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SOLVING REACTION-DIFFUSION PROBLEMS WITH EXPLICIT
RUNGE-KUTTA EXPONENTIAL METHODS WITHOUT ORDER REDUCTION

BEGONA CANOY*® AND MARIA JESUS MORETA?

Abstract. In this paper a technique is given to recover the classical order of the method when explicit
exponential Runge—Kutta methods integrate reaction-diffusion problems. In the literature, methods of
high enough stiff order for problems with vanishing boundary conditions have been constructed, but
that implies restricting the coefficients and thus, the number of stages and the computational cost
may significantly increase with respect to other methods without those restrictions. In contrast, the
technique which is suggested here is cheaper because it just needs, for any method, to add some terms
with information only on the boundaries. Moreover, time-dependent boundary conditions are directly
tackled here.
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1. INTRODUCTION

Order reduction is a well-known phenomenon that affects not only standard integrators with stages when
integrating stiff problems but also exponential-type methods [5,10,15]. The latter have the advantage of inte-
grating the linear and stiff part of some differential problems in an exact way. This allows to construct methods
which are linearly stable and “explicit” at the same time, which is not possible with standard integrators.

Different ideas to avoid order reduction with standard integrators and splitting methods (both exponential
and not exponential) have been given in the literature. However, in the nonlinear case, it is not so direct.
In particular, for splitting methods, up to our knowledge, order greater than 2 has not been achieved when
integrating reaction-diffusion problems with time-dependent boundary conditions. (Look at [3,7-9,19])

In this paper, we center on increasing accuracy among explicit exponential Runge-Kutta methods (EERK).
Among them, Lawson ones are the easiest to construct since, given any standard Runge-Kutta (RK) method,
there is directly a Lawson method associated to it through a change of variables given by an exponential function
[18]. However, some more methods were constructed in the literature considering other functions defined from
exponentials and denoted by ¢; (j > 1) [13,15]. While Lawson methods show a severe order reduction when
integrating initial boundary value problems [1,5,22], with some other EERK methods, the order reduction is
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not so big. In particular, in [13, 14, 20], stiff order conditions are given when integrating semilinear parabolic
problems with vanishing boundary conditions and then, some methods are constructed explicitly in order to
achieve that order (see also [14,15,21,22]). However, imposing those conditions usually implies increasing the
number of stages and thus, the computational cost.

For linear problems, a technique has already been suggested to avoid order reduction with both Lawson and
other EERK methods [2,4] not only in parabolic problems with vanishing boundary conditions, but also for
time-dependent boundary values. This technique is based on applying the method of lines integrating firstly in
time and then in space. Then, in the first procedure, the exponential-type operators applied over functions with
time-dependent boundary conditions are substituted by the solution of suitable initial boundary value problems
with appropriate boundary conditions which can be calculated exactly in terms of data of the problem. The
corresponding formulas after full discretization are also shown in [2,4] and they are called exponential quadrature
rules because, in fact, they do not depend at all on the stages of the method due to the fact that the problem
is linear. The exponential RK quadrature rules in [4] are in general more efficient than Lawson ones because, in
the former, all the exponential-type operators are evaluated at the same argument and, because of that, their
calculation through Krylov subroutines in [23] is quicker [4]. Moreover, in the same paper, for some particular
methods, it is shown that the suggested technique to avoid order reduction with quadrature rules corresponding
to few nodes is more efficient than considering the classical approach with higher stiff order due to a higher
number of nodes.

For nonlinear problems and Lawson methods, a technique has also been suggested in [6], which greatly differs
from the linear case in the fact that stages now have to be taken into account. The main difference in the
conclusions with the linear case is that, in order to achieve local order 3 and higher, numerical differentiation is
required to approximate the necessary boundary values of the intermediate mentioned problems. Because of that,
in order to prove convergence, a CFL condition is required, although this condition is much less restrictive than
that needed with standard explicit RK methods. Moreover, the additional terms which need to be calculated in
order to avoid order reduction seem to be very cheap to calculate with Krylov techniques [6].

The aim of this paper is to see how to apply a similar technique with the EERK methods in [14], for which
@, functions (j > 1) turn up, instead of just ¢o(z) = e, as it happens with Lawson methods. According to [11],
the more recent Krylov techniques are quicker with yj-operators when j increases. Moreover, as distinct from
Lawson methods, at least for the formula concerning the calculation of the numerical solution, the ¢;-operators
(j > 0) are always evaluated at the same argument. Furthermore, the same applies for the calculation of the
stages in the majority of methods. As with exponential quadrature rules, this makes Krylov subroutines much
quicker [23] and, because of that, these methods are more efficient than Lawson ones. The analysis is much more
complicated than with Lawson methods but the final conclusion is the same. Under a very mild CFL condition
(only appearing when numerical differentiation in space is required), order reduction can be avoided in a quite
cheap way, since the additional calculations in fact just correspond to boundary values. That is much cheaper
than constructing methods with a high number of stages to increase the stiff order, as it will be shown in a
forthcoming paper.

The paper is structured as follows. Firstly, a preliminaries section establishes the abstract framework for
the problem to integrate and the required assumptions to deduce the main results in the theorems. Then, the
appropriate time semidiscretization is suggested in Section 3, so that order reduction is avoided in the local
error. In Section 4, the full discretization is performed considering some hypotheses on the space integrator. This
includes simple finite differences, but also more complicated ones (which require a mass matrix, as the nine-point
formula) and even finite elements. The formulas to be implemented are given in (23), (24) and, afterwards, the
result on the local error after full discretization is given, assuming that the required boundaries in (23) and (24)
are calculated exactly. As this is not always possible in terms of data, Section 4 offers a first simplification of
those boundaries in Tables 1 and 2, which guarantee that the optimal local error order after full discretization is
conserved when searching for local order 2, 3 and 4 in the timestepsize (respectively p = 1,2,3 in Thm. 3). Even
with those simplifications, just some approximation of those boundaries can be given in general when p = 1
with Neumann/Robin boundary conditions. Besides, when p > 2, with both Dirichlet and Neumann/Robin
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boundary conditions, numerical differentiation is in principle required. Considering then the error which comes
from this approximation, the results on the final global error after full discretization is given in Section 4.6 for
p = 1,2 and 3. Moreover, under the assumption that the problem is parabolic, it is justified that the global
order on the timestepsize can be the same as the local one. Finally, in Section 5, some numerical experiments
corroborate the previous results. As the proofs of the theorems are very technical, we have postponed their
proofs to an appendix.

