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ERROR ESTIMATES FOR FINITE ELEMENT DISCRETIZATIONS OF THE
INSTATIONARY NAVIER-STOKES EQUATIONS

BoRIS VEXLER® AND JAKOB WAGNER*

Abstract. In this work we consider the two dimensional instationary Navier-Stokes equations with
homogeneous Dirichlet/no-slip boundary conditions. We show error estimates for the fully discrete
problem, where a discontinuous Galerkin method in time and inf-sup stable finite elements in space are
used. Recently, best approximation type error estimates for the Stokes problem in the L°°(I; L*(Q)),
L*(I; H'(Q)) and L?(I; L*(Q?)) norms have been shown. The main result of the present work extends
the error estimate in the L°°(I;L*(Q2)) norm to the Navier-Stokes equations, by pursuing an error
splitting approach and an appropriate duality argument. In order to discuss the stability of solutions
to the discrete primal and dual equations, a specially tailored discrete Gronwall lemma is presented.
The techniques developed towards showing the L>°(I; L?(Q2)) error estimate, also allow us to show best
approximation type error estimates in the L*(I; H'(Q)) and L*(I; L*(Q)) norms, which complement
this work.
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1. INTRODUCTION

In this paper, we consider the instationary Navier—Stokes equations in two space dimensions with homoge-
neous boundary conditions, i.e.,

ou—vAu+ (u-Viu+Vp=f inlxQ,
Vou=0 inlxQ
u(0) =up in Q,
u=0 on I x 0.

(1)

Here v > 0 denotes the viscosity, I = (0,7] C R a bounded, half-open interval for some fixed finite endtime
T > 0, and 2 C R? a bounded convex polygonal domain. The equations are discretized in time by a discon-
tinuous Galerkin (dG) method, i.e., the solution is approximated by piecewise polynomials in time, defined on
subintervals of I, without any requirement of continuity at the time nodes, see, e.g., [24,49]. The parameter
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indicating the time discretization will be denoted by k and corresponds to the length of the largest subinterval in
the partition of I. To discretize in space, we use inf-sup stable pairs of finite element spaces for the velocity and
pressure components. The parameter indicating the spatial discretization will be denoted by h and corresponds
to the largest diameter of cells in the mesh.

Due to the variational formulation of the dG time discretization, this discretization scheme is particularly
suited for treating optimal control problems. See, e.g., [13,14] for optimal control problems governed by the
Navier—Stokes equations, also [37,42] for optimal control of general parabolic problems. While in [13,14] the focus
was put on low order schemes, recently the authors of [2] analyzed dG schemes of arbitrary order for the Navier—
Stokes equations. Another advantage of the dG time discretization is the fact, that the maximal parabolic
regularity, exhibited by parabolic problems, is preserved on the discrete level, and moreover can be extended to
the limiting cases L' and L™ in time, at the expense of a logarithmic factor, see Theorems 11 and 12 of [35]. The
natural energy norm for the Navier—Stokes equations is the norm of the space L>(I; L2(2)?) N L?(I; H*(2)?).
Indeed by formally testing (1) with the solution u, one obtains

lull oo (r;n2(0)) + ull 2 @) < Clluollz) + 1 L2 (2 @)

This bound is also preserved on the discrete level, i.e., holds for the fully discrete solution ugyp, see Theorem 4.13.
Our main goal in writing this paper, was the investigation of the discretization error in terms of the L>(I; L?(Q))-
norm. In particular, such estimates are required for the analysis of optimal control problems, subject to state
constraints pointwise in time, see [42], as the corresponding Lagrange multiplier in this case is a measure in
time. There have been numerous approaches in the literature, deriving error estimates for the Navier—Stokes
equations. In Theorem 4.7 of [13], the same combination of dG—cG discretization schemes was used, and for
f € L*(I; L*(Q)?) an estimate

lw = wrnll L :e2 ) < C(VE+ ) (2)

was shown. Additional terms arise, when changes in the spatial mesh on different time intervals are permitted.
Under the much stricter assumption f € W1°°(I; L?(Q)?) and for the implicit Euler time discretization, in [31]
the estimate

lu = wknllLoe (riL2 () < C(k + h?) (3)

was shown. It was extended to the Crank-Nicholson scheme in [32] under the assumption of f € W2°°(I; L*(Q)?),
yielding an error estimate at the time nodes of order O(k? + h?). Beyond the references mentioned above, there
are many works analyzing the stationary equations, e.g., [27,45], semidiscrete equations in space, e.g., [9,20], or
semidiscrete equations in time, e.g., [4,23,46]. Fully discrete error estimates for stabilized discretization schemes
can be found e.g., in [2,5,18,34]. The error estimates are most often derived assuming the necessary regularity
of u, such that the discretization schemes can exhibit their full approximative power. The main drawback of the
results in the literature is the fact, that usually the errors in L>°(I; L%(Q)) and L?(I; H'(Q)) are estimated in
a combined fashion. Thus the estimate always has to account for the spatial error in the H' norm, yielding an
order reduction for the estimate of the error in the spatial L? norm. The goal of this paper is to prove an error
estimate which can be formulated as a best approximation type error estimate, which thus estimates the error
in the L°°(I; L?(€2)) norm in an isolated manner. Such an estimate for the instationary Stokes equations, has
been derived recently in [7]. More specifically, for velocity and pressure fields (w,r), solving the instationary
Stokes equations on the continuous level, and their fully discrete approximations (wgp, 7xp), it holds

T . g
w = wen | oo (1;12(0)) < Chl(k) (inlg/khﬂ’w — xXknll Lo (12 gy + |0 — RS (w’T)HLOO(I;L?(Q)))’
where Vi, is the space of discretely divergence free space-time finite element functions. The operator Rf denotes
a stationary Stokes projection, see [7] or Section 5 for a formal definition. Using this Stokes result, we will show
that a best approximation type result also holds for the nonlinear Navier—Stokes equations. This main result
is stated in Theorem 5.6. In Corollary 5.8, for f € L°(I;L?(Q)?), we then obtain an estimate in terms of
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O(li(k + h?)), where lj, denotes a logarithmic term depending on k. This result provides a better order of
convergence compared to the estimate (2), shown in [13]. The order of convergence in the estimate (3), that was
presented in [31] is comparable, but requires a much stronger regularity assumption. The main tools used in this
paper for proving the proposed L°(I; L*(Q2)) error estimate are an error splitting approach and a bootstrapping
argument, to apply the corresponding error estimate for the Stokes equations to the first part of the error. In
order to apply such an argument, understanding the precise regularity of the occurring nonlinear term (u - V)u
is crucial. The second part of the error will be estimated by a duality argument. This is possible due to the
variational nature of the dG time discretization. We will derive a stability result for a discrete dual equation.
For this result, a specially adapted version of a discrete Gronwall lemma, Lemma 4.11, will be presented. For
the analysis of the discrete dual problem, we require an estimate in the L?(I; H(Q)) norm, which is why we
formulate this result first. We shall then show the error estimate in L°°(I; L?(Q)) with the tools presented
above. The proof of the error estimate in the L?(I; L?(2)) norm is then straightforward and concludes our
work. Summarizing, our main results read

Hu — ukh||L2(1;H1(Q)) < C(\/g—k h) if fe LQ(I;LQ(Q)Q) and ug € V,
lw — wen |l poe (r.r2(0)) < CIn(T/k)?(k + h?) if f € L°°(I;L*(Q)?) and up € V N H*(Q)?,
||u — uthLz(I;B(Q)) < O(k + h2) if fe L2(I,L2(Q)2) and ug € V,

and can be found in Theorems 4.16, 5.6, 5.7 and Corollaries 5.8, 5.9. All three results are, up to logarithmic
terms, optimal in terms of order of convergence and in terms of required regularity. The structure of this paper
will be as follows. First, we fix some notation and function spaces in Section 2. We proceed in Section 3 by
stating the appropriate weak formulations of (1) with and without pressure and recall some known regularity
results. We conclude the section with an analysis of the regularity properties of the nonlinear term (u - V)u.
Section 4 will be devoted to the spatial and temporal discretizations. We present a version of a discrete Gronwall
lemma, which allows us to treat problems with right hand sides that are only L' in time, and show stability
results for fully discrete primal equations. With this result, we derive an error estimate for the Navier—Stokes
equations in L2(I; H'(2)). Lastly, in Section 5, we show stability results for a discrete dual problem, which in
the end allows us to show the error estimates in the L>(I; L2(€2)) and L?(I; L?(£2)) norms.

2. PRELIMINARY

For a convex, polygonal domain Q C R?, 1 < p < oo and k € N, we denote by LP(Q), WkP(Q), H*(Q)
and H}(2) the usual Lebesgue and Sobolev spaces. The inner product on L?(£2) will be denoted by (-, )¢,. The
space L2(Q) is the subspace of L?((2), consisting of all functions, that have zero mean. For s € R\N, s > 0 the
fractional order Sobolev(-Slobodeckij) space WP (Q)) is defined, see, e.g., [21], as

5,p o L‘;J ,p |Da Da ( )|p
R B =ls] //QXQ |z — yl(s Ls])p+2 dzdy < +o0

In case p = 2 we again use the notation H*(f2). Note that in this case H*({2) can equivalently be obtained via
real or complex interpolation of the integer degree spaces H"*(). This is due to the fact, that in the Hilbert
space setting, all resulting Bessel potential spaces H3(£2), Besov spaces B3 ,(€2) and Sobolev-(Slobodeckij) spaces
H*(Q) coincide, see [50], pp. 12, 39. For X being any function space over ), we denote by X* its topological
dual space, and abbreviate the duality pairing by (-, ). We will also use the notation H}(2)* = H~1(£). The
structure of the Stokes and Navier—Stokes equations requires also the definition of some vector valued spaces,
consisting of divergence free vector fields. We denote by V- the divergence operator and introduce the spaces

Vi={veC§)?: V-v:O}H @ and H:= {veC§e()?: Vv :O}L “@,
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Note that instead of the definition via closures, in the case of €2 being bounded and Lipschitz, these spaces are
alternatively characterized in the following way, see Chapter 1, Theorems 1.4 and 1.6 of [48]:

V={veH;()?: V-v=0} and H={veL*Q)?*: V.-v=0, u-n=0ondN},

where by u-n we denote the normal trace of the vector field u. To improve readability, whenever vectorial spaces
like H'(£2)? would arise in the subscript of some norm, we shall drop the outer superscript (-)2. For a Banach
space X and I = (0,7T] we denote by LP(I; X) the Bochner space of X valued functions, for which the following

norm is finite
1/p
sy = ([ o1 ar)

with the usual convention when p = +oo. It holds LP(I; LP(Q2)) = LP(I x ), and for p = 2, we denote the
inner product by (-,-);, .- Whenever X is separable and 1 < p < oo, it holds (LP(I; X))* = LP"(I; X*), where
1/p+ 1/p* = 1. The duality pairing for such spaces will be denoted by (-, ) ;... By W*?(I; X) and H*(I; X)
for k£ € N we denote the spaces of functions v satisfying 6tjv eLlP(;X),j=0,...,k.

