.4)

where Q) = Pf in 1D and Qj, = Hf in 2D.
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3.2. A priori error estimate

Let us denote
€y = U — Up :u—PZu—HP’Zu—uh =: Ny + &y,
ew =W —wp =w—P,w+P,w—w, =: Ny + &w,
Eut = Ut — Upt = Ut — P;Ut + P;Ut — Upt = Nut + Eut,
where P = P when d = 1, and Pi = IT}" when d = 2. Note that [43] proves optimal convergence in L? norm
for a second-order Schrédinger equation with polynomial nonlinearity without assuming a prior estimates for
errors. However, for fourth-order nonlinear Schrédinger equations, especially those with strong nonlinearity as
invested in this paper, following the lines of [21], for now we would like to make the following a priori assumption
for some h small
leallzz(r) + lleutllzy <h VYOSt ST, (3.5)
and by the interpolation property (3.4)

lewllLoo iy + lleutllooe )y <C VO<t<T. (3.6)

These inequalities will be heavily used in establishing the error estimates. We will verify (3.5) in Section 3.5. In

addition, to obtain an optimal error estimate in 2-D, we also need some superconvergence results regarding Bi,
and B%.

Lemma 1 ([37]). Let B}, and B3 be defined by (2.7) and (2.8). We then have for ¢ > 1,
|B}((nw7¢>)’ < Chq+2”w('vt)||W24+4,oo(K)||¢||L2(K)7
|Bi (s )] < CRT2[lu(-, 1)l wataco (1) [ ]] 210

where ¢,v € QF(K), and the constant C is independent of h.

3.3. Error estimates for initial conditions

We now study the initial error estimates for the optimal error estimates of the DG scheme (2.9) and (2.10).
Motivated by Li et al. [31] and Zhang et al. [46], we choose an initial approximation of a linear steady state
given in the following lemma.

Lemma 2. Suppose that F € C*¢(R) for some ¢ € (0,1), and u is sufficiently smooth, and the numerical
ingtial condition of the DG scheme (2.9) and (2.10) is chosen as the DG approzimation with numerical fluzes
(3.1) to a linear steady-state problem

iu+ A%y = dug + A?ug, (3.7)
where ug s the initial value of u, and periodic boundary conditions are considered. Further, denote w = Au,
then the DG approzimation for (3.7) is given by

/ iund + wnAd — (ing + Auo)ddx = | —wp -ng + @ Ve -nds, (3.9)
K OK
and
/ wpt) —up AYdxdx = | Vupy — apVep dS, (3.9)
K oK

for all p,¢» € VI, q > 1. Then we have the following optimal initial error estimates for the time-dependent
nonlinear Schrédinger equation (2.1)

€0 5,020 + 16ut (2 O 2 + 16w (5, O 20y < ORI,

where C s a positive constant depending on ¢, the bounds of F',F" F®), lw(x,0)[w2at4(0,)
|u(x,0)|lw2ataq,)s |w(x,0) || et (an), w(X,0) || gat1(an), |ue (X, 0) | gatri(o,) and |lu(x,0)| Lo (q,) but not on h.
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Proof. Let us first consider the DG approximation (3.8) and (3.9) for the numerical initial condition. We have
the error identities

/ ie ¢ dx + B (e, ¢) = 0, (3.10)
K
/ ewth dx + B2 (ey, 1) = 0, (3.11)
K
where e, = u(x,0)—up(x,0), e, = w(x,0)—wp(x,0), and By and B% are defined in (2.7) and (2.8), respectively.

Multiply (3.10) by —i and (3.11) by ¢ with (¢,v) = (£, £X). We take the complex conjugate of the resulting
two equations and then sum them over all elements K to get

2 wl? + Re(nu&) — Im (&) d
;/Km T Re(u]) — Im(nu€) dx
iy —Bie(6w, &) + B (6u, &) + Bic (65, &) — BR(&5,&w)
K

+ZZ 78}((7774136:;) + B%((nuaf:;) + B}((miz&gu) - B%((n:;agw) = 07 (312)
K

where we have used the facts that e, = &, + 1, and e,, = &, + M. By the same arguments for the mass
conservation (2.11) in Section 2.3, one has

> By (6w &) + B (6w €5) + Bic (€5, 6u) — B (65, €w) = 0.
K
Thanks to (3.4), one finds from (3.12) that
2 [ 167 + Re(a€l) — (o €5) dx = 0 a=1
h
Q/Qh [€ul? + Re(1a&5) — Im(10,€;,) dx < ChTT(|€u(x, 0)ll 20, + 160 (%, 0) [ L2()),  d =2,

where we have also used Lemma 1 to obtain the inequality when d = 2. This yields

160, 0)[|Z2(0) < CRTF([160(%,0) [ L2020y + 1€ (%, 0) | 22(02,)) - (3.13)

Similarly, choosing ¢ = &£ in (3.10), ¢ = & in (3.11), and taking the complex conjugate of the resulting two
equations, then summing them over all elements K gives rise to

2 w 2 -1 u :2 Ri w Z; d
;/Km m(na€l) + Re(nu€l) dx
+ ) Bie(6uw, &5) + Bic (€, 65) + Bie (6, €u) + B (€5 6w)
K
+ ) Bie (s, 6) + Bic (u, §3) + Bie (03 &) + Bic (0], &w) = 0.
K

Again, thanks to (3.4), we apply the same arguments for (2.12) to obtain that

2
€000y < O (1006, 0) ) + 160 (%.0) 20, )- (314)
Combining (3.13) and (3.14) and using Young’s inequality, we arrive at

1€ (%, 0) | z2(2,) + 16w (%, 0) [ L2y < CRTF. (3.15)
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Next, we estimate [|£u(x,0)|12(q,) by using the relation between the time dependent equation (2.9) and

steady state equation (3.8). To this end, we start from the initial error equation for the time-dependent problem
(2.9)

/ ieut¢dx+ B}((ewad)) +/ UF/(‘U|2)¢ - th/(|uh|2)¢dX = 07
K K

where B}, is defined in (2.7). Subtracting this identity from (3.10) gives

/ ieutd — i€y + uF'(\u|2)¢ — th’(|uh|2)¢dx =0.
K

Multiplying the above equation by ¢, then choosing ¢ = £, and summing it over all elements K, we arrive at
/ |§ut|2 dx = Z/ —Nut€r + €ubyy + l(UFI(‘uF)th - thl(‘uhP)th) dx. (3.16)
Qn = VK

To estimate the right-hand side, we first apply (3.4) and (3.15) to have

Z /K —Nut (%, 0)&5,(x,0) + €, (x,0)E5, (x,0) dx| < ChIT|€ue(x,0) || 22(0) - (3.17)
K

To estimate the nonlinear terms on the right-hand side of (3.16), we have from the Taylor expansion that for
some |4|? between |u|? and |uy|?
1
F'(Jun?) = F'(jul?) + F" ([ul?)y + 5 7 (1*)7*, (3.18)
where
= |up|?® — |u)® = upuj — vu* = (u — ey)(u* — ) —uu* = |e,|* — 2Re(u*ey). (3.19)

Finally, we obtain

1
Oy T R I AR oy I G (R L LR E LA

1
n Z [ ea(FQuR) + Fury + 5P a2 ) ax
K

< ChT™|€ue(x, 0) || 220 - (3.20)
After combining (3.16), (3.17) with (3.20), we find that [[£u(x,0)||r2(0,) < Ch?T' and this completes the
proof. O

3.4. Optimal error estimates

We are now ready to present error estimates for the DG scheme (2.9) and (2.10) with the numerical fluxes
(3.1). In particular, we will show that the estimates are optimal in the L? norm.