2. PRELIMINARIES

Let X and Y be Banach spaces and let A : D(A) C X — X and 9 : X — Y be linear operators. Our
goal is to avoid order reduction when integrating in time through EERK methods the nonlinear abstract non
homogeneous initial boundary value problem

()= u(t) + f(t,u®), 0<t<T,

au(): () 0<t<T. (1)

The abstract setting (1) permits to cover a wide range of nonlinear evolutionary problems governed by partial
differential equations. We use the following hypotheses, similar to the ones in [3] when avoiding the same kind
of problems with exponential splitting methods.

(A1) The boundary operator d : D(A) C X — Y is onto and g € C1([0,T],Y).
(A2) Denoting Ag : D(Ag) = Ker(0) C X — X, the restriction of A to Ker(9), at least one of these assumptions
is satisfied:
(a) Ker(9) is dense in X and Ay is the infinitesimal generator of a Cp- semigroup {e4°};>q in X of
negative type w.
(b) D(A) is dense in X and Ay generates a bounded holomorphic semigroup {e4°};~q in X of negative
type w.
(A3) If z € C satisfies R(z) > w and v € Y, then the steady state problem

Ar = zx,
ox =,

possesses a unique solution denoted by x = K(z)v. Moreover, the linear operator K(z) : Y — D(A)
satisfies

1K ()] < Cloll, (2)

where the constant C' holds for any z such that Re(z) > wy > w.
(A4) The nonlinear source f belongs to C*([0,T] x X, X).
(A5) The solution u of (1) satisfies u € C1([0,T], X), u(t) € D(A) for all t € [0,T] and Au € C([0,T], X).

The well-posedness of problem (1) is assured by (A1)-(A4), as explained in [3]. Besides, as it was also justified
there, (A4) is quite restrictive if X = LP(2) with Q a bounded domain in RY. However, if the supremum norm
is chosen, (A4) is satisfied whenever f has the form

f(t,u) = ¢(u) + h(t), 3)
with ¢ € C*(C,C) and h € C1([0,T], X). For simplicity, we will assume from now on that f has the form (3),
apart from the following hypotheses:

(A6) There exists a natural value m(A) > 1 such that, whenever w € D(A!) and ¢ € C™+™AY(C,C) for
natural [ and m, ¢(™)(w) € D(A").
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(A7) For every natural [ > 0, there exists a norm || - ||; in D(A') C X such that, for every natural m > 1 and
u,v € D(AY), whenever ¢ € CT™DYC,C), (™) (u)v™ € D(A') and

4ot ]| < el

for some constant C(¢, u) which depends on ¢ (u), ..., p(m+™DD () and ||ul|;.
(A8) For every natural [ > 1 and the norm ||-||; in (A7), for every u,v € D(A!), whenever ¢ € C1+™(ADD(C,C),

|45 1A' (w)]]| < C(o, w)l[vlfi-1,

for some constant C(¢, u) which depends on ¢’ (u), ..., TV (4) and [ju);.

Notice that, when A is a space differential operator, (A6) means that ¢ and some of its derivatives do not
reduce the regularity in space of the functions at which they are evaluated for regular enough ¢. As for (A7),
it assures that Taylor expansions with the unbounded operator A can be performed until a certain point when
there is enough regularity. Finally, (A8) is used to apply a summation-by-parts argument which explains that
the local order is the same as the global one. (These assumptions will be justified for the examples in the
numerical experiments.)

In the remaining theoretical results of the paper, we always suppose that (A1)—(A8) are satisfied. However,
more regularity will be assumed in certain results.

Because of hypothesis (A2), {¢;(tA0)}52, are bounded operators for ¢ > 0, where {(;} are the standard
functions which are used in exponential methods [15] and which are defined by

(tAg) = 1/te<”>Ao . d P> 1 (4)
T G-t e
It is well-known that they can be calculated in a recursive way through the formulas
w;i(z)—1/4! 1
pi+1(z) = M» z#0, ©0i+1(0) = ——, ¢o(z) = €. (5)

z G+ 1)

For the time integration, we will center on EERK methods which, when applied to a finite-dimensional
nonlinear problem like

U'(t)y= MU®#) + F(t,U(t)), (6)

with M a certain matrix, read like this at each step

i—1
Kpi=e“"™MU, + k> aij(kM)F(tn + cjk, Kpnj), i=1,...,s, (7)
j=1
Unt1 = MUy + kY bi(kM)F(tn + cik, Kn ;). (8)
i=1

Here, k > 0 is the time stepsize, t,, = to + nk and, in principle, a;;(kM) and b;(kM) are linear combinations of
{pi(ckM)};_,, for some real value c. More precisely, we will assume that

a;j(z) = Z Nijirei(crz), 9)

l,r=1
bi(z) = Z pipei(z),
=1

for some constants A; ;. and ;. We notice that, usually, in the formula for a;;, ! just varies from 1 to ¢ —1
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and r just takes the value i, but we consider the more general case because it does not imply any difficulty in
the analysis. We also notice that, usually, the underlying method satisfies zz_l a;;(0) = ¢;, which implies that

j=1
1
> 7

l,r=1 Jj=

i—1

Ai,j,l,r = C;.
1

We will assume this from now on for the simplicity of some expressions in Section 4.4.