3. NAVIER—STOKES EQUATIONS

We start by recalling some regularity results for the Navier—Stokes equations, and we are going to prove some
additional results, especially adapted to the situation considered in this paper. Throughout this paper, we shall
always assume the convexity of 2. We will state explicitly, whenever results also hold in a more general setting.
It is a well known result, that for f € L?(I;V*)+LY(I; L?(Q)?) and ug € H, there exists a unique weak solution,
i.e., the following Proposition holds, see Chapter 3, Theorem 3.1 and Remark 3.1 of [48]:

Proposition 3.1. Let f € L*(I;V*) + L'(I; L*(Q)?) and ug € H. Then there exists a unique weak solution
u e LALV)NC(I; L2(Q)?) of (1), satisfying

(O, v) g, + v(Vu, Vo), + ((u- V)u,v)g = (f,v)q forallv eV (4)
in the sense of distributions on I, and u(0) = ug. Moreover, there holds an estimate
lull e (rz2@) + VPllullzaavy < Clluolle + 1 fllzaiv L aic2@p)-

Note that the constant C above only depends on v and ), but is independent of T, see Theo-
rems V.1.4.2, V.1.5.3, V.3.1.1 of [47]. It is well known, that under the assumptions of Proposition 3.1, the
nonlinearity satisfies for 1 < s,q < 2:

(u-V)ue L*(I; LY(2)?) whenever

[V
N o

+-2=

; ()

Q=

see Lemma V.1.2.1 of [47]. Equation (4) is the weak formulation of (1) in divergence free spaces. The proof of
the above proposition relies heavily on the fact, that the trilinear form ¢(-, -, ) defined by

c: Hy(Q)? x HY(Q)? x H3(2)? = R,  c(u,v,w) = ((u-V)v,w)g,
posesses the properties summarized in the following lemma.

Lemma 3.2. Let Q C R? be an open Lipschitz domain, then there holds the estimate
1 1
loll sy < Cllolltaoyloldg,  for all ve H(9), (6)
due to which, the trilinear form c(-,-,-) satisfies for all u,v,w € H}(Q)?:

c(u, v, w) < [luf pa)[VollL2 @ lwll La@),
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c(u,v,u) < Cllullpz) [VullL2@)[Voll 2@)-
Let further V -u = 0. Then it holds
c(u,v,w) = —c(u,w,v) and c(u,v,v)=0.

Proof. The estimate for the L*(2) norm can be found in Lemma I1.3.2 from [26] and Theorem 3 from [1]. The
properties of the trilinear forms are then consequences of Holder’s inequality and integration by parts, and are
shown, e.g., in Lemma IX.2.1 from [26]. O

In what follows, we often consider the trilinear form c¢ integrated in time, which we denote by
c((u,v,w)) := /c(u, v,w) dt.
I

In analyzing the Navier—Stokes equations, the instationary Stokes equations frequently arise as an auxiliary
problem. For initial data ug € H and right hand side f € L(I;L?(Q)?) + L?(I;V*), there exists a unique
solution w € L2(I; V) N L*(I; L*(Q)?) to the Stokes equations
(Orw,v), + v(Vw, V), = (f,v)q for all v €V,
w(0) = ug,

(7)

where the first line of (7) is understood in the sense of distributions on I. We introduce the Stokes operator
A: D(A) — H defined by
(Aw,v)q = v(Vw, Vu), for allv €'V,

with domain D(A) := {v € V : Av € L*(Q)?} and the projection operator P : L?(Q)? — H, defined by
(Pw,v)q = (w,v)g for all v € H,
which is called the Helmholtz or Leray projection. Note that with the vector-valued Laplacian
—A:D(A) = LA(Q)2,
with domain D(A) := {v € H(Q)? : Av € L*(Q2)?}, the Stokes operator also satisfies the representation
A= -PA.
For convex €2, the domains of the operators introduced above satisfy the representations
D(A) = H}(Q)?*NH*(Q)? and  D(A) =V N H*(Q)?

see [17] for the H? regularity of the Stokes operator. The Stokes operator A generates an analytic semigroup
in H, see [7,40], also [6] for a detailled general analysis. One important feature of the Stokes problem is the
maximal parabolic regularity, which indicates, that both the time derivative d;w and the Stokes operator Aw
individually inherit certain regularity properties of f, see Proposition 3.4 below. For homogeneous initial data,
this consequence of the analyticity of the semigroup has been shown in [19], see also Chapter IV, Theorem 1.6.3
of [47]. Since our analysis should also treat inhomogeneous initial data ug, we need to define the proper spaces
for the initial data:
Vi ={veH: [vllvi_,,, < 0o},

see also [7] and Chapter 1, Section 3.3 of [6], where

1/s
lollvi_y,, o= (/1 ||AeXP(—tA)U|fth> + vl -
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Remark 3.3. Instead of using the spaces Vi_;,, explicitly as a requirement for the initial data, we can make
use of the following imbedding results: For 1 < s < 2 it holds V' < V;_;,, and for 1 < s < oo, it holds
VN D(A) < Vi_ys, see Remarks 2.8, 2.9 from [7].

The Stokes problem exhibits the following regularity properties, see Proposition 2.6 of [7].

Proposition 3.4 (Maximal parabolic regularity). Let 1 < s < oo, f € L*(I1;L*(Q)?) and ug € Vi_1/5. Then
the solution w of the Stokes equations (7) satisfies

10swll s (1,02 + 1AWl Ls(rie2@)) < CUIFlLs ez + luollv,_,,.)-

In the setting of Proposition 3.4, the Stokes problem (7) formulated in divergence free spaces is equivalent
to the following velocity-pressure formulation: Find (w,r) € [L*(I; Hg()?) N C(I; L*(Q)?)] x L*(I; L3(2))
satisfying

(Orw, v) 10 +V(Vw, V)10 = (V- 0) 0+ (4, V- w) g = (f,0) 140 (8)
for all (v,q) € [L*(I; H}(2)%) N L>°(I; L*()?)] x L*(I; L3(?)) and w(0) = u, see Theorem 2.10 of [7]. Further-
more, the maximal parabolic regularity results of Proposition 3.4 imply the following estimate for the pressure:

17/l e (2:22 () < C(IIf]

L) + luollv,_y . )-

Without additional smoothness assumptions, the maximal parabolic regularity for the Stokes problem does not
immediately extend to the Navier—Stokes equations. A partial result can be obtained by considering that the
maximal parabolic regularity of the Stokes operator was recently extended to the LP(Q) setting, where p in
general depends on the smoothness of Q. For a general Lipschitz domain 2, Theorem 1.6 of [25] shows that for
some ¢ > 0 and any p, such that |1/p — 1/2| < 1/4 + ¢, the maximal parabolic regularity holds. With this, we
obtain the following result for the Navier—-Stokes equations.

Theorem 3.5. Let f € L*(1;L*(Q)?) and ug € Vi_1/5 for some s > 1 and uw € L*(I; V) N L>(I; L*(Q)?) the
unique solution of (4). Then for -y := min{s,4/3} it holds
o, Aue L7 (I;L4/3(Q)2).
Further, there exists a unique p € L7 (I; L3(12)), such that
(O, v) g, + v(Vu, Vo) + ((u- V)u,v)g — (0, V-0v)g + (V- u,q)q = (f,v)q
for allv € H}(Q)%,q € L3(Q) in the sense of distributions on I, and u(0) = ug.

Proof. Due to (5) it holds (u-V)u € L¥3(I; L*/3()?). Since f € L*(I; L?(Q)?), this implies f := f — (u-V)u €
LY(I; L*3(2)?). Since |3/4 — 1/2| = 1/4, Theorem 1.6 of [25] shows that the Stokes problem posesses maximal
parabolic regularity in L*/3(Q), which applied to ug and f then yields dyu, Au € LY(I; L*/3(Q)?).The existence
of a pressure can then be proven as in Theorem 2.10 from [7]. O

The above result only recovers parts of the regularity available for the Stokes problem. Using H? regularity, we
will now show improved regularity results for the Navier—Stokes equations. Note that from now on we explicitly
require the convexity of {2, whereas Propositions 3.1, 3.4 and Theorem 3.5 also hold for general Lipschitz
domains.

Theorem 3.6 (H? regularity). Let ug € V and f € L*(I; L?(Q)?). Then the weak solution u to the Navier—
Stokes equations (4) satisfies the improved regularity

ue L*(I; H*(Q)*) N H'(I; L*(2)?) — C(I; H' (2)?),
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and there exist constants Cq,Cq > 0, depending on v, but independent of T, such that there hold the bounds

el sy < Ca(llwolly + 112y exp(Co (luolldy + 17 14s 122 ) )
lullza ez < Cr(lolly + 1 Fllpzcrcen) (1+ luollds + £ 132y ) exp(Co(luollly + 114 rzzqay ) )

Proof. The proof of this result for C? domains can be found in Chapter 3, Theorem 3.10 from [48]. Instead of
a C? boundary, we can also use the H? regularity for the Stokes operator on convex, polygonal domains, see,
e.g., Theorem 5.5 of [17] or Theorem 2 of [33], to obtain the claimed regularity. The norm bounds are obtained
by the Gronwall lemma. O

Note that contrary to the H? regularity for the instationary Stokes problem, for the Navier-Stokes problem,
even the proofs of the regularities dyu, Au € L?(I; L*(Q)?), that are contained in the above result, require
convexity of the domain. We shall state a corresponding estimate for ||0;u|12(7xq) after discussing the regularity
of the nonlinearity.

Remark 3.7. By Hélder’s inequality, with this H? regularity result, and the imbedding H?(Q) — L>(Q), we
immediately obtain
(u-V)u € L*(I; L*(2)?).

The regularity u € C(I; H'(€2)?) almost yields that u is uniformly bounded over the whole space time cylinder.
However, since in two dimensions H*(£2) #» L>°(£2), the boundedness in space has to be shown via an additional
argument.

We first show, that the nonlinearity actually posesses more regularity, than what was claimed in Remark 3.7.

Theorem 3.8. Let the assertions of Theorem 3.6 be satisfied, i.e., ug € V and f € L*(I; L?(Q)?), and let u be
the unique solution to the Navier—Stokes equations (4). Then the nonlinearity satisfies

(u-V)ue L*(I; L*(2)?) for any 1 < s < oo,
and for any 0 < § < min{2, s} there holds the estimate

3 22
[[(w- V)ul Lo(nL2(Q) = OHu”iz(j;Hz(Q))Hu”Loob(];Hl(Q)),

where the norms of u on the right hand side can be estimated by Theorem 3.6.

Proof. The proof follows the ideas of Theorem V.1.8.2 from [47], however we will use interpolation spaces instead
of fractional powers of the Stokes operator. With Hoélder’s inequality and the Sobolev imbedding H 1+¢ Q) —

C(92), it holds for any s < co and d§ > 0:

(- V)ullpz gy < lellzo @I Vullzz@) < Cllull® s

@) IVullZ2(q)-

Since § < s, we can express the space H'T¢ () as interpolation space [H (), H? (2)]5/s, and obtain from ([11],
Thm. 1) the estimate

1-8 3
ol s gy < Cluls oyl oy

All in all, we see that
[[(w- V)ullf20) < CH“||§{?(Q)||“H?§Q?2)7

which is integrable in time, since u € L°°(I; H'(2)?) N L*(I; H%(Q)?), by Theorem 3.6 and ¢ < 2. With Hélder’s
inequality, we obtain the proposed estimate, which concludes the proof. (Il
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Remark 3.9. The previous result (u-V)u € L*(I; L?(2)?) shows, that the Navier—Stokes equations inherit
the maximal parabolic regularity of the Stokes problem, in cases where f € L*(I; L?(2)?) and ug € Vi_ /s for
some 2 < s < co. Especially it also holds Au, ;u € L*(I; L?(Q)?) with

10ul

Loz + [Au] e rirz@)) < C(luollvi_y,, + 1F e rinz) + 1w - V)ullLe 2 @)))-

With Theorem 3.8, and slightly higher regularity of the data, we obtain the boundedness of u in the space-time
cylinder:

Theorem 3.10. Lete >0, f € L*T(I; L*(Q)?) and ug € Vi_1/(24¢). Then the unique weak solution u to (1)
satisfies additionally o
ue C(IxQ)?,

and for € sufficiently small, there holds the estimate

ey < O (0llviyarey + 1l corecrzzcayy + Nl Gaqramscp sy )
where the norms of u on the right hand side can be estimated by Theorem 3.6.
Proof. Applying Theorem 3.8, we observe, that it holds especially (u - V)u € L?>T¢(I; L?(2)?). For ¢ small
enough, such that 0 := (2 4 ¢€) < 2, there moreover holds

1w V)ull p2vern2@)) < Cllule,me ) lul7 e @) -

By a bootstrapping argument, since f € L**¢(I; L*(Q)?) and ug € Vi_1,., we can apply the maximal parabolic
regularity of Proposition 3.4, and obtain together with H? regularity

u e L (I;L*(Q)?),  we L**(I; H*(Q)?).