Theorem 2. Assume that F € C*¢(R) for some ¢ € (0,1), and let (u,w) be the sufficiently smooth solution to
system (2.2) and (up,wp) € Vil x V,1,q > 1 be the numerical solution of the DG scheme (2.9) and (2.10) with
the smooth initial data computed by (3.8) and (3.9) along with periodic boundary conditions and the numerical
fluzes (3.1), then we have the following error estimates:

llew ()l L2(q,) + llew Ol 2@, + llew (X1 r2(,) < COhat! YO<t<T, (3.21)
where the positive constant C  depends on q, the bounds of F' F" F® F® s sl Los (0,77, Hat 1 (@0)) »
[[well oo 0,11, Fra+1 (20)) l|well Loe (jo,77, 0+ (921)) » 1wl Los (fo,77, Ha+1 (21)) 5 ||UHLoo( 0,71, Hat+1 ()5

HU||L°°([O,T],W2Q+4(Q;1))7 ||w||L°°([O,T],W2q+4(Qh))7 ||ut||L°O([07T]7W2q+4(Qh)), but not h.
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Proof. Our proof consists of three steps: (i) the estimate of d|[€.||z2(x)/dt, (ii) the estimate of d|[&w|2(k)/dt,
and (iii) the estimate of d||&u¢|z2(x)/dt.

Step one: by the DG scheme (2.9) and (2.10), we have the following error equations for any (¢, ) € V,! x V}!

/eutgﬁdx—i/ wF' (Jul?) ¢ — up F' (Jup|?) ¢ dx — iBk (ew, ¢) = 0 (3.22)
K K

/ iewt) dx +iB%(ey, ) = 0, (3.23)
K

where B}, and B% are defined in (2.7) and (2.8), respectively. Choosing ¢ = & and ¢ = £ in (3.22) and (3.23),
and taking the complex conjugate, then adding them with the resulting two equations and summing over all
elements K yields

=A

d 2 g — _ . :
w2 el ax =3 [ oReln) +2mnag;) dx

Z:A2

iy =B, &) + Bi(&5,&w) + Bie (6w, €5) — Bie(&5,60)
K

=g
+iy =B, &) + Bic (0, €w) + Bic (s, €5) = Bic (1, €u)
K .
+ Z/K —2F (Jul*)Im (u&}) + 2F'(|Jup|?)Im (up&)) dx, (3.24)
K
where we have used the identities e, = 1, + &, and e, = Ny + &w-
First of all, we infer from (3.4) that
[Aa] < CRIF(ll€ull 2@y + I€wllz2@n)) (3.25)

and the same arguments for the mass conservation (2.11) lead us to
Ay = 0. (3.26)

To estimate Az, we infer from the definition of the projection operators ]P’f, the numerical fluxes (3.1) and
Lemma 1, we obtain

|A3| =0, d= 1,
{ (3.27)

As| < Ch*2(lgull 2oy + [€wllzeny),  d=2.
Finally, to estimate A4, we first apply (3.18) and (3.19) to rewrite it as

M= 2 [P () F () () + )

i=A41

-2 Z/K(F"(|u\2)7+%F'"(|ﬂ\2)yz)lm(u§;)dx
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i=Ay2

=3 [ (P Q) + PPy + P () (el dx

K

On the one hand, we apply

| (gDl < € (lullim oo lewll e + el ) (16l + Il )
to see that

[Aar| < C(IF" |z @) + IVl Lo @) 1F | 2 (62,))
- (lull @ lewllzoe @y + Il @y ) (I€alEe ) + Imalliz,) )-

On the other hand, we have Im(e,&;) = Im(n,£;) since £,£; = |€,]? is a real number, then

szl < CUF ey + e I ey + 192 e | Neeany) (1ulBacay + Ial3aca))-

Combining the bounds of A4; and Ays derived above, we get

|A4] < C((IIF”HLx(m) + 7l 2o ) eull Lo () + ||uH%oo(Qh))

F" || poe(ay)) - (||U||Loc(m)
I Loy + [V Lo @) 1 F” ([ e () + \\72||Loc(9h)HFWHLoo(Qh))
- (Neuliaquy + Iz )- (3.28)
and this, in the light of (3.6), further implies that
ey < OO+ Nullim@): 1Vl < (1 + uliman + ll3eg,)- (329)
Then we have from (3.28) and (3.29) that
(4] < C (el + Imal3zcan))- (3:30)

Finally, after plugging (3.25)—(3.27) and (3.30) into (3.24) and using Young’s inequality, we have

d
&ngHQL?(Qh) < C(HquZp(Qh) + w72, + h2(q+1))~ (3.31)

Step two: we differentiate (2.10) with respect to time and then apply (2.9) to obtain that, for any (¢,¢) €
VI x Vi

z/ eutqbder/ uF' (|ul*)¢ — upF' (Jup|?) ¢ dx + Bi (e, ¢) = 0 (3.32)
K K

/ Cwith dX + B2 (eqt, 1) = 0. (3.33)
K

Here, B}, and B3 are defined in (2.7) and (2.8), respectively. Choose ¢ = £*,, ¢ = £ in (3.32) and (3.33) and
take the complex conjugate. We then add them to the resulting two equations and sum it over all elements K
to find that



1738 Q. WANG AND L. ZHANG

=0,

4 0o - :
dt;/}( |€w| dx = ;/KQIm(nutfut) QRe(nwtgw)dX

:=0s

- ZB}((fwag:t) + B}((g;:agUt) + B%{(guhg;’;) + B%((S:tagw)
K

=03

=S Bl (s €5,) + Bl (7, €ut) + B (1t €5) + B (11, €0)
K

=0y

—Z/ 2F (lul®)Re(ugl,) — 2F" (Jun*) Re(un&ly ) dx, (3.34)
K K

where we use the identities e, = 1, + &, and e, = Ny + &
Similar to step one, we get

1] < ChT (Jl€utllizin) + I€ullzzon ) 104 < C(I6ulEzan) + IulZa@ny + Inuliz,)):

and

{ |@3| =0, d=1,
03] < CRIP* ([€utll L2y + I€wll2@n)), d=2.