3. SUGGESTION FOR THE TIME SEMIDISCRETIZATION

As already mentioned in the introduction, we will integrate (1) firstly in time in order to avoid order reduction.
However, equation (1) is not an ODE system like (6), but an initial boundary value problem. Because of that,
for each of the terms in (7) and (8), we must suggest the solution of a suitable initial boundary value problem.
Simulating what was already done with exponential functions and Lawson methods [2], whenever @ € X and
B € D(A™1), we consider the generalised solution of this problem, which we will denote by ¢ ;.a.5(7),

ov(r) = a(Z ;:A%) (10)
=0

On the other hand, in a similar way to what was done for ¢ -functions and exponential quadrature rules [4],
and under the same assumptions on « and 3, we also consider the solution of this other problem, which we will

denote by ¢; , «.8(7),

(1) = _J (T 1
/0= (4= 1)+ e
1
v(0) = ﬁa,
I Tl
dv(r) :8<§ (I_H,)!Alﬁ). (11)

As it was already proved in Lemma 3.1 of [2] for ¢g r,a,g, and as it can be proved in a similar way for ¢; , .3,
considering Lemmas 6 and 7 in [4], for r > 0,

T

l
G0.r0.8(T) = Z %Alﬁ + e (= B) + 7 o1 (TAg) AT, (12)
=0 "
r l
¢j,r,a,ﬁ(7) = Z (l _:j)'Al,B + (P]‘(TA())(Oé — ﬁ) + TT+1g0j+r+1(TA0)AT+1ﬁ. (13)

=0

Then, when the EERK method has non-stiff order > p, our suggestion in order to avoid order reduction, when
the problem is regular enough, is to consider as stages, from the previous numerical value u,,

1—1 s
Kn,i = ¢O,p—1,un,u(tn)(cik) + ]CZ Z Ai,j,l,7"(Zsl,;z7f2,Fn,]-,Fi'n,j (Crk)v (14)
j=11r=1
where

Fn’j = f(tn + Cjk7Kn,j), Fn,j = f(tn + Cjk, Rn’j), (15)
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with K’nyj obtained as K, ; but substituting u, by u(t,) and, recursively, F,,; by F’n,l. Then, we suggest as the
numerical solution after timestepsize k,

Un+1 = ¢o,p,un,u(tn)(k‘) +k Z ZMi7l¢z,p—1,Fn,i,Fn,i(k)- (16)

i=1 1=1
We notice that, when p = 1, instead of (14), it should be used

i—1 s

Kni = $0,0,u, u(t,)(cik) + kZ Z Nijirei(erkAg)Fr j, (17)

j=11r=1

since ¢; , o p, 7, , should be the solution of (11), with vanishing boundary conditions.

We remark here that, although in principle the exact values of the solution and its spatial derivatives at the
boundaries are required in these formulas, in Sections 4.4 and 4.5 we will see how to simplify and approximate
them without losing order.

3.1. Local error

For the numerical integration of (1) through (14)—(16), we then have the following result for the local error
Pn = Unt1 — u(tny1), where 4,41 is defined also through (14)—(16), but starting from wu(¢,) instead of w,. (The
proof is in the appendix.)

Theorem 1. Under hypotheses (A1)-(A8), if the explicit exponential Runge-Kutta method (7) and (8) has
non-stiff order > p, when integrating (1) through (14)—(16) with u € C([0,T], D(AP*1)) n CPHL([0,T], X),
¢ € C1H=1mA)(C C), h € CP([0,T), D(AP)), it happens that the local error satisfies ||pn| = O(kP*1).

Moreover, if in formulas (14)—(16), we had substituted p by p with 1 < p < p — 1, whenever u €
C([0,T], D(AP+2)) 0 CP+2([0,T), X), ¢ € C*HP™AN(C,C) and h € CPTL([0,T], D(APTY)), it happens that not
only the local error satisfies ||pn| = O(KPT1) but also ||Ay ' p,|| = O(kPF2).

The result of the previous theorem corresponding to p < p is interesting because, for the non-stiff order p,
some times the corresponding boundaries in (10) and (11) cannot be calculated exactly in terms of the data of
the problem. However, if p = p —1 is considered in (14) and (15), the boundaries are easier to calculate and, by
a summation-by-parts argument, in parabolic problems global order p will still be observed (see Thm. 4).

4. SUGGESTION FOR THE FULL DISCRETIZATION

As distinct from the standard approach when integrating partial differential problems, we suggest to discretize
firstly in time as described in the previous section and then to integrate in space the resulting auxiliary problems.
For the suggestion of a space discretization, we must first fix a certain space X. As in [3,6], we take X = C()
for a certain bounded domain 2 € R?.

4.1. Space discretization

In this subsection we consider a certain grid Qj, (of ) over which the approximated numerical solution will
be defined. Therefore, the numerical approximation belongs to CV, where N is the number of nodes in the grid,
and a discrete norm || - ||, in this space will also be considered. Notice that, with Dirichlet boundary conditions,
nodes on the boundary are not part of the approximation while, when using Neumann or Robin boundary
conditions, the approximation at those nodes must be considered.

We will make similar hypotheses for the space discretization as those in [3,4]. We state them here for the
sake of clarity. We denote the projection operator

P, : X —CV,
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to that which takes a function to its values over the grid ;. We assume that the discrete norm || - ||}, satisfies
[ Prulln < Cllull, (18)
for some constant C' which may depend on 2. Then, we also assume that the discretization of
Au=F, ou = g,
is given by
ApoUp + Chg = P + Dy 0F, (19)

where Aj, ¢ is the matrix which discretizes Ay and Cy, Dy, 1 Y — CN are other operators associated to the
discretization of A, which take into account the information on the boundary of u and F.