Hence u € W12+e([; L2(Q)?) N L2 (1; H*(2)?). With the definitions p := 2 +¢, s := ﬁ, 0:=1- ﬁ =
3+ 82—; it holds 1/p < s < 1/2 and 1/2 < § < 1 —s. We can thus apply ([3], Thm. 3), see also Lemma 2.11b of
[22], and obtain

we ¢ V(I (L3(Q), HA(Q), )
Applying Theorems 3.4.1 and 6.4.5 of [8], and Theorem 4.57 of [21], we moreover have

2

we OV (I (L2(@), HA (@),

) e (j; Hlﬂ%(g)?) — C(TxQ)°.

Note that here we have used, that for the L?(f2) case, all corresponding Sobolev-Slobodeckij, Besov, Bessel-
potential and interpolation spaces coincide, see, e.g., [41]. For an overview over the topic of function spaces, see
also [50]. From the used embeddings, we moreover have the proposed estimate. This concludes the proof. [

Corollary 3.11. Let the assertions of Theorem 5.10 be satisfied, i.e., f € L?>T¢(I; L2(2)?) and ug € Vi—1/(2+e)
for some € > 0. Then the nonlinear term in the Navier—Stokes equations satisfies

(u-V)u e L>®(I; L*(Q)%),
and there holds the estimate
—7te

P 2
[[(w - V)ul|poe(r;2(0)) < C<||uo||vll/(2+5) + 1 fllp2+e(r;z2(0) + ||UH2§(1;H2(Q))||U|| OO(I;Hl(Q))> l[wll oo (121 (92))

where the norms of u on the right hand side can be estimated by Theorem 3.6.
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Proof. This is a direct consequence of Theorem 3.6 and 3.10 and application of Holder’s inequality. (]

In the formulation of equation (4), we have used divergence free test functions. Whenever we want to test
the equation with functions, that are not divergence free, we have to consider an alternative, equivalent formu-
lation, that includes the pressure. The following theorem guarantees, that we can freely switch between the two
formulations, when ug € V and f € L?(I; L*(Q)?).

Theorem 3.12. Let the assertions of Theorem 3.6 be satisfied, i.e., ug € V and f € L*>(I; L*(2)?). Then there
exists a unique solution (u,p) with

ue L*(I;H*(Q)?)NC(L;V), duue L*(I;L7(Q)%) and pe L*(I; H(Q) N L§(Q)),
such that u(0) = ug and

(0w, 0) o +V(VU, Vo) g+ ((u- V)u,v) 10 = (0, V- 0) g + (6, V1) 10 = (F,0) 1400 (9)

for all (v,q) € L*(I; H}(Q)?) x L?(I; LE(Q)). Further it holds

Pl 2 0)) < Cllwollv + 11l 2cn2)) + llull L2z |l Lo (11 0))) -

where the norms of u on the right hand side can be estimated by Theorem 3.6.

Proof. This result can be shown using Theorem 3.8 with the choice s = 2, together with a bootstrapping
argument. Moving (u-V)u € L?(I; L?(Q)?) to the right hand side and applying Proposition 3.4 yields dyu, Au €
L?(I; L*(Q)?). The pressure is then obtained by following the same steps as Theorem 2.10, Corollary 2.11 of
[7], where its uniqueness is given by its construction. |

4. DISCRETIZATION

After discussing the continuous formulation of the Navier—-Stokes equations, we now turn towards their
discretization.

4.1. Spatial discretization

Let {7;,} denote a family of quasi-uniform triangulations of Q consisting of closed simplices. The index h
denotes the maximum meshsize. We discretize the velocity u by a discrete function space Uy, C Hg(£2)? and the
pressure p by the discrete space My, C L3(2), where (U, M},) satisfy the discrete, uniform LBB-condition

V - up,
sup w > /GthHL2(Q) for all qn € Mh7

wnety, [IVonllrz(o)

with a constant 8 > 0 independent of h. Throughout this work, we will assume the following approximation
properties of the spaces U, and Mp,. This assumption is valid, e.g., for Taylor-Hood and MINTI finite elements,
even on shape regular meshes, see Assumption 7.2 of [7].

Assumption 4.1. There ezist interpolation operators ip: H*()? N H(Q)? — Uy, and rp,: L*(Q) — My, such
that

V(v —inv)||220) < chl|V?0|| 12 for all v € H*(Q)* N Hy(Q)?,
lg = rnallz() < chl|VallL2@)  for all g € H'(Q).
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The (vector valued) discrete Laplacian Ay, : U, — Uy, is defined by
(Vup, Vop)g = —(Apupn, vp)g for all vy, € Uy,
We introduce the space V}, of discretely divergence free functions as
Vi i={vn €Up: (V-vn,qn)q =0 forall g, € Mp}.
The L? projection onto this space will be denoted by Py, : L?(2)? — V},, satisfying

(th,¢h)ﬂ = (U7¢h)g for all ¢h S Vh,

and allows us to introduce the discrete Stokes operator Ay : V, — Vi, Apvp, = —PrApvy,. Having defined these
discrete spaces and operators, we can now consider the Ritz projection for the stationary Stokes problem. For
any (w,r) € H}(Q)? x L*(Q), the projection (R} (w,r), RyP(w,r)) € Uy x My, is defined by

(V(w — RS (w, 7)), V), — (r — RYP(w,r),V - qSh)Q —0  forall ¢y, € Uy,

(10)
(V- (w—Rj(w,r)),¢n),=0  forall ¢, € M.

In case that w is discretely divergence free, i.e., (V-w,y)q = 0 for all ¢, € Mp, it holds Ry (w,r) € V.
Note that the space V}, is in general not a subspace of the space V' of pointwise divergence free functions. This
means, that on the discrete space Vj,, the form c(:,-,-) does not posess the anti symmetry properties shown in
Lemma 3.2. Hence we define, as in [16,31], an anti symmetric variant:

¢ Hy(Q)? x HYQ)? x HY(Q)? =R, é(u,v,w) = %C(u,v,w) — %c(u,ww). (11)

Analogously to the trilinear form ¢((-, -, -)), we will use the notation

&, v, w) = / &, v, w) dt.

I

Remark 4.2. Note that, due to Lemma 3.2, we can equivalently replace (-, -, ) in the continuous formulation
of the Navier—Stokes equations (4) by é(-, -, ), as the two forms coincide on V.

By its definition, é(,-,-) now has the following antisymmetric properties on the space Vj,, which will later
allow us to show the stability of the fully discrete solutions.

Lemma 4.3. The trilinear form é(-,-,-) satisfies
¢(un, va, wr) < ClVunllz2) | Vo L2 @) Vwn || L2@) for all up, vp, wp, € Up,
(up, v, wp) = —¢(up, wh,vp) for all up, vy, wy € Up,

(up, vp,vp) =0 for all up, vy € Uy.

Proof. The last two identities are a direct consequence of the definition of é&(,-,-). The first estimate follows
from Lemma 3.2 and the imbedding H}(Q) — L*(1). O

Note that due to the above lemma, formally we are still allowed to switch the second and third argument of
é(+, -, +). The original form ¢(-, -, -) however had a strict disctinction between the two arguments, as it contains the
gradient of the second argument, but only the function values of the third argument. This is of importance when
estimating the form in terms of its arguments. In ¢(-, -, -) gradients occur in the second and third argument, thus
switching the arguments does not allow us to obtain improved estimates. For this reason, we state the following
lemma, which allows us to switch the second and third arguments of ¢(-, -, -) by introducing an additional term,
even if the first argument is not (pointwise) divergence free.
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Lemma 4.4. Let u,v,w € H}(Q)2. Then it holds
c(u,v,w) = —c(u,w,v) = (V- u,v-w)q.

Proof. The proof is simply an application of integration by parts, and can also be seen, e.g., from equation (2.9)
of [2]. O

We conclude this subsection on the space discretization by recalling some important interpolation estimates.
On the continuous level, applying (6) to the first order derivatives, and using H? regularity, yields

1 1

IVl pao) < Cl[Vwl 72 [[Aw] 72 g for all w € H?*(Q)?. (12)
Using the Stokes operator on the right hand side, instead of second order derivatives, allows us to translate this
result to the discrete setting. This is facilitated by the following result, showing that for discretely divergence
free functions, the discrete Laplacian A} can be bounded in terms of the discrete Stokes operator Ap:

||Ah’wh||L2(Q) < CHAhwh||L2(Q) for all wy € Vh, (13)

see Corollary 4.4 of [30] or Lemma 4.1 of [28]. With this, we can translate (12) to the discrete setting, by
considering for some fixed wy, € Vj, the solution w € H{(2)? to the continuous problem

(Vw, Vv)g = (—Apwp, v)g for all v € H} ()%

By the stability of the Poisson Ritz projection in W14(€Q), (12) and (13), we then obtain the discrete version
of (12).

1 1
[Vwn| 2y < C”V’wthQ(Q)||Ah’whH[212(Q) for all wy, € Vj,. (14)
Analogously, the Gagliardo—Nirenberg inequality,
: :
lullz= @y < CllwllEa o 14wl (15)

which is a consequence of Theorem 3 from [1] together with H? regularity, has a discrete analogon. It can be
shown using the standard discrete Gagliardo—Nirenberg inequality

1 1
HwhHLOO(Q) < C||wh||i2(ﬂ)HAhwhHLZ,Q(Q) for all wy, € Uy,

which was proven in Lemma 3.3 of [29]. The proof stated there for smooth domains remains the same for convex
domains. The discrete version of (15) is then again obtained by applying (13) and reads

1 1
||'U)h||Loo(Q) < C”wh”zg(g)||Ahwh||zg(g) for all wy, € Vj,. (16)
Straightforward calculations, using the definition of Ay, also give
1 1
||thHL2(Q) < CH’wthQ(Q)HAh’wthQ(Q) for all wy, € V3. (17)

With these considerations regarding the spatial discretization, we can now consider the fully discrete Navier—
Stokes equations by also discretizing in time.
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4.2. Temporal discretization

For discretization in time, we employ the discontinuous Galerkin method of order q (dG(q)), which is also
used, e.g., in [7,16,24]. The time interval I = (0, T is partitioned into M half-open sub-intervals I,,, = (t;—1, tm]
with 0 = tg < t1 <ty < ... < tpy = T. We denote each timestep by k,, = t.,, — t;n—1 and for fixed M the
maximal timestep by k := maxi<m<n km, as well as the minimal one by knin 1= mini<m<nyr k. If we want to
emphasize that I,,, belongs to a discretization level k, we denote it by I, ;.. We make some standard assumptions
on the properties on the time discretization:

(1) There are constants C, 3 > 0 independent of k, such that
Famin > CK”.
(2) There is a constant £ > 0 independent of k, such that for all m=1,2,...,M — 1

km

—1
k- <
km—l

< K.

(3) It holds k < .