Moreover, the same arguments for the Hamiltonian conservation (2.12) in Theorem 1 give us
Oy = 0.
Substituting the estimates of |O3| into (3.34) and then using Young’s inequality, we have
d
SleulZa@yy < O(I6ulZaq,) + 16utlFcan) + 16022, + A20D). (3.35)

Note that ”fut”QL?(Qh) in (3.35) is unknown, and we need to estimate it to estimate d||£w||2L2(Qh)/dt.

Step three: taking the time derivative of (2.9) and (2.10) we get the following error equations
/K euptddx — Z/K %(UF'(MQ)(;S —upF' (Jupl?)) ¢ dx — iB (ewt, @) =0, (3.36)
/K iewtt) dx + iB% (eys, 1) = 0, (3.37)
for any (¢, 1) € VI x V}!, and B, B} are defined in (2.7) and (2.8), respectively. Choosing ¢ = &5, ¢ = &}, in
(3.36) and (3.37), and taking their complex conjugate, then adding them with the resulting two equations and

summing over all elements K, we have
::Wl

d / 9
- Cur|"dx = /—QRe wtt&ng ) dx
dt; K| ¢ ; . (Nuteat)

=Wy

+i) Bi(&aer €ut) = Bic(Guts Ee) + Bic(Guwts €51) — Bic (€l Eut)
K
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=Ws

+ZZB}((77wt7€;t) - B%{(n'z}hfut)
K

Z:W4

1739

d d (i o
-l—iZ/Ka(uF’ﬂuP) ())& — < (0 B () — B () ) e i
K

::W5 ::WG

1Y Bt )~ B s €10+ 3 [ 2m(,i€l) dx
K K

By similar analysis as in step one, we have
|W1| < Chq+1H§utHL2(Qh)’ W2 = Oa

and
{|W3—|—W5|=0, d=1,

|W3| < th+2H§Ut||L2(Qh)7 d=2.
To estimate Wy, we first rewrite it into

=W

Wy = -2 Z/ (F'(Jul?) = F' (Jun|?) ) Im(w&ly) + F (Jun|*)Im (e &) dx
K K

=Wiy2

YIG A\ un
#32 [()  — nP TE Jm) + n) S

Then the same estimates for A4 in step one imply that

Im(e,&),) dx

[War| < C(Hfu”i%m) + ||§ut||2L2(Q;L) + H’?uH%z(Qh) + ”nutH%Z(Qh))'

To estimate Wys, we find for some |u|? between |u|? and |u|? that
F"(lunl?) = F"([ul?) + F" (jul*)y + 3 Ly ) (luf*)»?

where v is defined in (3.19); moreover, we divide Wys into two parts as follows

—ww®
=Wy,

dy 1 dlul* | dy
- o 2 _ " 2 - (4) 2\~ 2 el *
Wao = EK /K( F" (|ul )—dt <F (Jul)y + 2F (Ju|*)y >( & @ Im(ug,,) dx

2
::W4(2)

ul?
+§K:/K(F"(|u|2) +F”’(ul2)7+;F(4)(|u2)72> (d|dt +dt)Im(eu§ ;) dx

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)



1740 Q. WANG AND L. ZHANG

Thanks to (3.6), we obtain that

du
‘Wﬁ)‘ < C(HFNHLOC () (1 + ||l Lo () + ‘ F

) + [IE" | Loy (1 + llull o< @)
L= (Qp)

d|ul? dy
N y (L4 llullz=(,)) A ey o)
: ||UHLoo(Qh)(||§ut||i2(Q,L) + l€ullze ) + InullZ2,) + ||Tlut||%2(gh)), (3.44)

and

W] < C(||F"||Loo((zh FF" | oo @ [V e @y + IF@ || o () 172 HLoo(Qh))

(HduP

In addition, using (3.19) and (3.6), we have

H Lw(ﬂh)) (3.46)

Plugging (3.29) and (3.46) into (3.44) and (3.45), we have from (3.41) to (3.43) that

dy
H ) (I6ulaqeu) + 6l + lae,y).  (3:49)
L>(Qp) L= (Qp)

du

<Ol 1+ ullpe (o +‘ -
Lo () ( ) Ty

Wil < C(l6ullZaq@n + IutlF2a,) +h20D). (3.47)

Substituting (3.39), (3.40) and (3.47) into (3.38) and using Young’s inequality, we obtain

d
Sl€utllEa@ny < Cl6ul13a@y + I6utlFagq,y +B2THD) + [Ws| + Wl (3.48)

In 1D, |W3 4+ W5| = 0 according to (3.40). Then collecting (3.31), (3.35) and (3.48) leads us to

d
= (M) + 160220y + NEutl 32 )

< C(IulBagn) + 160 l3a(an) + utlZaga, ) + CHEHD + [Ws| + W,
We then integrate this inequality from 0 to T to find that

2 2
[1€u(x, T)H2L?(Qh) F 16w (D)2 0,y + N8ut (% D22 ()
2 2
< (160 (%, 0) [ 720y + 160 (%, 0)[72 ) + 160t (%, 0) |72

T T
+C / 1€l F2 0y + €l 2y + €utllragq, ) 4t + CRHTHD + / [Ws| + |We| dt. (3.49)

In 2D, we have from integration by parts that

T T
| wiae= | |¢ZB%{<n:t,sm>—Bim,«s;t) a
0 0 %

<> (|Bi . €0)| + | B O, €5)| /Z}Bmutt,&u] B3 (nns £5)] e (3.50)
K
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For fOT |Ws| dt, we integrate by part again to have that

/OT |We|dt = /OT ’ Z/Kﬂm(nwtg:ut)dxl dt
<Z/ [20m (u€3,) dx / Z/ e 1)

After substituting (3.50) and (3.51) into (3.49), we invoke Young’s inequality and Lemma 1 to find
1€ (6, T)[72(0,) + 160 (%, D220 + €ue (6, T) 720,

T
1
< O/o ||§u\|%2(§zh) + ”fw”QL?(Q;L) + ||£utH%2(Qh) dt + Ch2at) 4 §||§w(xv T)H%Z(Qh)' (3.52)
Finally, using the Gronwall’s inequality (3.52) gives rise to

166, T 20,y + Il (6, D22 () + 10t (6, T 22,y < CRHHY,
which then easily implies the error estimate (3.21) using (3.4) and the triangle inequality. O
Remark 3. When F’(|u|?) = constant, one has the same estimates without assuming (3.5).