Notice that, as f is given by (3), it has sense as a function from [0,7] x C¥ on C¥ and, for each t € [0,7]
and u € X,

Puf(t,u) = f(t, Ppu). (20)
Moreover, we consider the following hypotheses:

(H1) The matrix Aj o satisfies
(a) Ay is invertible.
(b) llp;jtAno)lln <Cj, j=0,...,s, te€]0,T].
(H2) We define the elliptic projection Ry, : D(A) — C¥ as the solution of

ApoRpu + Crou = PrAu + Dp0Au. (21)

(a) There exists a subspace Z C D(A) such that, for u € Z, Ag'u € Z and e'You € Z, for t € [0,T).
Besides, there exists a natural value m(Z) > 1 such that, whenever w € D(A!) for natural [ and
Alw € Z, it happens that Alg(w) € Z if ¢ € C™Z)+m(A)(C, C). Moreover, for some &, and 7, which
are both small with h, if u € Z,

[Ano(Pru = Bpu)ll, <enllullz, [ Pruw = Buull, < mnllu - (22)

With some space discretizations, as finite elements, it may happen that just the second bound above
applies. That leads to slight modifications in the theorems in the following subsections which are
clearly stated in the subsequent remarks.

(b) ||A,:})Ch||h’oo < C" for some constant C”" which does not depend on h. This resembles the continuous
maximum principle which is satisfied because of (2) when z = 0.

(¢) IDrln,co is uniformly bounded on h.

(H3) The nonlinear source f belongs to C1([0,T] x C¥,C¥) and the derivative with respect to the variable in
C" is uniformly bounded in a neighbourhood of the solution where the numerical approximation stays.

4.2. Full discretization formulas depending on dA'u(t,) and 8A'F, ;

Asin (14) and (16), o = uy, in the part which corresponds to (10) and o = F;, ; in that corresponding to (11),
we suggest to discretize (10) and (11) in space considering (19) and taking as initial condition for the space
discretized system U}’ for (10) and F;, ; p, for (11).

More precisely, for r = p — 1 or 7 = p, depending on whether we are calculating the stages or the solution,
we consider the space discretized system related to (10):

T l—

s Tl T 1
; “Alu(tn)] — Do [Z (l_l)!AZU(tn)] ;

=1

VA(T) = Ah7QVh(7—) + Cp0
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Vi(0) = UJ.
By the variation-of-constants formula and the definition of ¢; (4), it is clear that
r—1
¢87T7U}?7u(t")(7) = eTA’“OU,? + Z Tl+1801+1(7'Ah,0) [C’hﬁAlu(tn) — DhaAlHu(tnﬂ
1=0

+ 7'”1907“4_1(TAh70)Ch8ATu(tn)

solves this problem. (We consider this notation for similarity with the continuous one in (12).) In a similar way,
for the space discretized system related to (11), taking r = p — 2 or r = p — 1 depending on whether we are
calculating the stages or the solution, we consider

T l

T _
Aani
2 A

=0

Vi(r) = (Aho— >Vh( ) + ﬁFn,i,h‘FCha

P S P AR
_Dh Z(l+) nz

which can be written like this for r > —1,

(s 1—

T _ 1 _
7.A1Fni + %D 8Fn iy
; A+ G-

— jDnd

T

1 T -
Vi(r) = (Aho - )w ) + = mh+z ([ChOATF, ; — DROAT™F, ;] + mohaA Foy
1
Vh(o) == ﬁFnﬂ:’h'

Then, the solution of this, in the same way that it was argued for exponential quadrature rules in [4], can be
written like this for 7 > 0 and r» > —1,

r—1

qf)jlﬂ FoinsFi (T) = @y (TAhp)Fn’i’h + Z Tl+1g0j+l+1(7'Ah70) [OhaAanﬂ' - DhaAl+1Fn7i]
=0

+ Tr+1(pj+r+1(TAh)o)ChaATFn’i.
Considering all this, the suggestion for the full discretization formulas is, in principle:

p—2
Ky = e noUp + Z(Cik)Hl(Plﬂ(CikAh,o) [ChoA u(t,) — DoA™ u(ty,)]
1=0

i—1 s
+ (cik)pgop(cikAh,o)C’hBAp_1u(tn) +k Z Z )‘Zﬁj,lﬂ“

j=11r=1

p—3
X |:<pl(CrkAh70)Fn7j’h + Z(Crk)q+1@l+q+1(crk"4h,0) [ChaAan’j — DhaAlﬁ_an’j}

q=0
+ (Crk)p Plyp— 1(CrkAh O)ChaAp F, ;} ) (23)
p—1
Uptt = ekdnoyp 4 Z ko1 (kAn,o) [ChOA u(tn) — DRo A u(t,)] + k2 i1 (kAn0)ChoAPu(ty,)
=0

s s p—2
+k Z Z il |:<Pl(k'Ah,0)Fn,i,h + Z kT o gy1 (kAp o) [CLOAYF, ; — DROAITE, ;]

i=1 I=1 q=0
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+ kngler(kJAh)o)ChaAp_an,i , (24)

where F, ; p = f(t, + ¢;k, Ky ;,5) and where we notice that, for p = 1, due to (17), (23) should read

i—1 s
Ko in = e“FA0UN 4 cikipr (cikAp 0)Choultn) + kY D Nijurpi(crkAno) Frjin- (25)

j=1lr=1
4.3. Local error of the full discretization

We define the local error of the full discretization by py, j, = U™ — Pyu(t,11), where U;"*! is defined through
(23) and (24) but substituting U}’ by Pru(t,). The following theorem states how this error behaves.

Theorem 2. Under the first set of hypotheses of Theorem 1, (H1)-(H3) and assuming also that ¢ €
@ mA(C, ),

Aluw e C([0,T),2), 1 =0,...,p+1, AheC([0,T],Z), 1=0,...,p, (26)

it happens that ||pn.n|ln = O(KPH + key).