A dG(q) function with values in a given Banach space B is then given as a function in the space
X{(B) :={ve L*(I;B): v, € Py(ln;B) foralll<m< M},

where on each I,,, the space Py(I,,; B) is given as the space of polynomials in time up to degree ¢ with values
in B:

q
Py(Ip; B) = v e L*(Ln;B) 1 Jvg,...,v, €Bst.v= Zvjtj
=0

Note that no continuity is required at the time nodes t,,, which is why we use the following standard notations
for one sided limits and jump terms:

vt = Ellr(]gl+ V(tm + ), v, = 61ir(1)1+ V(tm —€), [V]m =0

We introduce the compact notations
th = X,Z(Vh), Ukh = XZ(Uh), Mkh = XIZ(Mh)’ Ykh = Ukh X Mkh~

Having defined these dG spaces, we introduce the following projection operator in time: 7, : C(I; L?(2)) —
X1 (L*(Q)) defined by

{ (T7v —=v,0); wq=0 for all p € Py_1(In; L*(Q)), if ¢ > 0, (18)

mru(ty,) = v(ty,),
for allm =1,2,..., M. In case ¢ = 0, the projection operator is defined solely by the second condition.

Remark 4.5. In this paper we will restrict ourselves to the two lowest cases ¢ = 0 and ¢ = 1. Since we work
in a setting of low regularity of the right hand side f, the error estimates would not benefit from higher order
schemes. Also, since the Navier—Stokes equations already pose a challenging large system to solve, higher order
schemes in many applications are not feasible from the standpoint of computational cost.



ERROR ESTIMATES FOR NAVIER-STOKES EQUATIONS 469

We can now introduce the time-discretized formulation of the Navier—Stokes equations. We define the time-
discrete bilinear form for the transient Stokes equations as in [7] by

M
Z (Ovu,v); o +v(Vu, Vo), g+ Z m_l,v;ifl)g + (UJUJ)Q-
m=1

m=2

Since we frequently will test some discrete equations with their respective solutions, let us recall the following
lemma.

Lemma 4.6. For any v, € X}(L*(2)) it holds

1 _ _
@0k, 90) 1, 00+ (061081 ) = 5 (10mmlFo) + Mool = [0 o) ).

Q

_ 1
(00008 1,00 = (Vs 0] ) = 5 (10 Ry + Ikl Fa ) = Il

Proof. For the first equality, we can express the integral over the time derivatives via

1
— 2 2
(Orvk, vk) g, w0 = IIUk,mII = Sl
Writing v,;"m_l = [V]k,m-1 + v} ,,,_; and recombining terms gives the first identity. The proof of the second
equality works completely anologous. (I

The fully discrete formulation of the transient Navier—Stokes equations, using the anti symmetrized trilinear
form é(+, -, ), introduced in (11), is now given as: Find uxp € Vip, such that

B (ukn, kn) + C(Ukn, Ukh, Vrn)) = (f0kn) 1o + (Uo,vgjh,o)n for all vgp € Vip. (19)

Since in general V;, ¢ V', the discrete solution ug, € Vi, is not divergence free, and thus, we are not allowed
to use it as a test function for the divergence-free continuous formulation (4). Because of this, we introduce an
equivalent formulation with pressure: Find (ugpn, prn) € Yin, such that for all (vgp, qrn) € Yien it holds

B((ukh,prn), (Vkhs qkn)) + (wrn, wrn, ven)) = (fs0kn) 14 + (u071}]—:_h70>ga (20)

where the mixed bilinear form B is defined by

M M
B((u,p), (U’ q)) = Z (815“7 U)Ime + V(V’u, VU)IXQ + Z ([u]mfla U:yrl—l)gz + (“37”3)9
m=1 m=2

- (v'v7p)j><ﬂ + (v'uvq)[xQ'

Theorem 4.7. The two formulations (19) and (20) are equivalent in the sense that, if uxy, € Vip satisfies (19),
then there exists pin, € My such that (ugn, prn) solves (20). Conversely, if (ugn, prr) satisfies (20), then ugp is
an element of Vi and satisfies (19).

Proof. This can be shown by using the same arguments as Proposition 4.3 from [7]. O
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4.3. Stokes error estimates

Before further analyzing the fully discrete Navier—Stokes equations, let us recall the discrete formulation of
the Stokes equations (8), and the available error estimates that we wish to extend to the Navier—Stokes equations
in this work. The fully discrete formulation of the instationary Stokes equation reads: Find (wgpn,rkn) € Yin
satisfying

B((wkh, k1), (Prn, Yrn)) = (U()» ¢Zrh7o>ﬂ + (f, okn) 1xq for all (¢rn,Vrn) € Yin- (21)

In the recent contributions [7,36], best approximation type error estimates for the Stokes problem were shown
in the norms of L>(I; L?(2)), L?>(I; L*(Q)) and L?(I; H'(Q)). There hold the following results, formulated in
terms of best approximation error terms and the errors of the projection in time ., defined in (18), and the
Stokes Ritz projection Ry, defined in (10).

Proposition 4.8 ([36], Thms. 6.1 and 6.3). Let f € L*(I;L*()?) and ug € V, let (w,r) and (wgn,rrn) be
the continuous and fully discrete solutions to the Stokes problems (8) and (21). Then for any xin € Vin, there
holds

lw — wrn 210y < O(Hw — XkrllL2(rxo) + | — Trwl| L2 <o) + ||w - R}SL'(w7T)||L2([><Q))
IV (w = wen)lz2(rxay < €IV = 0l g2 1y + 1900 = 70l 1y + |V (0 = BE(0,) | ey )

Proposition 4.9 ([7], Cor. 6.4). Let f € L*(I;L*(Q)?) and ug € Vi_y/s for some s > 1, and let (w,r) and
(Wih, reR) be the continuous and fully discrete solutions to the Stokes equations (8) and (21). Then for any
Xkh € Vin, there holds

T
[Jw — wkh||L°°(I;L2(Q)) < C(ln k) (||w - thHLoo(I;L?(Q)) + Hw - Rf(w, 7")HLoo(1;L2(Q)))‘

Having shown these error estimates for the Stokes equations, the natural question arises, whether these
results can be extended to the Navier-Stokes equations. We first give a positive answer for the L%(I; H*(Q))
error in Theorem 4.16. The main result of this work is the error estimate in the L°(I; L?(Q)) norm, presented
in Theorem 5.6. With the same techniques, the proof of the L?(I; L?(Q)) error estimate is then straightforward,
and we state the result in Theorem 5.7.

4.4. Existence and stability results

We begin our analysis of the fully discrete Navier—Stokes equations by presenting some stability results,
followed by an existence result of fully discrete solutions. To show these, let us first recall the following version
of a discrete Gronwall lemma, which is stated in Lemma 5.1 of [32] for a constant timestep k, but its proof can
easily be adapted to the setting of variable timesteps k., .

Lemma 4.10. Let {kn},{an},{0n},{cn}, {1} be sequences of nonnegative numbers and B > 0 a constant,
such that for each n € Ny it holds

an + i kb < i K Ym @ + i kmem + B,
m=0 m=0 m=0

and kmym < 1 for allm € {0,...,n}. Then with o, := (1 — kpym) ™' it holds

an + i kmbm < eXp(i kmam’Ym) : (iokmcm + B>
m=

m=0 m=0
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Proof. By choosing k= 1, ¥m = km¥m and ¢, = kmncm, the quantities with = correspond to the notation of
Lemma 5.1 from [32]. The result then directly follows from this redefinition. (]

Continuous and discrete Gronwall lemmas are stated in many different forms in the literature, see, e.g., [38]
and the references therein for an overview over different generalizations of the original lemma. Note that, since
the sum on the right hand side of the assumed bound goes up to n, the additional assumption k,,7, < 1 is
needed. This is not the case in explicit forms of discrete Gronwall lemmas, where the sum on the right goes only
up to n—1, which is the form most often considered in the literature, e.g., [43]. In the context of dG timestepping
schemes, the sequences {a, } and {b,} often correspond to squared norms at time nodes or over subintervals. It
therefore seems natural to also state the following version of a Gronwall lemma, where we also include a sum
over non-squared contributions. To the best of the authors knowledge, a result like this has not been explicitly
used in the literature. In later sections of this work, this lemma will facilitate the analysis of discrete problems
with right hand sides that are L! in time. Here the norms of the solution occur in a non squared contribution.
The following lemma shows, that the weights of the squared sum enter exponentially into the estimate, whereas
the weights of the linear sum enter linearly in the estimate for x,. It can be understood as an adaptation of
Bihari’s inequality to the discrete setting, see [10,39]. To improve readability, we drop the explicit mentioning
of the timesteps k,,, as we can always apply a transformation as done in the proof of Lemma 4.10.

Lemma 4.11. Let {x,},{bn}, {cn}, {dn}, {7} be sequences of nonnegative numbers and B > 0 a constant,
such that for each n € Ny it holds

At S b S Y et Yt Y et B
m=0 m=0 m=0 m=0
and v < 1 for all m € {0,...,n}. Then with o, = (1 — v,) "t it holds
n n n 2 n
xi—i—meSQeXp(QZUm’ym)- (de> +Zcm+B .
m=0 m=0 m=0 m=0
Proof. For n € Ny define §,, > 0 such that

xi—&—zn:bm—F(sn:i:%nxgn-i-i:dmxm‘i‘i:cm"'Ba (22)
m=0 m=0 m=0 m=0

and set X,, := \/x,% + > o bm + 6, We will show
n n 2 n
X,2L§2exp<220m'ym> - <Z dm> +Zcm+B for all n € Ny,
m=0 m=0 m=0
from which the assertion follows by the definition of X,,. Note that by assumption it holds
X2 - X2 | =2l +dpr, ey >0 for all n € N,

and thus the sequences {X?2} and {X,,} are monotonically increasing. By X,, > z,, and the monotonicity of X,
from (22) we obtain

X2 < ivaﬁﬂr i Ay Xom + i em+B < (i YmXm + i dm>Xn+ icm—"B' (23)
m=0 m=0 m=0 m=0 m=0

m=0
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Let us now recall, that for a,b > 0, an estimate 22 < ax + b implies < a 4+ v/b. To see this, we start by
computing the roots of the quadratic polynomial, yielding z < § + \/%2 + b. The root of the polynomial can

then be estimated by § + 4/ (14—2 + b < a+ Vb, which can be shown by subtracting a/2 and squaring both sides.
Applied to equation (23), we have thus for every n € Ny the estimate

X, < i 'Yme +
m=0

where we have defined B := 0 as well as

m m—1
Emz(do—i—\/co—i—B)zO, and ¢ = | dy + ch—i—B— ch—i—B >0 form>0.
=0 j=0

We can thus apply Lemma 4.10 to X,, and obtain after resubstituting the tilded quantities:

n n n n
XnSGXp<Z ’mefm> : <Z 6m+é> Sexp(Z 'YmO'm) . de+
m=0 m=0 m=0

m=0

Squaring and estimating the square of the sum yields the result. (I

With these technical lemmas, we can show stability of the discrete solutions in different norms under different
assumptions on f. Solutions to the discrete problem also satisfy the same energy bounds as the weak solutions,
i.e., there holds the following proposition, see Lemma 5.1, Theorem A.1 of [16].

Proposition 4.12 (Stability of discrete Navier—Stokes). Let f € L*(I; H1(2)?), uo € H and ug, € Vi satisfy
(19). Then there hold the bounds

lurnll Lo (1,02()) + Nuknllczmr @)y < C(luoller + 1 fll2m-1@y),  ifg=0,
1
(||Ukh||Loo(1;L2(Q))) * ||ukh||L2(I;H1(Q)) < C'(||Uo||H + ”f”L?(I;H*l(Q)))a ifg>1,
with a constant C depending on the domain Q and the viscosity v.

Note that for the case ¢ > 1, contrary to the continuous setting of Proposition 3.1, due to the exponent %
on the left hand side, the above proposition states a bound for ||ug || o (1;12(0)), Which depends on the squared
norms of the data ug and f. For the two low order cases ¢ = 0 and ¢ = 1, and f € L?(I; L*(Q)?), Lemma 5.1
of [16] also shows an estimate of the form

C2T(

max |[ug, o ll2) + luknll 2 (rm @) < Cre [woller + [ fll 2 ;22 (0)) -

1<m<M

With our discrete Gronwall estimate Lemma 4.11, we can generalize this result to f € L!(I; L?(Q)?). Further-
more, by using the version of Gronwall’s lemma presented here, contrary to [16], the bound does not grow
exponentially in 7. This is in agreement with the result of Proposition 3.1 in the continuous setting. We obtain
the following result, which now yields an estimate for the norms of ugj, that is linear in terms of the data.