3.5. Verification of the a priori error estimate

We are now left to verify the a priori error estimate assumption (3.5). To see this, we first find that (3.5) is
true at ¢ = 0 thanks to Lemma 2. To show it for all ¢ > 0, we argue by contradiction. First, for each ¢ > 1, we
have Ch?*! < R if h is small enough. Suppose (3.5) fails before T', namely, there exists some ¢, € (0,7 such that
te = inf{t : [[(u—upn) (-, t)||22(0,) + I1(we —unt ) (-, )l 2(@,) > h}- By the continuity of ||(u—wun)(-, )| L2(q,) I (ue—
unt) (- t)|| 22(0,), we have b = ||[(u—up) (-, t+) | L2(0,) + | (ws —wne) (-, t4) || L2(2,)- On the other hand, equation (3.5)
holds for 0 < ¢ < t,, thus from Theorem 2, we have ||(u — up) (-, t2)| L2(0,) + | (we — wne) (-, ) | L2(0,) < ChIT,
which is a contradiction when ¢ > 1. Therefore, we have ||(u — up)(, )| 12(0,) + [|(we — wne) (-, 1)|| 2 (q,) < b for
all t € (0,7), and this verifies (3.5).

4. TIME DISCRETIZATION

In this section, we extend the semi-discrete ultraweak-local DG method to the fully discrete method, which
preserves the fully discrete mass and the fully discrete Hamiltonian.

4.1. Crank—Nicolson time discretization

We study the Crank-Nicolson scheme for time and show the mass and Hamiltonian conservation properties
of the corresponding fully discrete scheme. Let 0 =ty < t; < --- < ¢, < --- < --- < ty, = T and denote
h¢ := tp41 — t,. Here we use the uniform time step h; and denote the DG solution at ¢t = ¢,, by u}. We also
introduce the following two operators, which will be used in the rest of the content

central difference operator :du" =

and ) L
un+ + un—

mean value operator : du” = 5
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The fully discrete approximation u} = u(-,t,) of problem (2.2) satisfies

/ iUl + W Ad + Suf G dx = / 6V} - ng + bw'Ve - ndS, (4.1)
K oK
/ Wit — u T Agp dx = / Vit ny — +1vz/} nds, (4.2)
K oK
/ wp ™ty —ul T A dx = Vuy ™ u ‘ny — 1V1p ndsS, (4.3)
K oK

un+1 un 1
for all test functions ¢, € V!, where G = F(l |h”+‘1‘)2 R S' 1h|2 ) and the numerical fluxes are defined in (3.1).
Up,

We then have the following conservation property.

Theorem 3. For all n, the solution to the fully discrete ultraweak-local DG scheme (4.1)—(4.3) conserves the
discrete mass )
n+1 ,__ n n+1
Mpt = 52/}{ lup| + [up ] dx, (4.4)
K
and the discrete Hamiltonian

7 3 [ b o () £ () ax 43)

Proof. To prove the fully discrete mass conservation (4.4), we choose the test function ¢ = du;”™ in (4.1) to
obtain

/ iSujouy ™ + Swir Adu™* + Suj Gouy " dx = / —ngw;; iUl 4 SwiVeul* - nds, (4.6)
K oK
and the test function ¢ = dw,"* /2 in (4.2) and (4.3) to obtain
/ (wittowy™ — uptt Adw; ) /2dx = / (Vuﬁ“ -néw,"" — uh‘HV(SwZ i )/2 ds, (4.7)
K oK
and - -
/ (witowp™ — up T Aw; ) /2dx = / (Vuz_l néw) — up TV swy - )/2 ds. (4.8)
K oK
Adding (4.7) and (4.8), we have
/ Switdw,”™ — Suf Adw,"" dx = SVl - ndw* — ul Vow! " - nds. (4.9)
K oK

For the resulting equations (4.6) and (4.9), by the same analysis that leads to the conservation of the semi-
discrete mass (2.11) in Section 2.3, we can obtain

|uh+1| +up] Jup] 4 up
2% —|3 dx| = 0. 4.10
" o, [ / 2 X (4.10)

Thanks to (4.10) and (4.4), we have M = M} for all n. This finds that the fully discrete mass is conserved
by using the fully discrete scheme (4.1)—(4.3).
For the fully discrete Hamiltonian conservation (4.5), we let the test function ¢ = du; ™ in (4.1) to get

/K idupduy ™ + Swip Aduy ™ + duj Gouy " dx = /aK —5%/’,:5112’* + dwpVéup™ - nds. (4.11)



DG FOR BIHARMONIC SCHRODINGER 1743

In (4.2) and (4.3), we choose the test function ¢ = dw)"* to obtain

/K wpt swp™ — u T Adwy " dx = - Vuptt  néwp™ — ul T Vow” - ndS, (4.12)
/ w T owp " — ul T ASw) T dx = Vul ! ndw) — uf T Vow - ndS. (4.13)
K oK

Subtracting (4.12) from (4.13) and dividing the resulting equation by 2h; yields
/ Switdw,”™ — Suf Adw,"" dx = SVl - ndw* — Sul Vw! " - nds. (4.14)
K oK

For the resulting equations (4.11) and (4.14), using the same analysis for the conservation of the semi-discrete
Hamiltonian (2.12) in Section 2.3, we find that

2 2 2 - 2 dx =0.

n n n n— n+12 n|2 n n—
Z/ wp ™+ hwpl ] + Jwp ™ + Bl )+F(|uh‘ ) F(lup?) + F(jup ™)
7 JK
This identity, in the light of (4.5), easily implies that H,’LhLl = H} for all n. Therefore, we prove that the fully
discrete Hamiltonian is conserved using the fully discrete scheme (4.1)—(4.3). O

Note that the fully discrete scheme (4.1)—(4.3) can be rewritten into the following nonlinear algebraic equation
Un+1 — E(Unfl’ Un+1) +N(Un717Un+1)’

where U contains the degrees of freedom for uy,, £ and A are linear and nonlinear functions of Un~!, U™ *!. For
numerical implementations of the scheme, we will use Newton’s method to find U™ for each time step t,1,
and the stopping criteria is given such that both the absolute and relative differences between two successive
updates are less than 1078, Since the second-order central difference is used in the time discretization and we
are interested in the effect of the spatial discretization, we use the time step h; = 1 x 1074 to ensure that the
error is dominated by the spatial discretization when using the Crank—Nicolson time integrator for the numerical
experiments.

5. NUMERICAL SIMULATIONS

In this section, we present several numerical experiments to illustrate and support the convergence of the
proposed DG scheme in Section 2. Throughout these studies, we use a standard modal basis formulation and
the alternating flux (3.1) for simplicity of demonstration. In addition, the initial data are obtained by solving
the problem (3.7) with scheme (3.8) and (3.9).