Moreover, under the second set of hypotheses of Theorem 1, (H1)-(H3) and assuming also that ¢ €
C™Z)+pm(A)(C,C) and (26), but with p instead of p, it happens that, not only ||pnnlln = OKPT + kep),
but also HA,:})th |n = O(KP*2 4 Ekny, + k2ep).

Remark 1. If just the second bound in (22) holds for the space discretization and the following parabolicity
condition holds for small enough 7,

HTAh,OeTAh"” Hh <, (27)

under the first set of hypotheses of the previous theorem it happens that ||pn sl = O(KP* + n3,). Moreover,
under the second set of hypotheses, not only s sl = O(KP*! + 1), but also || A} tpn.nlln = OKPH2 + kny,).

4.4. Simplification of the required boundaries without losing order

As it also happened with Lawson methods and nonlinear problems [6], the exact calculation of the required
boundaries is not usually possible in terms of the data of the problem and just some numerical approximation
of those values can be considered. Because of that, before considering any numerical approximation of them,
we firstly suggest some simplifications of the previously suggested boundary values which do not alter the local
error after full discretization. More precisely, for p = 1,2,3 in (23) and (24), we suggest some simplifications
which do not alter the respective order p + 1 for the local error after full discretization, which has just been
stated in the previous subsection. More precisely, we suggest the simplifications for 8A1Fn,i in Tables 1 and 2,
which come from developing into Taylor series K, ; in (A.3) around ¢,. For that, we use (12)—-(14) with u,, and
F, ; changed by u(t,) and F,. j- (Notice that the simplification is different depending on whether the term is in
the stages (23) or in the approximation (24)).

In the following, we will state more precisely under which assumptions the order of the full discretization

local error after that simplification (which we will denote by pfj’,?p ) will be conserved.

Theorem 3. Whenever p = 1,2,3, under hypotheses (A1)—-(A8) and (H1)-(H3), if the EERK method (7)
and (8) has nmon-stiff order > p, when integrating (1) through (23) and (24) with u € C([0,T], D(APT1)) N
CPH([0,T],X), ¢ € C™A+pm(A)(C,C), h € CP([0,T], D(AP)) and (26), it happens that the local error of the
full discretization with the simplified boundaries for Ut in Tables 1 and 2 satisfies 105 5" | = O(KPF! + kep).

Furthermore, if the method has non-stiff order > p+ 1, u € C([0,T], D(AP*2)) N CP*2([0,T], X) and h €
CPTH([0,T), D(APTY)) and, just for the case p > 2, the following bound holds

||A51[gz$’(u(t))Aow]H < C|lwl|, for everyt e [0,T], w € D(Ap), (28)
it happens that ||A;})pfi7;p||h = O(kP*2 + kny, + K2ep).
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TABLE 1. Simplifications for the boundaries in (23).

p  Simplification in K, ; n
2 8157“ ~ af(tn7 U(tn))

OF i ~ Of (tn + cik,u(tn) + ciki(tn))
OAF, ; = dAf(tn, u(tn))

TABLE 2. Simplifications for the boundaries in (24).

p  Simplification in U;LLH
1 OF.: =~ 0f(tn,u(tn))
815”7,- = Of (tn + cik, u(tn) + ciki(tn))

2 9AF. ~ OAf(t, ultn))
n (Cik)2 2
OF,,; = Of  tn + cik,u(tn) + kc; Au(ts) + 3 Au(tn)
1 . crk
3 83D Nt | (0 esbultn) + ki) + G AT ()] )

_ 7.l
OAF,,; = OAf(tn + cik,u(tn) + ciku(ts))
OA%E, ; = OA” f(tn, u(ts))

Remark 2. In a similar way to Remark 1, if just the second bound in (22) holds for the space discretization
and the parabolicity condition (27) holds, under the first set of hypotheses of the previous theorem it happens

that szij;?pﬂh = O(kP*! + n3,). Moreover, under the second set of hypotheses, ||A;’%pfz7}:’p|\h = O(kP*2 + knp,).

4.5. Calculation of the required boundaries

In this subsection, we will state the error which is committed when approximating not only the corresponding
simplified boundaries in (23) and (24) described in Tables 1 and 2, but also the error in the approximation of
OAlu(t,) for the different values of I. The latter and part of the former was already studied in detail in [6]
for Dirichlet and Robin/Neumann boundary conditions when considering Lawson methods. There are some
differences in the arguments where the terms of the form dA'f must be evaluated now, but the error which is
committed when approximating these boundaries in terms of the data of the problem (1), through the numerical
approximation of the problem itself, or using numerical differentiation, is very similar. We state it here without
entering into the details but reminding that e,, , = U}’ — Pyu(t,) (and therefore a bound of this turns up when
substituting u(¢,) at some node in the boundary by the numerical approximation itself), w1 is the norm of
the error of some numerical differentiation formula for approximating the first derivative in time, v}, the norm
of the error of some numerical differentiation formula for approximating a certain yth-derivative in space and
fik,2 the norm of the error of some numerical differentiation formula for approximating the second derivative in
time.