Theorem 4.13. Let f € LY(I; L*(Q)?) + L*(I; H-Y(Q)?), uo € H and ugp, € Vi, satisfy (19) for either ¢ =0
or ¢ = 1. Then there holds the bound

urnll oo (r;22(0)) + VPlurnll2smr @) < C(lluolle + [ f 2y (L2 @)+22sm-19)))
with a constant C only depending on Q,v. If f € L*(I; L*(2)?), then C only depends on .
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Proof. We first prove the result for f € L'(I; L?(Q)?) and remark at the end, which modifications are needed
to also cover the case, where f is partly in L?(I; H~1(Q)?). Note that in the special case of f € L?(I; H=1(Q)?)
and ¢ = 0, this theorem is precisely the first statement of Lemma 5.1 from [16]. For notational simplicity, we
use the convention uy, o := uo and accordingly [urr)o = uzh)o — up. By testing (19) with wugp|s
Lemma 4.3 we arrive on each time interval at:

and using

m

(Ovurhs ukn)g, o +V(Vukn, Vugn)p oo+ ([Ukh]m—lau:h7m_1) = (fyukn);, -

Q
Applying Lemma 4.6 gives

2

1 2 2 -
3 1]y * 30+ 190 1y = 5 [0 ]y )1
Multiplying by two and summing up the identity over the intervals 1,...,n, we obtain
B 2 2 n
Hukh,n 120 + ZH Uk 1||L2 Q) +2V|W“kh”L2(1 xQ) = H U, 0‘ L2(9) 2 Z(f7ukh)lm><S2' (24)
m=1 m=1

From this point on, we have to treat the two cases ¢ = 0 and ¢ = 1 separately.

Case 1. If ¢ = 0, then it holds ||ukn| Lo (1,,;2(0)) = ||u,;h,m|\Lz(Q). Thus with Holder’s inequality, the terms in
the last sum of (24) can be estimated as

(frunn)r, xa < fllLr 2@ lunll Lo 1, 02(0)) < IIfHLlum,;L?(Q))H k| a0’

Hence, from (24) we obtain the following

ot S utndon- 1y + 2700 ey < By + 2 Z 11122122 [

m=1

-
H kh,n L2(Q)

An application of Lemma 4.11 proves the assertion.
Case 2. If ¢ = 1, then the L*°(I,,) norm can be estimated by the evaluation at the two endpoints of the

interval:
L2() }

With triangle inequality we can estimate the right sided limit in terms of a left sided limit and a jump:

ka2 < max{ | ooy s

L2(Q)’

Uph m—1 ’

. |[ukh]m1np<m}-

luknll Lo (1,,:2(0)) < maX{Hukh,m‘

L2(Q)’ L2()

Defining a7, := [lugy, ,[172(q) + 2met I[ukn]m—1ll72(qy for n=1,..., M yields from (24) the estimate

24203 Vil ooy < ool 3y +2 3 1 s crosaetan (m + )

m=1 m=1

or after an index shift

o420 Y I VurnllZa 2y < lollzz) + 20 F 2@ luoll +2 D> 1l (p0rmiz2 @) -

m=1 m=1
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In order to shorten the notation, we have added here a term || f||z1(z,,,;22(Q))Zn, Where in case n = M we
use the convention ;11 = (). Again we can apply Lemma 4.11, which yields the estimate

2
n n
@y + 2v Z IVuknl|22(r, 02 (0)) < 2 (2 Z ||fL1(ImuIm+1;L2(Q))> + lluollZ2e) + 211 Fllzr ;2 luoll| -
m=1

m=1

Using Young’s inequality, to estimate the term 2| f|| 1(7,;£2(q))l|uol|, concludes the proof. In case f = fi + fa,
with f1 € LY(I; L?(2)?), fo € L*(I; H~1(Q)?), the contribution of f; can be treated as above. For the fo
contribution, in (24) one applies Hélder’s and Young’s inequalities, and absorbs the ||[Vugn || £2(1,,:12(0)) term
to the left. Note that in both cases ¢ = 0, 1, in the estimates before the application of Lemma 4.11, no 22,
terms are summed on the right hand side, thus no exponential dependency is introduced in the final estimate.

d

The techniques presented above now allow us to show the existence of solutions to the discrete equations
(19).

Theorem 4.14. Let ug € H and f € L'(I; L*(Q)?) + L?>(I; H=*(Q)?). Let further either ¢ =0 or ¢ = 1. Then
there exists a solution ugy, € Vi, of (19).

Proof. The existence can be shown by applying a standard fixpoint argument, using the stability result of
Theorem 4.13. 0

Remark 4.15. Note that uniqueness of solutions ugp, to (19) is not known at this point. We shall show this
later in Theorem 4.19, as we first need to obtain a first convergence result, that allows us to apply Lemma 4.11.

4.5. L?(I; H'(Q)) error estimates

With the stability results presented thus far, we can show a first error estimate in the norm of L?(I; H(Q)).
For this norm, Theorem 5.2 of [16] shows a result, estimating the error for the Navier—Stokes equations in terms
of the error of a Stokes problem. The discrete Stokes problem there is defined with right hand side d,u — vAu,
which corresponds to f —Vp—(u-V)u, i.e., the pressure is included on the right. This means, that when applying
the corresponding orthogonality relations, a pressure term remains. In the following result, we use a different
right hand side for the discrete Stokes problem, yielding the following error estimate for the Navier—Stokes
equations in L?(I; H()).

Theorem 4.16. Let f € L*(I; L?(Q)?), ug € V and let (u,p), (urn, prn) solve the continuous and fully discrete
Navier—Stokes equations (9) and (20) respectively. Further let k be small enough. Then for any Xxxn € Vin, there
holds

s
IV (u— ukh)HL2(l><Q) < C(HV(U - th)HL2(1xQ) +[V(u— WTU)”Lz(IxQ) + HV(“ - Rp, (“779)) ||L2(I><Q))'
Proof. The proof uses the same arguments as the one of Theorem 5.2 from [16]. We repeat the main steps, in
order to motivate, why due to the choice of our instationary Stokes projection, no error term for the pressures

arises on the right hand side. We denote by e := u — ugp the error, which we want to estimate, and introduce
(Ugh, Pkh) € Yin as the instationary Stokes-projection of (u,p), i.e., the solution to

B((@kn, rn), (Prns Yrn)) = (fs dkn) 1y — c(u, u, dpn)) + (Uo, ¢k+>h,0)ﬂ for all (xn, ¥rn) € Yin.  (25)

Note that for the definition of this equation, we can equivalently choose ¢ or ¢, as we have v with V-4 =0 in
its first argument. There exists a solution (igp, D) to this discrete problem, since the assumptions on f and
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ug yield (u-V)u € L*(I; L*(Q)?), see Theorem 3.8. Furthermore, due to Theorem 4.10 of [16], the solution iy,
to the above discrete Stokes problem satisfies a bound

Uxnll Loo (1.1 () < Cs (26)

with C' depending on f, ug, but independent of k, h. We split the velocity error into two components e = £ + ngp,
where & := u — Uy, and Ngp = Ukp — Ugk- The error in the pressure will be denoted by r := p — pip, and we will
split it into the same contributions, r = w+ kg, with w := p— prp and Kip := Prn — Prh. The error of the Stokes
projection ¢ is then bounded by Proposition 4.8 since by Theorem 3.8 it holds f — (u - V)u € L?(I; L*(Q)?). It
remains to estimate ny,. By definition, we have the following Galerkin orthogonalities: for all (¢xn, Vrn) € Yin
it holds

B((u — ugh,p — Pkn)s (Pns Yin)) + E(u, w, dn)) — E(Ukh, Ukh, Orn)) =
B((§7w)7 (Cbkh; wkh)) = U

)

Subtracting the two and choosing (¢wn, Yikn) = (Mkn, Kkn) yields

B((Mkn, kkn), (Mehs kn)) + E(w, wy nien)) — E(wkn, wkn, mn)) = 0. (27)

The two trilinear forms in (27) satisfy the relation

e((w,wsmin)) — e(urn, win, Men)) = (& w,min)) + E(Urn, € Men)) + E(Mens Wens nkn) + E(wkns Men, Men).-
Due to Lemma 4.3, the last term on the right hand side vanishes, and for the remaining ones, we obtain by
Holder’s and Young’s inequalities
M
(& min) <Y €N L2 o Nl oo (s ) Imen | 22 (1,0 00

m=1

M
1%
< Z C||€||%2(IM;H1(Q))Hu||2L°°(I;H1(Q)) + Z||77th%2(lm;H1(Q))v
M
(& tkn,men) <Y €l 2 (L ) Nl 2oe s ) 1mkn || 22 (101 (2))

M
~ 1%
<Y ClENG 21, i oy Nt | oo (1111 g2y + gl (s @),

M
E((Mns Tn Mkn)) <Y /1

3 1 ~
||77kh||i11(g) ||77kh||z2(9) H“kh”Hl(Q) dt

M
~ 1%
< Z C”ukhHim(l;Hl(Q))km”nkh”%w(lm;Lz(Q)) + ZanhH%Q(lm;Hl(Q))‘

Due to ugp, and ag, both being discretely divergence free, all pressure contributions in (27) vanish, and with
the above estimates, after absorbing all ¥ ||nxall£2(1,.;11 (0)) terms to the left, we obtain

M

M
1%
(Oehens Mkn) 1, xq T+ Z<V77kha Vkn)g, wa + Z ([nkh]mflan]jhymf1)ﬂ
m=1

m=1
< C(HUH%W(I;Hl(Q)) + ||@kh||2Lw(1;H1(Q))) €012 1,2 )
M
+ Ollnnl e () Y Rl Toe 1,022

m=1
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To abbreviate notation we have used here [ng]o := 77/:}7, o- Choosing k small enough, and using the boundedness
of ||tkn| noe (1,1 (), due to (26) as well as of ||ul|p(7;#1(q)), shown in Theorem 3.6, allows us to apply the
discrete Gronwall Lemma 4.11 as in Theorem 4.13, which concludes the proof. (I

4.6. Uniqueness and strong stability of discrete solutions

We next show the uniqueness and stability of the discrete solution uyp in stronger norms, comparable to the
continuous result of Theorem 3.6. These results will be obtained, by applying the discrete Gronwall Lemma 4.11,
to which end we need the two following technical lemmas, guaranteeing, that the coefficients in the Gronwall
lemma become arbitrarily small, uniformly in m, as (k,h) — 0.

Lemma 4.17. Let I C R a bounded interval, e > 0 and ¢ € L*(I). Then
r+e o
sup/ |¢(s)]ds = 0.
zel Jx
To keep notation simple, we formally extend ¢ to [0,T + €| by values 0 such that the integration is well defined.