5.1. Linear problem in one-dimensional space

First, we consider the linear biharmonic Schrédinger equation
WUt + Uggrr = 0, (x,t) € (0,47) x (0,1], (5.1)

with periodic boundary condition and initial condition u(z,0) = cosz + isinx. Note that this linear problem
has the following exact solution
u(x,t) = cos(x + t) + isin(z + t).

We uniformly discretize the spatial interval through vertices z; = jh, j = 0,--- , N, h = 47 /N. Throughout
the studies, we present results by considering the degree of the approximation space for both u; and wy, being
qe{1,2,3}.
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TABLE 1. L?/L® errors and the corresponding convergence rates for u (the real part Re(u) and
the imaginary part Im(u)) for problem (5.1) using P? polynomials for ¢ = 1,2, 3. The interval
is divided into N uniform cells, and the terminal time is 7" = 1. These results show the optimal
convergence is robust to the error norm.

g N Re(u) Im(u)
L? error Order L% error Order L7 error  Order L™ error Order
10 1.00e—00 - 4.44e—01 - 1.00e—00 - 4.47e—01 -
20 3.28e—01 1.61 1.45e—01 1.62 3.28e—01 1.61 1.47e—01 1.61
1 40 8.78¢—02 1.90 3.73e—02 1.96 8.78e—02 1.90 3.73e—02 1.98
80 2.23e—02 1.97 9.18e—03 2.02 2.23e—02 1.97 9.18e—03 2.02
160 5.61e—03 1.99 2.27e—03 2.01 5.61e—03 1.99 2.27e—03 2.01
10 6.74e—02 — 2.95e—02 — 6.74e—02 — 3.09e—02 —
20 7.57e—03 3.16 3.72e—03 2.99 7.57e—03 3.16 3.90e—03 2.99
2 40 9.24e—04 3.03 5.16e—04 2.85 9.24e—04 3.03 5.16e—04 2.92
80 1.15e—04 3.01 6.73e—05 2.94 1.15e—04 3.01 6.73e—05 2.94
160 1.43e—05 3.00 8.57e—06 2.97 1.43e—05 3.00 8.57e—06 2.97
10 4.06e—03 - 2.25e—03 - 4.06e—03 - 2.36e—03 -
20 2.49e—04 4.03 1.44e—04 3.97 2.49e—04 4.03 1.37e—04 4.11
3 40 1.55e—05 4.01 8.81e—06 4.03 1.55e—05 4.01 8.81e—06 3.96
80 9.67e—07 4.00 5.54e—07 3.99 9.67e—07 4.00 5.54e—07 3.99
160 6.06e—08 4.00 3.56e—08 3.96 6.06e-08 4.00 3.53e—08 3.97

Tables 1 and 2 show the L?/L> errors for the real and imaginary parts of u and w, respectively. Specifically,
the L2-error is evaluated by using the Gauss quadrature rule with ¢+ 1 Gauss nodes, and L>-error is evaluated
by comparing the errors among Gauss quadrature nodes

1/2
Re(u(z,1) — up(z,1)|| ;2 w; fu :cK,12 ,
IRe(u(x, 1) — un(@, 1)l 12(q,) = ;Z n(25%,1) 652
IRe(u(, 1) = un(e, D) g = wggég}l(u(% 1) = un(, 1))

where w]K denotes the Gauss quadrature nodes in the element K and w]K is the corresponding weight. Here we
define only the real parts of the errors, while their imaginary parts can be measured similarly. We also include
the corresponding numerical orders of accuracy subject to the variation of ¢ and N. We find that the proposed
scheme gives the robust and optimal (¢ + 1)th order of accuracy across size N and error norms.

Figure 1 shows the numerical mass and Hamiltonian trajectories of the proposed ultraweak-local DG scheme
for (5.1) with Crank—Nicolson time integrator. These approximations are obtained with degree ¢ = 2 and spatial
mesh size N = 40 up to the final time T" = 2000. We note that the numerical mass and the Hamiltonian are
conserved up to machine error.

Finally, Table 3 shows the L?/L> errors and the corresponding numerical orders of accuracy subject to the
variation of ¢ and N for the real and imaginary parts of v with the following inhomogeneous data

u(0,t) = cos(t) +isin(t), wu(4dm,t) = cos(dm +¢) + isin(4m +¢). (5.3)

In this case, we choose the numerical fluxes %, Wy, V/zjh and uy, at the physical boundaries as the exact
data derived from (5.3). We find that the proposed scheme still gives the robust and optimal (g + 1)th order
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TABLE 2. L?/L® errors and the corresponding convergence rates for w (the real part Re(w)
and the imaginary part Im(w)) for problem (5.1) using P? polynomials for ¢ = 1,2,3. The
interval is divided into N uniform cells; the terminal time is 7' = 1. All are chosen to be the
same as those in Table 1.

g N Re(w) Im(w)
L% error Order L™ error Order L? error Order L™ error Order
10  1.40e+00 - 5.64e—01 - 1.40e+00 - 5.48e—01 -
20  3.19¢e—01 2.13 1.52e—01 1.89 3.19e—01 2.13 1.59e—01 1.79
1 40 9.10e—02 1.81 4.30e—02 1.82 9.10e—02 1.81 4.30e—02 1.89
80  2.39e—02 1.93 1.11e—02 1.95 2.39e—02 1.93 1.11e—02 1.95
160 6.08e—03 1.97 2.81e—03 1.99 6.08e—03 1.97 2.81e—03 1.99
10 7.97e—02 - 5.10e—02 - 7.97e—02 - 5.30e—02 -
20  7.58e—03 3.40 4.78e¢—03 3.41 7.58e—03 3.40 5.01e—03 3.40
2 40 9.24e—04 3.04 5.91e—04 3.02 9.24e—04 3.04 5.91e—04 3.08
80  1.15e—04 3.01 7.22e—05 3.03 1.15e—04 3.01 7.22e—05 3.03
160 1.43e—05 3.00 8.88e—06 3.02 1.43e—05 3.00 8.88e—06 3.02
10  4.06e—03 - 2.49e—03 - 4.06e—03 - 2.47e—03 -
20  2.49e—04 4.03 1.44e—04 4.11 2.49e—04 4.03 1.43e—04 4.11
3 40 1.55e—05 4.01 8.90e—06 4.02 1.55e—05 4.01 8.90e—06 4.01
80  9.67e—07 4.00 5.55e—07 4.00 9.67e—07 4.00 5.55e—07 4.00
160 6.06e—08 4.00 3.54e—08 3.97 6.06e—08 4.00 3.50e—08 3.99
3 x10™ ‘ Mf“j My ‘ 4 x1071 ‘ HSHI— Hy

0 500 1000 1500 2000 0 500 1000 1500 2000
Time t, Time ¢,

FIGURE 1. The left figure plots M,?‘H — M for problem (5.1) using the P? polynomial on a

uniform mesh of N = 40 up to a final time 7" = 2000, while the right figure plots H,’LLJr1 — Hp}
under the same setting.

of accuracy over size N and error norms. We leave the theoretical analysis of the scheme (4.1)—(4.3) with
inhomogeneous data for future study.