For simplicity, we will separate the cases p = 1,2,3 (which correspond respectively to Tabs. 3, 4 and 5),
distinguishing between the error which is committed for every term in the boundaries for the stages and for the
numerical solution, and taking into account the term to be approximated in formulas (23) and (24) through
their simplifications in Tables 1 and 2. We also notice that, in 1-dimensional problems, when A = D,,, as
justified in [6] for p = 2,3, v = 1 with Dirichlet boundary conditions and = 0 for Robin/Neumann ones.
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TABLE 3. Errors which are committed at each step when approximating the corresponding
simplifications of the boundary terms in Tables 1 and 2 to achieve local order 2.

p=1 Dirichlet  Robin/Neumann
Kn,i,h 6u(tn) - -
gt Ou(tn) - -

8Au(tn)/apn,z - O(”en:hHh)

TABLE 4. Errors which are committed at each step when approximating the corresponding
simplifications of the boundary terms in Tables 1 and 2 to achieve local order 3.

p=2 Dirichlet Robin/Neumann
Knin Ou(ty) - -

dAu(t,)/0F,; - O(llen.nll,)

du(tn) - -
Ut 9Au(tn) - O(llen.nll,)

OF.; - O(llen.nlly, + k1)

llen nlln

_ €n,h €n,
8A2u(tn)/3AFn,i O(Vh + ”hizh) O(,Uk,l + T + v + %)

4.6. Global error of the full discretization

In this subsection we show how the global error e, ; behaves with our suggestion for the implementation
of EERK methods, which is based on formulas (23) and (24), after approximating the boundaries of those
formulas as suggested in the previous subsections. For that, the classical argument which relates local error
to global one can be performed, but the error coming from the approximation of the simplified boundaries
must also be considered. Besides, under certain assumptions related to more regularity and parabolicity, a
summation-by-parts argument can be applied and therefore, the order can increase.

Theorem 4. Let us assume the first set of hypotheses of Theorem & and also, just for p = 2,3, that, for a
certain constant C,

— <, (29)

where 7y is the order of the space derivative which must be approximated through numerical differentiation to
calculate the necessary boundaries of the suggested method. Then, it happens that, under Dirichlet boundary
conditions,

- Forp=1, ||en,h||h = O(k +€h),
— Forp=2, |lesnlln = O(k? + kvy, + ),
~ Forp =3, |lennlln = O(K® + kvp, + kpwa + €n),

and, under R/N boundary conditions,

- Forp=1, ”en,h”h = O(k +en),
— Forp=2, |lennlln = O(K* + kg1 + kvi + €n),
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p when approximating the corresponding

simplifications of the boundary terms in Tables 1 and 2 to achieve local order 4.

p=3 Dirichlet Robin/Neumann
ou(tn) - -
L o) - Ofensl)
n,i,h —
OFy,; - O(Hen,hHh +k,uk,1)
2 = llen.nlly llen.nlly, llen.nlly,
0A u(tn)/aAFn,z O<Vh + T Ol pr1 + T + v, + W
ou(tn) - -
9 Au(tn) - O(llen.nll,)
a 'S
OF, ; O(kyh+ wnuu> O(wnﬂu+kuky+kukm+kyh+ wnﬂh>
uptt
DA%u(t) O(uh—i— ||enhHh> O(Mk1+ llen.nlly, R He};h“h)
OAF. . oluv, + ||en h”h kﬂk,l Oy + kpnz + ||6n,h||h Tt Hen,hHh
n,i h h"/ Hi,2 k‘ h h,y
3 25 ||€nhHh ok, 1 lle nh”h
OA u(tn) /OA  Fr i O(”h + + W O pr,1 + pr,2 + 2 fup+ S k:h“f

O(K® + kg1 + Ko + kvp + ).

Assuming also the second set of hypotheses of the same
constant C' which is independent of k and h

— Forp=3, |lesnlln =

n—1
FApe > etnoll < C,
r=1 h
and that, for t € [0,T], u(t) € D(AP*Y) and
Ala(tye z, 1=0,1,...

it happens that, under Dirichlet boundary conditions,

- Forp=1, |leanlln = Ok + kep, + ),

— Forp=2, |lean|ln = OK> + kvy, + ke, + mn),

- Forp=3, ||en,h||h = O(k4 + kvy, + k,uk-,l + kep + nh);
and, under R/N boundary conditions,

O(k2 + ken +mn),
O(kg + k,uk-,,1 + kvp, + kep, + 77h);
O(k4 + kpg1 + kzﬂk,z + kvp, + kep,

~ Forp=1, |leqn|n =
~ Forp=2, |lepnlln =
— Forp =3, |lennlln =

Remark 3. If just the second bound in (22) applies and
theorem, the term O(kep,) can be removed.

theorem, that the following condition holds for a

0<nk<T, (30)
0+ 1, (31)
+nn)-

(27) holds true, in all the results of the previous
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TABLE 6. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (33) with method (37) and the difference scheme (35) in
space without avoiding order reduction.

k 1/20 1/40 1/80 1/160
Local error 2.1370e—2 1.0531le—2 5.2115e—3 2.5816e—3
Order 1.02 1.01 1.01
Global error  2.2693e—2 1.1280e—2 5.6078e—3 2.7848e—3
Order 1.01 1.01 1.01

TABLE 7. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (34) with method (37) and the difference scheme (36) in
space without avoiding order reduction.

k 1/20 1/40 1/80 1/160
Local error 1.1214e—3 3.9698¢—4 1.4089e¢—4 4.9963e—5
Order 1.50 1.49 1.50
Global error  2.0719e—2 1.0369e—2 5.1725e—3  2.5729e—3
Order 0.99 1.00 1.01

Notice that condition (30) was also used in [3] and was proved in [13] for analytic semigroups, covering the
case in which the linear operator in (1) corresponds to a parabolic problem. In fact, equation (27) is just a
particular case of (30) for n = 2.

On the other hand, we remark that, for p = 2,3, a CFL condition (29) is required to prove convergence
rigorously. However, this condition is much less restrictive than that needed with explicit Runge-Kutta methods
and, moreover, as it just comes from some approximation at the boundary, it does not seem so important to be
held in practice (see the next section).

5. NUMERICAL EXPERIMENTS

In this section, we have made some numerical experiments in order to corroborate the results of the previous
ones.