Proof. The proof relies on dominated convergence and Dini’s theorem, see, e.g., [12], p. 125. We first define for

fixed ¢ the function o, : [ — R,z f;ﬁ |¢(s)| ds. Note that for each € > 0 this function o, is continuous. To
see this, let x € I be fixed and let y — x. W.l.o.g. let y > z:

[ iconas+ [ gnas

+e

|o=(z) = oe(y)| <

- ‘ [ reatslclas

where x5 ,(s) =1if s € (z,y) U (z + ¢,y +¢€), and 0 otherwise. For a fixed s, the integrand x, ,(s)|¢(s)| — 0 as
y — x, thus the integrand converges pointwise to 0. By the dominated convergence theorem, this means that
the integral converges to 0. For fixed € > 0 this shows the continuity of o.. Moreover, by the same argument we
can show, that for fixed  and € — 0 it holds o.(x) — 0. Thus the sequence o, converges pointwise to 0. Note
moreover, that for § > ¢, and fixed z, it holds o5(x) > o.(z), as the integration covers a larger interval. We
thus have shown, that when ¢ — 0 monotonically, also this pointwise convergence of o.(x) is monotone. Hence
we can apply Dini’s theorem, see [12], p. 125, to obtain

locllpee(ry = 0, ase—0.
O

Lemma 4.18. Let u € L*(I; Hj(Q)?), and ugp, € Ugp, such that ||u — ugnl L2151 (0)) — 0 as (k,h) — 0. Then
it holds
(k,h)—0

sup HVUH%Q(Q) dt ——— 0 and sup ||Vukh\|%z(m dt
1<Sm<M J I g 1<Sm<M J I, g

(k,h)—0 0.

Proof. We first show the statement for u. To this end, note that for k = maxi<m<nr |[Im, il

x+k
sup Va2 0, dtgsup_,/ IVl dt 2220
1<m<M J1,, vel Jo

by Lemma 4.17. In order to show the result for the discrete solution ugy, we cannot directly apply the previous
lemma, as uy;, depends on k. We thus insert insert +u and apply the triangle inequality to obtain

sup ||Vukh||2Lz(Q) dt <2 sup / ||Vu||2Lz(Q) dt + 2/ IV (u— uk;h)H%2(Q) dt.
1<m<M J1,, , 1<m<M J1,, I

With the claim for v and ug, — u in L2(I; H'(Q2)), we have shown the claim for ug,. O
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With these technical lemmas, we can show two results, the uniqueness of solutions uy;, and their boundedness
in stronger norms. We first obtain the following uniqueness result.

Theorem 4.19. Let f € L*(I; L*(Q)?) and ug € V. Then for (k,h) small enough, the solution uky to (19) is

unique.

Proof. To show uniqueness, we assume two solutions u},, , u3, and define eg, := uj, —u32, . Testing the equations
for m=1,..., M with expxm, where x,,, denotes the characteristic function of the interval I,,,, and subtracting
them leads to

B(exns exnXm) + E(Whns Uen, €rnxm)) — E(uin, Uip, €xnXm)) = 0.
Adding and subtracting é((uih, uZ,, ek:th)) and applying Lemma 4.3 yields
B(exn, exnXm) + ¢((exns Un, €xnXm)) = 0.
Applying Lemma 4.6, the bilinear form can be written as

2

2 —
+ Newnlm-1 1352y = [[€nmr|

1 _ 2 2
Blewn, exnxm) = 3 (Hekh’m‘ 12(9) L2<m> +uIVernllLa @)

From the definition of ¢, the estimates of Lemma 3.2, and Hélder’s inequality in time, we obtain

(s eunen) = 5 (Con Vudoesn) g~ ((con - Vewn i), o)
< Cllesnllz ,z2@) | Vernl 2z @ [|Vial 121, 00
+ CHekh”%’x(Im;L?(Q)) ||Vekh”§2(1m;m(ﬂ)) H“ih H%oo(zm;p(sz)) HvuihH%zum;Lz(Q))'
We can apply Young’s inequality and obtain
e((exns unsexnxem) < SIVernla(r, sz + Cllewn Eer, oy (L (62w 1200y ) IV 120y
where the first summand can be absorbed into B(egn, exnXm). Thus on each time interval, there holds the

bound
1 _ 2
5 <Hekh,m £2(Q

2 — 2
s Newslmolley = [l + ATt 1

L2 (Q)
2 2 12 2 12
< Cllewnllzo (1,522(2)) (1 + HuthL‘x’(Im;Lz(Q))) HvuthLZ(lm;L?(Q))'
Multiplying the derived inequality by 2 and summing up the inequalities for m = 1,...,n yields for any
ne{l,...,M}

n

2 2 2
L2(0) + Z (mekh]m—lHL?(Q) + V”Vekh||L2(1,,,L;L2(Q)))

m=1

Hekh,n

- 2 2 |12 2 |12
<C Z lexnlZo (1,22 () (1 + H“thLm(Im;LQ(Q))) Hvukh||L2(lm;L2(Q))'
m=1
Here we have used e;;, , = 0 as uy,, and u}, satisfy the same initial condition. As in the proof of Theorem 4.13,
llexnll Lo (1,,;12(2)) can be bounded by evaluations of one-sided limits at the time nodes. Due to f € L*(I; L*(Q)?)
and uy € V, Theorem 4.16 holds, and thus Lemma 4.18 yields ”V“ih”%%ImL?(Q)) — 0 uniformly in m for
(k,h) — 0. Together with Theorem 4.13, bounding ||uzh||Loo([7n;L2(Q)), we can choose the discretization fine
enough, such that C'(1+ ||u%h||%W(IM;L2(Q)))||Vuih||%2(IW;L2(Q)) < & for all m. All in all, as in Theorem 4.13, an
application of the Gronwall Lemma 4.11 shows that eg, = 0, concluding the proof of uniqueness. O
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We now turn toward proving the stability of wugy, in stronger norms. The proof follows the steps of the
continuous result, shown in Chapter 3, Theorem 3.10 from [48], using the discrete analogons of the inequalities
presented in Section 4.1, and the discrete Gronwall Lemma 4.11. For the application of the lemma, we need
coefficients, that become small, as & — 0. These coeflicients depend on ugy, and thus on k, h, hence we apply
Theorem 4.16 together with Lemma 4.18, in order to have coeflicients, that converge to 0 uniformly in m. There
holds the following.

Theorem 4.20. Let f € L*(I; L*()?) and ug € V, then for (k,h) small enough, the unique solution uy, € Vin
to (19) satisfies
lwkn || Lo ;01 () + [ Antnll 21, p2(0)) < Crexp (C2||Ukh||2Loo(1;L2(Q))||Vukh||2L2(1;L2(Q)))
X (1 le2crsc2c)) + luoll g e))

with constants C1,Cy independent of k,h. The L™ (I; L*(Q)) and L*(I; H'(Q)) norms of uk, can be estimated
by the results of Theorem 4.13.

Proof. Form =1,..., M, we test (19) with Apugp

I,.» which yields with the convention [ugp]o := uf, ; — uo

(Ovurn, Anurkn)p, o +V(Vukn, VApugn); o + ([ukh]mfla Ahughvm_1>ﬂ + ¢(urh, Ukh, Anurnxi,,))
= (f; Anukn);, o

From the above identity, for m = 2,..., M, the definition of A; gives

(O Vukn, Vugn); o+ V||Ahukh||%z(1m;,;z(g)) + ([vukh]m—h Vuzhm,l)Q + ¢((urn, ukh, AnurnXr,,))
= (f, Anurn);, v (28)

Here the terms containing time derivatives and jumps can be combined according to Lemma 4.6. Some care has
to be taken on the first time interval. It holds

(uo, Ahu;rhﬁ)Q = —(uo,]P’hAhuzhp)Q = —(]P’huo, Ah“;h,o)ﬂ = (VIP’huo, V“ﬁh,o)g'

Thus on the first time interval, with the same arguments as in the proof of Lemma 4.6, it holds

1 _
(8tukh7Ahukh)11><Q + (UZh,o - uOvAhU;h,o)Q = §(||Vukh,l|}iz(9) + ||V(“;h,o - PhUO)Hiz(Q) - ||VHDhu0||2L2(Q))-

For a more compact notation, we shall write [Vugp]o := V(u:ho —Prup). Note the need to include the projection
on the right hand side. With this slight abuse of notation, (28) also holds on the first time interval. Since ug € V'
we can use the stability of P, in H' for continuously divergence free functions, see Lemma 5.4 of [36], yielding
an estimate

IVPhuoll L2 () < CllVuoll 2 (q)- (29)

For the terms of (28) involving the right hand side f, it holds

14
(fs Anunn) g, o < I F 22 @) [ Anunnll L2 1,20y < ClfI72r,, 020 + Z”Ahukh”%Z(Im;L?(Q))v

where we can absorb the Ajug;, term. We now turn towards estimating the trilinear form remaining in (28),
which poses the main difficulty of this proof. Due to Lemma 4.4, the trilinear term satisfies the expression

~ 1
e((ukhs ukhs ApuknXr,, ) = ((Wkn - V)ukn, Apukn) ;o + §(V “Ukhy Ukh - ApUkR) 1 w0
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which we can estimate with Holder’s inequality by
¢((ukn, ugh, ApugnXxr,,)) < 0/1 [urnll oo () IV knll L2 () | AR tkn || L2 () -
Using (16) and Young’s inequality, we obtain the estimate
e(wnn, wkn, Apuknxr,,)) < /1 Cllurn 20y I Vurnllz2() + ZHAhuthiz(g) dt.
The latter term can be absorbed, hence we proceed by discussing the first one. It holds
/Im C||Uk:h||%2(sz) ||Vukh||‘i2(9) dt < C||Uth%oo(1;L2(Q))HvuthzL?(zm;Lz(Q))Hvukhﬂim(lm;m(sz)y

Let us introduce 7, := C’||uth%°o(1_L2(Q))||Vukh||2L2(Im_L2(Q)). All in all, we have derived from (28) an estimate
of the form

1 _ 2 2 _ 2 1 2
) (HV“M oy 78l 20) = [V Lm)) + VAl e
2
<N F1Z2r, 020 + Yl Vurnlpoo (1,12 (02))
with the usual modifications on the first time interval. Multiplying this by 2 and summing up fromm =1,...,n

yields for any n € {1,..., M} an estimate of the form

2

+ 3 (Iurrlm-1 12y + vl Anualiaq, .oqa)
m=1

Hvu’;h’m’ L2(Q)

2
< ClIVuolliey + D (113200, 2) + 29m I Vo 1,220 )

m=1

where due to (29) we have dropped the projection P, of the initial data on the right hand side. Since f €
L?(I; L*(Q)?) and ug € V, Theorem 4.16 shows that ug, — w in L2(I; HY(Q)) as (k,h) — 0. Hence, due to
Lemma 4.18, and Theorem 4.13, it holds ~,, — 0 uniformly, as (k,h) — 0. This implies that by following
the same steps as the proof of Theorem 4.13, we obtain the result as a consequence of the discrete Gronwall
Lemma 4.11. O

5. ERROR ESTIMATES

5.1. Duality based best approximation type estimates

In this concluding section of our work, we will show the main results, which are the L°°(I;L*(Q)) and
L2(I; L?(Q)) error estimates. Their proofs are based on duality arguments, and hence we begin this section by
showing two stability results for discrete dual equations. Let us first motivate the specific dual problem, that
we will consider. Due to the nonlinear structure of the Navier—Stokes equations, there does not hold a Galerkin
orthogonality with respect to the bilinear form B, i.e., for solutions (u, p) of (9) and their discrete counterparts
(ugh, prr) of (20), it holds for test functions (vkp, grn) € Yin:

B((u — ugh,p — pkn)s (Vs qrn)) = —¢(w, w, vin)) + E(wrn, wkn, vin)),

where the right hand side is nonzero in general. Since we want to use this orthogonality relation after testing
the dual equation with u — ugp, we need to reformulate the trilinear terms, such that u — ugp occurs linearly.
To this end, we use the identity

é((u, u, 'Ukh)) — é((ukh, Ukh Ukh)) = é((m, U — Ukh, 'Ukh)) + é((u — Ukh, Wkh, Ukh))7 (30)
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where we linearize around the average of continuous and discrete solutions to the Navier—Stokes equations

1
UL = i(u + Ugh)- (31)
With these considerations, we have the following lemma:

Lemma 5.1. Let (u,p) solve the Navier-Stokes equations (9), and let (ugn, prr) be their discrete approximation
solving (20). Let further wugy, denote the average of u and ugy, as defined by (31). Then for any (Vgn, qrn) € Yin,
1t holds

B((u — ugh,p — Pkh)s (Vkh, Qrn)) + (@R, w — Ukh, Vi) + E(w — Ukh, Wlgn, Vi) = 0.