5.2. Defocusing nonlinear problem in one-dimensional space

We provide another set of studies on the theoretical convergence order of the proposed ultraweak-local DG
2
scheme in studying the defocusing nonlinear biharmonic Schrodinger equation with F” (|u|2) = el“I". We consider
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TABLE 3. L?/L* errors and the corresponding convergence rates for u (the real part Re(u)
and the imaginary part Im(u)) for problem (5.1) with inhomogeneous data given in (5.3) using
P4¢ polynomials for ¢ = 1,2, 3. The interval is divided into N uniform cells, and the terminal
time is T' = 1. These results show the optimal convergence is robust to the error norm.

g N Re(u) Im(u)
L? ertror  Order L™ error Order L? error Order L error Order
10 1.26e—00 - 7.44e—01 - 1.50e—00 - 8.33e—01 -
20 4.08e—01 1.63 2.39e—01 1.64 4.39e—01 1.77 2.29e—01 1.86
1 40 7.04e—02 2.53 4.12e—02 2.54 1.17e—01 1.91 7.42e—02 1.63
80 1.80e—02 1.97 1.14e—02 1.86 2.92e—02 2.00 1.83e—02 2.02
160 4.44e—03 2.02 2.65e—03 2.10 7.26e—03 2.01 4.23e—03 2.11
10 1.02e—01 — 8.52e—02 — 9.01e—02 — 8.15e—02 —
20 6.14e—03 4.05 5.15e—03 4.05 1.13e—02 3.00 8.23e—03 3.31
2 40 6.80e—04 3.17 5.19e—04 3.31 8.76e—04 2.69 6.13e—04 3.75
80 1.13e—04 2.57 7.21e—05 2.85 1.13e—04 2.96 7.43e—05 3.04
160 1.43e—05 2.98 8.98e—06 3.01 1.43e—05 2.98 9.01e—06 3.04
10 5.02e—03 - 4.20e—03 - 5.78¢—03 - 3.99e¢—03 -
20 3.44e—04 3.87 2.86e—04 3.87 2.24e—04 4.69 1.35e—04 4.88
3 40 1.58e—05 4.44 9.31e—06 4.94 1.55e—05 3.85 9.14e—06 3.89
80 9.74e—07 4.02 5.64e—07 4.05 9.72e—07 4.00 5.59e—07 4.03
160 6.07e—08 4.00 3.59e—08 3.97 6.12e—08 3.99 3.50e—08 4.00
i+ Ugaga + ue’ = f(a,t), (2,t) € (0,47) x (0,1], (5.4)

with periodic boundary conditions. Note that such a nonlinear term is chosen so that we can demonstrate the
computational efficiency and robustness of the proposed scheme to strong nonlinearity without discussing many
of the real physical applications here. In particular, given by a properly chosen external forcing f(z,t), this
problem has an analytical solution of the following explicit form

u(z,t) = cos(z + t) + isin(z + t).

Choosing the degree of approximation ¢ = 2 and the number of cells NV = 80, we present in Figure 2 the
snapshots of the numerical solution up and wy, at ¢ = 1000. These simulations also provide visual evidence that
our numerical solutions agree very well with the exact solution.

We use the same spatial discretization as in Section 5.1 and show in Tables 4 and 5 the L?/L> errors for
the real and imaginary parts of both w and w. We observe results similar to those for the linear biharmonic
Schrédinger equations in Section 5.1. In particular, we find optimal ¢ + 1 convergence for both the real and
imaginary parts of v and w.

5.3. Focusing nonlinear problem in one-dimensional space

We now provide another set of experiments by considering nonlinear biharmonic Schrodinger equations with
an indefinite Hamiltonian. Specifically, we test the problem

Wy = —Upggs — uF’(|u|2), x € (0,47), t € (0,100]
under two types of nonlinearity

(@). F'(Jul*) = —[ul?,  (0). F'(luf*) = —|ul*.



TABLE 4. L?/L* errors and the corresponding convergence rates for u of problem (5.4) using
P¢ polynomials for ¢ = 1,2,3 on a uniform mesh of N cells up to terminal time T = 1.
This table adds additional evidence that supports the optimal and robust convergence of the

proposed scheme.

DG FOR BIHARMONIC SCHRODINGER

g N Re(u) Im(u)
L? error Order L% error Order L7 error  Order L™ error Order
10 5.30e—01 - 2.10e—01 - 5.30e—01 - 2.18e—01 -
20 1.45e—01 1.88 5.72e—02 1.87 1.45e—01 1.88 5.75e—02 1.92
1 40 3.96e—02 1.87 1.76e—02 1.70 3.96e—02 1.87 1.76e—02 1.71
80 1.02e—02 1.96 4.72e—03 1.90 1.02e—02 1.96 4.72e—03 1.90
160 2.56e—03 1.99 1.21e—03 1.97 2.56e—03 1.99 1.21e—03 1.97
10 5.79e—02 — 3.69e—02 — 5.79¢e—02 — 3.57e—02 —
20 7.39e—03 2.97 4.47e—03 3.05 7.39e—03 2.97 4.66e—03 2.94
2 40 9.18e—04 3.01 5.65e—04 2.98 9.18e—04 3.01 5.65e—04 3.04
80 1.15e—04 3.00 7.04e—05 3.01 1.15e—04 3.00 7.04e—05 3.01
160 1.43e—05 3.00 8.76e—06 3.01 1.43e—05 3.00 8.76e—06 3.01
10 3.98¢—03 - 2.31e—03 - 3.98e—03 - 2.37e—03 -
20 2.49e—04 4.00 1.44e—04 4.01 2.49e—04 4.00 1.38e—04 4.11
3 40 1.55e—05 4.00 8.81e—06 4.03 1.55e—05 4.00 8.81e—06 3.97
80 9.67e—07 4.00 5.54e—07 3.99 9.67e—07 4.00 5.54e—07 3.99
160 6.05e—08 4.00 3.52e—08 3.97 6.05e—08 4.00 3.49e—08 3.99

TABLE 5. L?/L errors and the corresponding convergence rates for w of problem (5.4) using

P4¢ polynomials for ¢ = 1,2, 3 on a uniform mesh of N cells up to terminal time T = 1.