5.1. One-dimensional problem
In the first place, we have considered the one-dimensional problem
Up = Ugg +u® + h(2,t), z€[0,1], t€[0,1], (32)

with function h and initial and boundary conditions so that the exact solution is u(x,t) = cos(x + t). On the
one hand, we have considered Dirichlet boundary conditions at both sides

u(0,8) = go(t), u(l,t) = g1(t), (33)
and, on the other hand, Dirichlet at x = 0 and Neumann at x = 1

u(0,2) = go(t), ua(1,) =g1(t). (34)
In such a way, (A1)—(A8) are clearly satisfied with X = C[0,1], || - || the maximum norm (see the example in

page 231 in [3]), ¢(u) = u?, h(t) = —sin(x+t) +cos(x +t) — cos?(x +1), A the second-order differential operator
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in space, m(A) = 2 in (A6) and
ol = max (olloos [0/l [0 ), for v e D(A) = €2 (10,1)),

in (A7) and (A8).
Then, for the space discretization, we have taken the standard second-order difference scheme, for which
Dy, =01in (19) and, in the case of two Dirichlet boundary conditions,

Apo = tridiag(1, —2,1)/h%,  Chlgo(t), g1(t)]" = [g0(1),0,...,0,g1(t)]" /R, (35)

while, in the Dirichlet and Neumann one, Aj ¢ has one more row and column since the value at the final
node is also numerically approximated. More precisely, by considering a centered difference in that last node to
approximate the Neumann condition,

-2 1 0 0
1 -2 1 0 .. A 90(t)
1o 1 —2 1 : g0(t) 0
AhO == 72 B Ch( == . . (36)
h 0 0 gl(t) , .
201 (t
: . 1 9 hgl( )
0 0 2 -2

It can be proved (see [3,24]) that (H1)—(H3) are satisfied for these space discretizations when taking || - ||, as the
maximum norm, Z = C*4([0,1]), g5, = O(h?) for the completely Dirichlet case and &, = O(h) for the Dirichlet
and Neumann one, 7, = O(h?) and m(Z) = 4.

As for the time integration, we have considered the EERK method

which was proved to lead to order > 1 when applied to problems with vanishing boundary conditions [14].
(We notice that ¢12(2) = ¢1(2/2) and that, with the notation in (8), a21(2) = ¥1(2/2)/2, b1(2) = 0 and
ba(2) = ¢1(2)). Firstly, we apply the standard method of lines, i.e., we integrate in time the space discretized
system

Un(t) = ApoUn(t) + Chg(t) + Upn.2 4+ Pyh(t),
Uh(()) = PhUQ, (38)

where Up,.2 denotes the vector of the square of components of U,. We are in fact taking M = A, and
F(t,U) = Chg(t) + Up.2 + P,h(t) in (7) and (8), and thus local and global time order around 1 can be observed
with Dirichlet boundary conditions (33), as Table 6 shows when considering h = 1/1000, so that the error in
space is negligible. As for Dirichlet and Neumann boundary conditions case (34), a bit higher local order can
be observed in Table 7, although the global order continues to be around 1.

As this method has nonstiff order 2, the results in this paper can be applied for both p = 1 and p = 2. More
precisely, when implementing the corresponding formulas in (23) and (24) with p = 1 and the simplification
for OF,, ; in U;LHl in Table 2 for that value of p, Theorem 3 assures local order 2 in the timestepsize when
the error in space is small enough and Theorem 4 global order 2. When implementing the same formulas with
p = 2 using Tables 1 and 2 for the simplification of some boundaries, Theorem 3 assures local order 3 and
Theorem 4 global order 2, in principle under a CFL condition of the form (29) with v = 1 due to Dirichlet
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TABLE 8. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (33) with method (37) and the difference scheme (35) in
space using p = 1 in (23), (24) and the simplification for F, ; in U;:'H in Table 2 for that
value of p.

k 1/20 1/40 1/80 1/160
Local error  1.2438¢—3 3.103le—4  7.7348c—5  1.9256e—5
Order 2.00 2.00 2.01
Global error ~ 7.5946e—4 1.914le—4 4.8515e—5 1.2292e—5
Order 1.99 1.98 1.98

boundary conditions. We remind that, as stated in Section 4.5, this CFL condition comes from the numerical

approximation of dA%u(t,) and A f (tn7 u(ty)) through numerical differentiation in space. However, it happens

that, for this particular method, this numerical differentiation is not required. This is due to the fact that, for
=2, (23) and (24) read like this after the simplification on the boundaries in Tables 1 and 2:

Kn,l,h = U];Lv
k k k2 k
O R/ (2’4’“0) Crdultn) + 0o <2A’“°) CrdAu(ty)
k k k k
+ 5% [ ( Ap, 0) n1,h + 52 (2Ah,0> Crof (tn, U(tn))] , (39)

Ut = ePAnoUn 4 koy (kAn0)Crou(ty) + ko (kAp 0)CrdAu(t,) + kPps(kAn o) CroA%u(t,,)

K1 (R )P+ hpalEAn ) CoO (0 4 5ou(t) + §it) ) + Ka o) ChOAS (e ).

Then, because of (1),
APu(ty) + Af (ta, ultn)) = Aulty) = i@(tn) = foltn, ultn)) = fultn, ults))i(ts),

which means that the whole term which multiplies k3p3(kAp o) in (39) can be exactly calculated in terms of the
data of the problem, when considering Dirichlet boundary conditions on both sides. Therefore, with Dirichlet
boundary conditions, numerical differentiation is not required and condition (29) is not necessary. On the other
hand, when considering the Neumann boundary condition on one side, no space numerical differentiation is
either required, but time numerical integration is needed indeed. For that, we have used a second-order Taylor
expansion for the first time step and then, a 2-BDF formula for the next ones. Tables 8-11 show that the
expected numerical order is in fact achieved.