Proof. This result is an immediate consequence of the definitions of solutions to (9) and (20), together with the
identity (30). O

This motivates the choice of wugy, as linearization point for setting up a dual equation:
Find (zxh, 0kn) € Yin such that for all (¢rn, Yrn) € Yin it holds

B((¢rh, V), (2kh, 0kn)) + E(Wakh, Grn, 2kn)) + E(Orn, Wakh, 2kn)) = (9 Pkh) [xqs (32)

where the right hand side g will be chosen appropriately, see the proofs of Theorems 5.6 and 5.7. Note that the
right hand side of (32) implicitly prescribes the final data z,jh} = 0. This dual equation will help us in deriving
the sought error estimates, which we will do in the following section.

Remark 5.2. To analyze this dual problem, it will be convenient, to have dual represenations of 8 and B
at hand, which are obtained by partial integration on each I,, and rearranging the terms. Note that in this
representation, the time derivative is applied to the second argument. It holds

M—-1

B(u,v) = — (u, 00) 1 v +v(Vu, Vo) g — Z (u;m [U]m)n + (uiwv&)sz’ (33)

M=

m=1 m=1
M M-1
B((U,p), (Uvq)) = - Z (ua atv)]mxﬂ + V(vu7 vv)[xQ - (u:na [U]m)Q + (u&av&)g
m=1 m=1
+(V'U7Q)I><Q_(V'Uap)l><ﬂ7 (34)

see also [7,35].

Remark 5.3. Similar to the discrete Navier—Stokes equations, we can consider an equivalent formulation for
the discrete dual equation in discretely divergence free spaces: Find zg, € Vip satisfying

B (s 26n) + C(Wkh, Grns 26n)) + C(Orn, Wkh, 2kn)) = (9, Okn) 1o for all drp € Vig. (35)

With the same argument as Proposition 4.3 from [7], there holds: If zp, € Vip solves (35), then there exists
okh € My, such that (zgn, 0kn) € Yin solves (32). If (zgn, 0kn) € Yin solves (32), then zg, € Vi, and it solves
(35).

We first show unique solvability of the discrete dual problem, and the stability in L>°(I; L2(Q))NL2(I; HY(Q)).
Since both u and wugyp, occur in the formulation of the discrete problem, we need both results of Lemma 4.18 to
hold true.
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Theorem 5.4. Let f € L*(I; L*(Q)?), uo € V and u, ugy, € L°°(I; L2(Q)?) N L2(I; HY(Q)?) be solutions to the
weak and fully discretized Navier—Stokes equations (4) and (19) for either ¢ =0 or g = 1. Then for (k,h) small
enough, problem (35) has a unique solution zy, € Vip, for any g € L'(I; L*(Q)?), and there holds the bound

I zknll Lo (r:n2 () + Nzknll L2 mr ) < K (@R L2 (rm @)nne= ez |90 L2 (.02 0))

where K : [0, +00) — [0,+00) is a strictly monotonically increasing, continuous nonlinear function, independent

of k, h.

Proof. On the continuous level and for g € L?(I; H~1(Q2)?), the proof of a corresponding estimate can be found
in Proposition 2.7 of [15]. We adapt it to the discrete setting and to g € L'(I;L?(Q)?), making use of the
previously derived discrete Gronwall Lemma 4.11. We only have to prove the norm bound, since problem (32) is
a quadratic system of linear equations, thus is solvable, if it is injective. The norm bound yields, that for right
hand side g = 0, zgp = 0 is the only solution, thus the norm bound implies existence and uniqueness. For ease
of notation, we use the convention [zxp]nm = —zy, 5. Testing equation (35) with zxnXx1,,, m =1,..., M, where
by x1,, we denote the indicator function of the subinterval I,,,, yields:

—(2kn X1, Ot2kn) 1, o T V(V2RRX T V2RR) [0 — (Z;Zh,m, [Zkh}m)ﬂ + (W, 2kR X, > 2k0)) + C(ZRR XTI, > WkR > 2k1)
= (9, Zkh XTI, ) I x2:

Applying Lemma 4.6 and writing the inner product as norm yields

1 . R
+ §||[Zkh]m”%2(9) + VIV zkn 21,2 () + @R, 20 X105 200) + E(2RR X, TR k1)

1
L+
2 szh’m_l‘ L2(Q)

2

1
= 5l ey @ )0 (36)

We proceed by estimating the trilinear forms. According to its definition (11), the first term vanishes, and for
the second one, it holds

. . 1 . 1 o
C((ZthIm y UULKh, Zkh)) = 50((ZthIma UUKh, Zkh)) - ic((zthIma Zkhs uukh))

After applying Hdélder’s inequality in space, we obtain

. ___ 1 2 ____ ___
¢((2kn X1, » Wlkh s 280)) < 5/ (szhHL‘l(Q)”vuukh“Lz(Q) + ||Zkh||L4(Q)||uuthL4(Q)||vzthL2(Q)) dt.

m

After estimating the L* norms by Lemma 3.2 and applying Holder’s inequality in time, we arrive at
¢((zkn X1, , WK, Z8)) < C<||Vzkh”[,2(lm><ﬂ)”Zkh”LOO(Im;LZ(Q))||vm”[,2(]m><ﬂ)
+ ||Zkh||%oo(1m;L2(Q))||Vzkh||fgﬂ(1mx9)Hm”%oc(zm;m(m)||Vm“%2(zmxn)>~
An application of Young’s inequality yields
c((zknX1,, » Wkh, 2kn)) < g”vzkhui?umxm + CHZthiOO(Im;L2(Q)) (1 + ||m||2Lw(1m;L2(Q))) ||VW||2L2(I,,,LxQ)-

In order to abbreviate the notation, we introduce 7,, := C”vuukh”%?(mxﬂ)(l + Huuth%m(ImLz(Q))). We insert
the above estimate into (36), absorb terms, and multiply by 2, which yields

2

2 2
okl 2200+ VIV 2n 1200y S ol B 12 + || 22

N 2
szh,m—l ‘

2 .
L2() )+ (gazkh)Ime

L2(Q
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After an application of Holder’s inequality, we obtain

2
+ 2 2 2 +
szh’m_1’ L2(9) + ||[Zk:h]m||L2(Q) + I/Hvzkh||L2(1m;L2(Q)) < ’YmHZthLoo(lm;Lz(Q)) + szh,m’ L2() (37)

+2l9ll (1,2 1260 oo 1, 2200
Since we have assumed ¢ = 0 or ¢ = 1, we can estimate the ||zxp ||z (1,,;2()) terms by evaluations at the right

and left endpoints: || 2k || Lo (1,2 = max{|| 2, _1r2(): |Zen.ml 22} With triangle inequality there hold
the following estimates:

[E PR max{Hz:h,m_l\ o | oy + [zkh]mnm)},

£2(9)’ L2(Q)
+
‘Zkh,m

2
+2||[zkh1mLz<m}~

2
9 +
lzkn Lo (1,0522(0)) < max{ Hz"h””‘l‘ L2(Q)’ 2’

L2()
We introduce z2 = Hz,;"hm_lHQLQ(Q) + Z%[:n H[Zkh]mniz(g) + 1/||Vzth%2(lm;L2(Q)). Note that by the terminal
condition for zgp, it holds zp;41 = 0. Then after summing up (37) from m = n to m = M, we have:

M
22 < 2 (22, + 2001) + 2901 (122 (@) (T + Tmgr)-

m=n

Shifting indices, we arrive at

M
ap < Z 2(Ym + Ym—1)Z, + 209l L1 (1,0 UL 11222 Tms

m=n

where for n = 1 we use the convention Iy = (). Hence we are in the setting of Lemma 4.11, where formally we have
to introduce an index transformation 7 = M —n. In order to apply the lemma, we need to verify 2(v,, +vm—1) < 1
for all m. Due to f € L?(I; L*(Q)?) and ug € V, Theorem 4.16 shows |[u — upp||2(1,51(0)) — 0 as (k,h) — 0
and we can apply Lemma 4.18 and obtain with triangle inequality, that sup; << |V@@al7s;,, .12(q)) —
0 as (k,h) — 0. Together with the bounds from Proposition 3.1 and Theorem 4.13 for ||ul|ze(s;r2(0)) and
|uknll Loe (1;02(02)), We obtain that ~,, — 0 uniformly in n for (k,h) — 0. Thus we can choose the discretization
fine enough, such that ~,, < 1/8, and thus we obtain from Lemma 4.11

M
2 2
SO S D | A O e e
— 2 — 12
< Crexp <C2||vuukh”L2(I><Q) (1 + HuuthLoc(z,m(sz)))) 191171122 (2))- (38)
O

The next theorem, similar to Theorem 4.20, states a stability result for the discrete dual solution in stronger
norms, whenever the right hand side posesses more regularity.

Theorem 5.5. Let the assumptions of Theorem 5.4 hold true, i.e., let f € L*(I; L?(Q)?), ug € V and u, ugp, be
solutions to the weak and fully discretized Navier—Stokes equations (4) and (19) for either g =0 or g = 1. Then
for (k,h) small enough, for any g € L*(I; L?(Q)?), the unique solution zyn € Vi, to (35) satisfies the bound

||Zkh||L°°(I;H1(Q)) + ||Ahzkh||L2(I;L2(Q)) < Cu,ukh||9||L2(1xQ)»
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with a constant Cy, ,, depending on u,ugp, in the form

Cuur, = C1 exp<02(||Au||%2(I;L2(Q))Hu||2L°°(I;L2(Q)) + ||Ahukh||%2(I;L2(Q))Hukh”%N(I;L?(Q))))’

where the norms of u, uk, are bounded by Proposition 3.1 and Theorems 3.6, 4.20 and 4.13, due to the assump-
tions on f and ug.

Proof. The proof follows the same steps as the proof the stability of wug, in stronger norms, presented in
Theorem 4.20. We begin by testing the dual equation with Apzenxr,, for arbitrary m =1,..., M, where xg,,
denotes the characteristic function of the time interval I,,,. The nonlinear terms that occur for the discrete dual
equation are of the form

(Wi, Anzkn X1, 2kn)) + €(Anzkn X1, Wkh, 2kh))-

By Holder’s inequality in space, (17) and the discrete Gagliardo—Nirenberg inequality (16), these terms can be
estimated by

1 3 o -
c / 21 0 1 An 200 £y (I8 2 g + TR o )

Applying the continuous and discrete Gagliardo-Nirenberg inequalities (15) & (16), and Equation (17) to @k,
it remains

1 3 1 1 1 1
c / zwnl 22 0 1 4n 200 2y (1l 2y Al 2y + lrn £y Il Antnn 2 )
An application of Young’s inequality, absorbing terms and summing over the subintervals allows us to conclude the
proof. By Theorem 5.4 it holds z, € L>(I; L*(€2)?) with a bound independent on k, h and linear in ||g|| 1.1 (1. 12())-
Further, the terms involving u, us;, are summable, since the L>° (I; L?(£2)) norms of u, u, remain bounded via Propo-
sition 3.1 and Theorem 4.13, and the Au, Apugp, terms are summable by Theorems 3.6 and 4.20, where the latter
holds true for (k, h) small enough, due to f € L?(I; L?(Q)?) and ug € V. O

We now turn towards showing the main result of our work, i.e., the error estimate for the Navier—Stokes
equations in the L°(I; L?(2)) norm. As in the proof of Theorem 4.16, we will split the error u — uyy, into
an error for a Stokes problem, and a remainder term, which we will estimate using the discrete dual equation
(35), to which we can apply the results of Theorem 5.4. Similar to the result for the Stokes equations of
Proposition 4.9, the error estimate will consist of two terms with the first one being a best approximation
error, and the second one being the error of the stationary Stokes Ritz projection introduced in (10). This result
estimates the L°°(I; L?(£2)) norm in an isolated fashion, and thus does not suffer from an order reduction, which
is observed in results that estimate the error norm combined with the L?(I; H'(2)) norm.