qg N Re(w) Im(w)
L? error  Order L™ error Order L? error  Order L error Order
10 9.52e—01 — 4.09e—01 — 9.52e—00 — 3.94e—01 —
20 1.90e—01 2.33 9.52e—02 2.10 1.90e—01 2.32 9.06e—02 2.12
1 40 5.07e—02 1.90 2.64e—02 1.84 5.07e—02 1.90 2.64e—02 1.78
80  1.28e—02 1.99 6.80e—03 1.96 1.28e—02 1.99 6.80e—02 1.96
160 3.18¢—03 2.01 1.72e—03 1.99 3.18¢—03 2.01 1.72e—03 1.99
10 4.17e—02 — 1.73e—02 — 4.17e—02 — 1.74e—02 —
20 6.98¢—03 2.58 3.82e—03 2.18 6.98¢—03 2.58 3.91e—03 2.16
2 40 9.06e—04 2.94 5.35e—04 2.84 9.06e—04 2.94 5.35e—04 2.87
80 1.14e—04 3.00 6.89e—05 2.96 1.14e—04 3.00 6.89e—05 2.96
160 1.43e—05 3.00 8.68e—06 2.99 1.43e—05 3.00 8.68e—06 2.99
10  3.05e—03 - 1.47e—03 - 3.05e—03 - 1.51e—03 -
20 2.29e—04 3.73 1.24e—04 3.57 2.29e—04 3.73 1.23e—04 3.61
3 40 1.52e—05 3.92 8.57e—06 3.85 1.52e—05 3.92 8.57e—06 3.84
80  9.62e—07  3.98 5.49e—07  3.96 9.62e—07  3.98 5.49e—07  3.96
160  6.04e—08 3.99 3.48e¢—08 3.98 6.03e—08 3.99 3.48e¢—08 3.98
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Im(u‘))
— — Im(ws)

0.5¢

-05¢

FIGURE 2. Snapshots of the numerical and exact solutions of problem (5.4) at T' = 100, where
the numerical solution is obtained using the P? polynomial on a uniform mesh of N = 80.
These plots provide clear support for the proposed scheme to approximate the exact solution,
even up to a significantly long time.

Again, we study these problems with the same periodic boundary conditions and the following initial data as
in Section 5.2
u(z,0) = cosz +isinz.

We note that no explicit solution is available for this focusing problem.

Finally, we use the same spatial discretization as in Section 5.1 with the approximation order ¢ = 2 and the
number of cells N = 80. Figure 3 shows the time dynamics of the discrete solution w; under these different
nonlinear media up to T'= 100. From top to bottom we choose F’(u) = —|u|? and F’(u) = —|u|?, respectively.
On the top panel, we see that uy, is still stable up to ¢ &~ 30, but then its dynamics rotate and a stable time-
periodic profile develops. On the bottom panel, we see that a new stable time-periodic profile evolves from the
original solution around ¢ ~ 13.

5.4. Defocusing nonlinear problem in two-dimensional space

In this example we study the convergence of the ultraweak-local DG scheme for the nonlinear Schrédinger
equation with F’(|u|?) = |u|? in two space dimensions. Specifically, we solve

iug + A%u 4 ulu* =0, (x,y,t) € (0,27) x (0,27) x (0,1], (5.5)
with periodic boundary conditions and initial data

u(z,y,0) = cos(z + y) + isin(z + y).
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Re(up), F = —|uy|? Im(uy), F = —|uy|?

100 2 100
1.5 1.5
80 80
1 1
60 0.5 60 05
- 0 - 0
40 -05 40 -0.5
A -1
20 20
15 -1.5
0 0 -2

Im(uh) = —|up|*

3 100 3
2 80 2
1 1
60
- 0 + 0
40
-1 -1
5 20 2
3 0 -3
0 2 4 6 8 10 12
T T

F1GURE 3. Spatiotemporal dynamics of numerical solutions with the nonlinearity of the medium
F'(lup)?) = —|un|? on the top and F'(|up|) = —|un|* on the bottom. It is easy to see from
these plots that the spatiotemporal dynamics of the problem depend heavily on the choice of
medium and are extremely complex, including oscillations. Top: the real part of uy, (left) and
the imaginary part of uy, (right) with F’(jup|?) = —|un|?. Bottom: the real part of uy, (left) and
the imaginary part of uy (right) with F’(Jup|?) = —|up|*.

This yields the following exact solution
u(z,y,t) = cos(x + y + 5t) + isin(z + y + 5t).

The discretization is performed with elements over the Cartesian lattices formed by (zx,y;) = (kh, jh), k,j =
0,1,..., N with h = 2r/N. Here we present only the results for u, since the results for both « and w are similar
to the one-dimensional problems. Table 6 shows the L?/L> errors for the real and imaginary parts of u, where
we observe optimal convergence for both parts in both norms.

5.5. Mixed boundary condition in two-dimensional space

Our final example considers the nonlinear biharmonical Schrodinger equation in 2D.
iup + A%+ u(2 +sin(|ul?) = fz,y,1), (2,9,1) € (0,1) x (0,1) x (0, 1], (5.6)
with the following mixed boundary conditions:

u(z,2m,t) =
uy(z,2m,t) =

Uyy(z,0,t) =0,

top boundary:{ Uy (2, 0,8) = 0
yyy L My L) =1,

0,
0, bottom boundary: {
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TABLE 6. L?/L* errors and the corresponding convergence rates for u of problem (5.5) using
Q7 polynomials, ¢ = 1,2,3. We choose a uniform Cartesian mesh of N x N elements and the
terminal time 7" = 1.

g NxN Re(u) Im(u)

L? error Order L% error Order L? error  Order L™ error Order

4 x4 7.40e—00 - 2.17e—00 - 7.40e—00 — 2.17e—00 —
8% 8 3.28e—00 1.17 8.34e—01 1.38 3.28e—00 1.17 8.34e—01 1.38
1 16x16 9.05e—01 1.86 2.16e—01 1.95 9.05e—01 1.86 2.16e—01 1.95
32 x 32 2.30e—01 1.98 5.38e—02 2.00 2.30e—01 1.98 5.38e—02 2.00

4 x4 6.25e—01 — 1.98e—01 — 6.25e—01 — 1.98e—01 —
8 x 8 4.78¢—02 3.71 1.67e—02 3.58 4.78e—02 3.71 1.67e—02 3.57
2 16x16 4.91e—03 3.28 1.79¢—03 3.23 4.91e—03 3.28 1.79¢—03 3.23
32x32 6.12e—04 3.01 2.22e—04 3.01 6.12e—04 3.01 2.22e—04 3.01

4 x4 2.73e—02 — 1.09e—02 — 2.73e—02 — 1.09e—02 —
8 x 8 1.55e—03 4.14 7.05e—04 3.95 1.55e—03  4.14 7.05e—04  3.95
3 16x16 9.54e—05  4.02 4.42e—05 3.99 9.54e—05 4.02 4.42e—05 3.99
32x32 5.93e—06 4.01 2.73e—06 4.02 5.93e—06 4.01 2.73e—06 4.02

u(1,y,t) = u(0,y,1),
ug(1,y,t) = uz(0,y,1).

umz(ov Y, t) - uzx(la Y, t)a

left boundary:
y {ummz(ovyat) = Uzmc(]-ay,t)a

right boundary: {

Then the exact solution of (5.6) is
u(z,y,t) = (cos 2mx + isin 2mx)yt(y — 1)%e’.