On the other hand, we have also considered a space dlscretlzatlon through quadratlc finite elements for the
above Dirichlet problem. In this case, A o= M, Ah 0, Ch = M, ¢y, Dy, = M, Dy, with

—16 8 0 0

8§ 14 8 -1 0 8g0(t)
0 8 —-16 8 0 0 —go(t)
0 -1 8 —14 8 -1 0 0
- 1 = ([ 90(t) 1
Apo=— - :
ho = 33 , Ch(gl(t) 3 0 ,
0 0 8 -16 8 0 —gn(t)
0 -1 8 —14 8 8gn (1)
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TABLE 9. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (34) with method (37) and the difference scheme (36) in
space using p = 1 in (23), (24) and the simplification for dF, ; in U;:'H in Table 2 for that
value of p.

k 1/20 1/40 1/80 1/160
Local error 1.2438¢—3 3.1031le—4 7.7348e—5 1.9256e—5
Order 2.00 2.00 2.01
Global error  8.1236e—4  2.0456e—4 5.1368e—5 1.2857e—5
Order 1.99 1.99 2.00

TABLE 10. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (33) with method (37) and the difference scheme (35) in
space using p = 2 in (23), (24) and the simplification for the boundaries in Tables 1 and 2 for

that value of p.

k 1/20 1/40 1/80 1/160
Local error 4.9174e—5 6.5311le—6 8.3433e—7 1.0548e—7
Order 2.91 2.97 2.98
Global error  4.2309e—5 1.0515e—5 2.6288e—6 6.5912e—7
Order 2.01 2.00 2.00

TABLE 11. Local and global error in the maximum norm when integrating problem (32) with
nonvanishing boundary conditions (34) with method (37) and the difference scheme (36) in
space using p = 2 in (23), (24) and the simplification for the boundaries in Tables 1 and 2 for

that value of p.

k 1/20 1/40 1/80 1/160
Local error 4.9884e—5 6.5394e—6  8.3434e—7 1.0548e—7
Order 2.93 2.97 2.98
Global error  2.0216e—4  4.9199¢e—5 1.2062e—5 2.8962e¢—6
Order 2.04 2.03 2.06
16 2 0 0
2 8 2 -1 2fo(t)
0 2 16 2 0 0 —fol(t)
0 -1 2 8 2 -1 0 0
h ~ t h
_h D, fo@®\ _ h
30 f (t) 30 :
0
0 0 2 16 2 0 —fn(t)
o -1 2 8 2 2fn (t)
0 0 2 8

Let us now justify that hypotheses (H1)-(H3) are satisfied when taking || - ||, as the discrete L?-norm. On

the one hand, A is invertible because Ay o is the opposite of a stiffness matrix and M} is a mass matrix.
Moreover, because of that, A o has negative eigenvalues, which implies that (H1b) is satisfied. As for (H2a),
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TABLE 12. Local and global error in the discrete L2-norm when integrating problem (32) with
nonvanishing boundary conditions (33) with method (37) and quadratic finite elements in space
without avoiding order reduction.

k 1/20 1/40 1/80 1/160
Local error 5.2168¢e—3 2.1453e—3 8.9019e—4 3.7075e—4
Order 1.28 1.27 1.26
Global error  7.6537e—3 3.1867e—3 1.3313e—3 5.5645e—3
Order 1.26 1.26 1.26

it suffices to take Z = H3(0,1) and the second bound in (22) holds for 7, = O(h?) [16]. On the other hand, a
discrete maximum principle applies because A;)%)C’h = A;)BCN’;L and fl;’é [8,1,0,...,0]T and A}:j) [0,...,0,1,8]T
can be uniformly bounded with A in the maximum norm. Similarly, D) = M, 1Dy, is also uniformly bounded
in the maximum norm. With respect to (H3), we notice that f'(U) = 2diag(U) and thus the boundedness of
this in the maximum norm is equivalent to that in the discrete L2-norm or the Euclidean norm.

We must mention here that, although the maximum norm must be taken in the boundedness of local error
for the abstract problem (before discretizing in space) so that the problem is assured to be well-posed, the fact
that X = C[0, 1] implies that the bounds which are obtained in the maximum norm for the local error are also
valid for the discrete L2-norm.

We have firstly implemented the method through the standard method of lines, i.e., integrating directly

Un(t) = ApoUn(t) + Crg(t) + Up.2 + Pyh(t) + Dy[g(t)* + Oh(t) — g(t)],
U (0) = Pou(0), (40)

through formulas (7), (8) and Krylov methods [23] to calculate the exponential operators (We notice that, as
the matrix Ay is not so sparse in this case because it is just the product of the inverse of a sparse mass
matrix times another sparse matrix, a modification of the subroutines in [23] has been used following the lines
of Sect. 7.1 in [11], so as to take profit of the highly sparse structure of the underlying matrices.) When taking
h = 1/400 for the space discretization so that the errors in space are negligible, the local and global errors can
be observed in Table 12, where it is clear again the order reduction in both of them to a value around 1.25.

Again the suggested technique in this paper can be applied with both p = 1 and p = 2. With p = 1, local
order around 2.25 is observed in Table 13 so that order at least 2 from Remark 2 is corroborated. As for the
global error, the order reduction is completely avoided, as Remark 3 states. Moreover, taking p = 2, the local
order raises to a value near 3, as it can be observed in Table 14 and was also predicted by Remark 2. Because
of that, again, although the order in the global error cannot increase because of the classical order 2, the size
of errors is quite smaller than with p = 1.

5.2. Bidimensional problem

In a second place, we have considered the bidimensional problem
Up = Uy + Uyy + 1 + h(z,y,t), =,y €[0,1], te][0,1], (41)

with function A and initial and Dirichlet boundary conditions such that the exact solution is w(z,y,t) =
cos(t + x + y) and again (A1)—(A8) are satisfied. We notice that

h(z,y,t) = —sin(t + z +y) + 2cos(t + = +y) — cos®(t + x + y).

As space discretization, we have cons