Theorem 5.6. Let f € L?(I;L*(2)?) and ug € V. Let (u,p) be the unique solution to the Navier—Stokes
equations (9), and (ugp, prrn) the corresponding solution to the discretized equations (20) for a discontinuous
Galerkin method in time with order ¢ =0 or q = 1, for sufficiently small discretization parameters (k,h). Then
there holds

Xkh€Vin

T .
flu — ukh”LOO(I;L?(Q)) < C<hl k) ( inf flu— th||Loo(1;L2(Q)) + H“ - Rf(%p)HLm(hLz(Q)))-

Proof. We use the same notation as in the proof of Theorem 4.16 and denote the velocity error by e := u — ugp
and the pressure error by r := p — pg,. We consider the Stokes projection (@gp, prn) of (u,p), solving (25), and
the induced splitting of the error into e = £ +ngp, 7 = W+ Kkp, Where & = u — Ukp, Mkp = Ukh — Ukh, W = P — Dkh
and Kgp = Prh — Prh- We immediately obtain the estimate

™N( .
€l zoe (1:22(0)) < C<1H k) ( inf -l = xwnl oo 1.2y + e - Rﬁ(u’p)HL‘x’(I;LZ(Q)))’

Xkh€Vin
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by Proposition 4.9, since by Theorem 3.8 it holds f — (u - V)u € L?(I; L?(2)?). Thus to finalize the proof, we
have to estimate the L?(2) norm of 1y, pointwise in time. To this end, as in Theorem 6.2 of [7], we fix £ € I
and construct # € C3°(I) in such a way, that supp 6 C I,,, where m is chosen such that t eI, and

(nkh(f)ﬁ, ¢kh)1xQ = (nkh(f), (Z)kh(f))ﬂ for all ¢rn € Ugn, |01 (1) < C independent of t and k.

For the construction of such a function 6 serving the purpose of a regularized Dirac measure, we refer to
Appendix A.5 of [44]. We then define the dual solution zp € Vi, such that for all ¢rp, € Vi, it satisfies

B(drn, 2n) + E(Wrn, Pkns zkn)) + E(Drn, Wan, 2en)) = (Mkn (00, Gxn) 1 -

By Theorem 5.4 we have the existence, uniqueness and regularity of zyj, satisfying the bound
lzknll o (122 ) + IV 2rRll L2 (rx0) < K (@050 1 22 (1.0 9))nnes (122 9))) ||77kh(£)0“L1(1;L2(Q))7 (39)

for (k,h) small enough. From Remark 5.3, we obtain the existence of an associated pressure ggn, € Mg, such
that for all (¢kh71/]kh) € Yin, it holds

B((¢rn, Yin), (2kns 0kn)) + e(W@in, drn, zkn)) + (Grn, Wirn, zkn)) = (men(0)0, drn) ;.-

Choosing the specific test functions (¢gn, Yen) = (Mkh, Kkn) € Yin, we have

mn (B 1320 = (men (B0 78) 1,
= B((Mkn, kkn)s (2kn, 0kn)) + E(@xR, Mkns 26n)) + E(Nen, Wken s 21n)
= B((e = &1 — w), (2khs 0kn)) + e(Wgn, € — &, zxn)) + (e — & Wk, 2in)
= B((e, 1), (zkn, 0kn)) + e(Wkn, €, 2kn)) + ¢(€, Wtkn, 2kn))
= B((&w), (zkn, okn)) — e(@irn, &, 2kn)) — (&, Wkn, 21n)).-

For £ we can use the Galerkin orthogonality with respect to B, i.e., from (25), we obtain
B((§,w), (dkn, Ykn)) =0 for all (¢gn,rn) € Yin.
Furthermore, due to Lemma 5.1 it holds
B((e,7), (zkn, orn)) + e(Wrn; €, zxn)) + (e, Wttpn, zkn)) = 0.

Thus we see directly

H’r}kh(f) HiZ’(Q) = _é((ma 57 Zkh)) - é((§7m> Zk:h))'

We want to make use of the L>(I; L?(Q)) estimate of & and thus have to move it to an argument of ¢ that
has no spatial gradient applied to it. Since ¢ was obtained by anti-symmetrizing ¢, there are gradients in the
second and third argument of ¢, which is why we revert to the original trilinear form c. The first argument has
no gradient, and thus

i D 2y = 5 AR & 200) + (TR, 230, €) — &, TR, 200) (40)

Lemma 4.4 allows us to switch & to the third argument, and we thus have

||nkh({)“i2(g) = %(v CUUKR, Zkh g)IxQ + C((mv Zkh»g)) - é((f,m; Zkh))



ERROR ESTIMATES FOR NAVIER-STOKES EQUATIONS 485
After application of Hélder’s inequality, we obtain

~ 112
[n (D)2 ) < ClEllLeerizz@plItlzar= () (41)

X (2wl zacrza o) I V@R | 21,3 0)) + 1V 200 L2 (1500 @R L4 (12 ())) -
By Theorems 3.6 and 4.20, the solutions u,ug satisfy the bound
HthHLw(I;Hl(Q)) + ||UHL2(I;H2(Q)) + HAh“thL2(I;L2(Q)) <G,

with a constant depending on the data. Holder’s inequality and the continuous and discrete Gagliardo—Nirenberg
inequalities (15) and (16) yield moreover

1 1 1 1
||Uukh||L4(I;L°°(Q)) < C(H“Hfm([;m(m)||AUH1§2(1;L2(Q)) + ”uth[Z,OO([;L?(Q))HAhuthi?(I;L?(Q)))'

From (12) and (14), we further obtain

IV ;s < C IV 1 1A £ ooy + 19000 sy | At | B 1.2 )

With the above estimates, we thus obtain from (41)

~ 112 1
[mn D)2 ) < CTHEN Lo (12200 <||zkh||L4(I;L4(Q)) + ||vzkh||L2(I><Q))'

With Lemma 3.2, we further obtain the estimate

1 1
||Zkh||L4(I;L4(Q)) < ||Zkh||EOO(I;L2(Q)) ||V2kh||z2(1><9)-

Hence, applying (39) yields
~ 12 1 ~
||77kh(t)HL2(Q) < T+ ||5||L°°(I;L2(Q))H”kh(t)aHLl(z;M(Q))' (42)

By definition of 6 we can estimate |9 (£)0]|r1(1;2()) by Cllmkn ()| r2(e)- This allows us to divide (42) by
[7kn (£) || L2(0) which shows the bound

[mn D) 20y < CTHNEN = (152 (02))-
As t € I was arbitrary, this shows
[7knll oo (1,220)) < CTHE] Loe(1;22(02))-

Making use of the previously derived bound for ||| (r;72(n)) and triangle inequality for e = & 4 ngn concludes
the proof. 0

The above theorem is the main result of this work, and the development of the discrete Gronwall lemma and
analysis of the dual problem were the key ingredients, in order to prove it. With these techniques established,
it is now straightforward, to also prove an error estimate in the L?(I; L?(2)) norm. If we follow the steps of the
proof of Theorem 5.6 up to (40), we then have to estimate the occuring trilinear form in terms of ||§]|L2(r,12())
i.e., the L2(I; L?(Q))) norm of the Stokes error. This implies that we need to estimate the occuring trilinear
terms by stronger norms of the dual state zjj, which are bounded by the results presented in Theorem 5.5.
With these considerations, we can show the following theorem.
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Theorem 5.7. Let f € L*(I; L*(Q)?) and ug € V. Further let (u,p) and (ugn, prn) be the continuous and fully
discrete solutions to the Navier—Stokes equations (9) and (20), for sufficiently small discretization parameters
(k,h). Then for any xgn € Vin, there holds

lw = wknll 2 (rxa) < C(HU = Xwnllp2(rxa) + lu = mrull g2 (ryq) + H“ - RE(WP)HL?(MQ))'

Proof. To deduce the error estimate for the Navier—Stokes equations from the corresponding Stokes result of
Proposition 4.8, we follow a duality argument similar to the proof of Theorem 5.6. We split the error in the
same fashion u — ugp = w — Ugp + Ugp — Ugp Where € := u — Ugy, is estimated by the Stokes result, and for
Nkh = Uy — Uy We consider (zxn, okn) a solution to the dual problem

B((¢rh, Yn)s (2kh, 0kn)) + (W, Grn, 2kn)) + E(Orn, Wkh, 2kh)) = (Mkh, Okh) 1o V(Okn, Ykn) € Yin.
As before, we test the dual equation with 7, and obtain after elimination of terms by applying Galerkin

orthogonalities and Lemma 4.4:

[ o (Vi 2kh - ) g + c(@tkn; zin, €)) — (&, Wikn, 21n))-
Applying Holder’s inequality yields
2
nerllz2(rx0) < CllElIL2axaylLl ez L= )
X ([[@n | 2 ;20 (@) IV 2k Lo (1522 0)) + 2kn ]| L2 (15200 () IV @RR || oo (1,02 (2))) -
By Proposition 3.1, Theorems 3.6, 4.13 and 4.20 all terms containing u, u, are bounded. Together with the
discrete Gagliardo—Nirenberg inequality (16) and Young’s inequality, we obtain
2 1
el 22 (rx0y < O uen) €l L2(rx0) T (||AhzthL2(];L2(Q)) +IVarnll Lo (122@)) + ||Zkh||L2(I;L2(Q)))-
Using Theorem 5.5, we can bound the norms of z;, and obtain

2 1
Imenllz2(rxa) < € uen) T €l 21 xa) 1kl 2 (1 x )
Canceling terms concludes the proof. O

5.2. Explicit orders of convergence

Using the same arguments from before, instead of the best approximation type estimate, we can also directly
use the error estimate for the Stokes projection, shown in Theorem 7.4 of [7] and Corollaries 6.2 and 6.4 of [36]
to obtain the following corollaries, yielding explicit orders of convergence.

Corollary 5.8. Let Assumption 4.1 be fulfilled. Further let f € L>(I; L2()?), up € VN H?*(Q)? and let u, ugp
be the continuous and fully discrete solutions to the Navier—Stokes equations (4) and (19) respectively. Then

there holds

7\ 2
[l = wknll oo (1522 (0))) < O<ln k:> (k+h?) (Hf||L°°(I;L2(Q)) + luollvamz(o)2 + ||(u- v)u||L00(I;L2(Q)))7
where the constants C' depend continuously on || f| r2(1,02(0)) and |luollv. The last term |[(u - V)ul| Lo (r;12(0))

can be bounded in terms of || f|| L (r;02(0)) and |[uollvam2()> by Corollary 5.11.

Proof. From Corollary 3.11 and Remark 3.3, we obtain (u - V)u € L*(I; L?>(Q)?). Hence this result is a direct
consequence of Theorem 5.6 and Theorem 7.4 of [7]. O
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Corollary 5.9. Let Assumption 4.1 hold true. Further let f € L*(I;L*(Q)?), uo € V and let u, ugy be the
continuous and fully discrete solutions to the Navier—Stokes equations (4) and (19) respectively. Then there hold
the estimates

(k% + h), and
(k+h?),

IV (u— ukh)HL2(I;L2(Q)) <C
[(w = wrn)ll 21y 0y < €
where the constants C' depend continuously on || f| r2(1;2()) and |lugl|y -

Proof. This result is a direct consequence of Theorems 4.16, 5.7 and Corollaries 6.2, 6.4 of [36]. O
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