Table 7 shows the L?/L* errors of u for problem (5.6), while Table 8 shows the L?/L* errors of w. Here,
both errors are computed as in (5.2) by considering all quadrature nodes in the 2D computational domain. We
observe optimal convergence for both u and w when ¢ = 2,3. When ¢ = 1, we observe a super-convergence ¢+ 2
for u in both L?/L>; optimal convergence for w in L2, and a super-convergence ¢q + 2 in L*°.

6. BRIEF DISCUSSION

In conclusion, we have developed and analyzed an ultraweak-local DG method for nonlinear biharmonic
Schrédinger equations. We extend the local DG scheme by introducing a second-order spatial derivative as
an auxiliary variable. This maneuver reduces the memory required for the variables to be solved, as well as
the number of equations to be solved at each single time step, compared to the local DG scheme applied
directly to the problem (2.1). The scheme is also stable without the use of a penalty term. We have proved and
demonstrated the stability of the scheme for the special projection operators; moreover, we also obtain optimal L?
error estimates under these settings. We further show that the fully discrete scheme combined with the Crank—
Nicolson time integrator is conservative. Our numerical experiments demonstrate the theoretical results and
reveal the rich and complex spatiotemporal dynamics of these linear /nonlinear problems. Our work also suggests
several directions for the future development of the proposed scheme. The problems of nonlocal nonlinearity,
which capture physical phenomena not described by the local operators, deserve academic attention. Moreover,
one can also try to obtain the error estimates for more general numerical fluxes. In addition, our approach can
be easily extended to two-dimensional unstructured triangular meshes. However, the derivation of optimal error
estimates will require more work and we leave this to future work.



TABLE 7. L?/L* errors and the corresponding convergence rates for u of problem (5.6) using
Q47 polynomials polynomials, ¢ = 1,2, 3. We choose a uniform Cartesian mesh of N x N elements
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and the terminal time T = 1.

g NxN Re(u) Im(u)
L? error Order L% error Order L? error  Order L™ error Order
15 x 15  1.78e—02 - 8.47e—02 - 1.78e—02 — 8.47e—02 —
20 x 20  7.33e—03 3.09 3.50e—02 3.07 7.33e—03 3.09 3.50e—02 3.06
1 25x25 3.67e—03 3.10 1.77e—02 3.06 3.67e—03 3.10 1.77e—02 3.07
30 x 30 2.08e—03 3.11 1.01e—02 3.08 2.08e—03 3.11 1.01e—02 3.08
35 x 35 1.29e—03 3.10 6.27e—03 3.09 1.29e—03 3.10 6.27¢—03 3.09
15 x 15  3.29e—04 — 2.85e—03 — 3.29e—04 — 2.85e—03 —
20 x 20  1.17e—04 3.60 1.04e—03 3.50 1.17e—04 3.60 1.04e—03 3.50
2 25 x25 5.18e—05 3.65 5.12e—04 3.18 5.18e—05 3.65 5.11e—04 3.18
30 x 30 2.64e—05 3.69 2.94e—04 3.04 2.64e—05 3.69 2.93e—04  3.06
35 x 35 1.50e—05 3.67 1.85e—04 3.00 1.50e—05 3.67 1.85e—04 2.98
15 x 15 8.88e—06 - 1.86e—04 - 8.88e—06 — 1.87e—04 —
20 x 20 2.59e—06 4.29 6.38e—05 3.73 2.59¢e—06  4.29 6.38e—05 3.74
3 25x25 9.83e—07 4.34  2.73e—05 3.81 9.83e—07  4.34 2.73e—05 3.81
30 x 30  4.43e—07 4.37 1.35e—05 3.86 4.43e—07 4.37 1.35e—05 3.86
35x35 2.25e—07  4.39 7.42e—06 3.88 2.25e—07  4.39 7.42e—06 3.88

TABLE 8. L?/L errors and the corresponding convergence rates for w of problem (5.6) using
Q7 polynomials, ¢ = 1,2,3. We choose a uniform Cartesian mesh of N x N elements and the

terminal time T = 1.

g NXxXN Re(w) Im(w)
L? error  Order L™ error Order L? error  Order L error Order
15 x 15 7.10e—03 — 3.22e—02 — 7.10e—03 — 3.20e—02 —
20 x 20 2.94e—03 3.07 1.26e—02 3.27 2.94e—03 3.07 1.26e—02 3.26
1 25 x 25  1.56e—03 2.83 6.24e—03 3.13 1.56e—03 2.83 6.23e—03 3.14
30 x 30 9.6le—04 2.66 3.56e—03 3.09 9.61e—04 2.66 3.55e—03 3.08
35x35 6.5le—04 2.53 2.23e—03 3.03 6.51e—04 2.53 2.23e—03 3.02
15 x 15 1.76e—04 — 7.67e—04 — 1.76e—04 — 7.67e—04 —
20 x 20 7.49e—05 2.96 4.16e—04 2.13 7.49e—05 2.96 4.16e—04 2.13
2  25x%x25 3.57e—05 3.33 1.67e—04  4.10 3.57e—05 3.33 1.66e—04 4.11
30 x 30 2.04e—05 3.08 9.99¢—05 2.81 2.04e—05 3.08 9.99¢—05 2.80
35x35 1.27e—05 3.06 6.45e—05 2.84 1.27e—05 3.06 6.45e—05 2.84
15 x 15 5.92e—06 — 2.28e—05 — 5.92e—06 — 2.27e—05 —
20 x 20 1.88e—06  4.00 7.15e—06 4.03 1.88e—06 4.00 7.15e—06 4.02
3 25 x 25 7.69e—07  4.00 2.91e—06 4.02 7.69e—07  4.00 2.91e—06  4.03
30 x 30 3.71e—07  4.00 1.40e—06 4.02 3.71e—07  4.00 1.40e—06 4.03
35x35 2.00e—07 4.01 7.55e—07  4.01 2.00e—07  4.01 7.54e—07  4.01
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