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UNCONDITIONALLY OPTIMAL ERROR ESTIMATES OF LINEARIZED
CRANK-NICOLSON VIRTUAL ELEMENT METHODS FOR QUASILINEAR
PARABOLIC PROBLEMS ON GENERAL POLYGONAL MESHES

YANG WANG!, HUAMING Y12, XIAOHONG FAN? AND GUANRONG L1%*

Abstract. In this paper, we construct, analyze, and numerically validate a linearized Crank-Nicolson
virtual element method (VEM) for solving quasilinear parabolic problems on general polygonal meshes.
In particular, we consider the more general nonlinear term a(x,u), which does not require Lipschitz
continuity or uniform ellipticity conditions. To ensure that the fully discrete solution remains bounded
in L°°-norm, we construct two novel elliptic projections and apply a new error splitting technique.
With the help of the boundedness of numerical solution and delicate analysis of the nonlinear term,
we derive the optimal error estimates for any k-order VEMs without any time-step restrictions. Nu-
merical experiments on various polygonal meshes validate the accuracy of theoretical analysis and the
unconditional convergence of the proposed scheme.
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1. INTRODUCTION

Nonlinear parabolic problems are mathematical models that describe the evolution of systems affected by
both diffusion and convection effects. These problems are widely applied in various scientific and engineering
fields, including heat conduction [15,21,25], fluid dynamics [9,19,33,38], reaction-diffusion systems [14,29] and
so on, which providing useful mathematical tools to study and understand complex physical phenomena. The
numerical solution of the nonlinear parabolic problem has garnered considerable interest from researchers over
the past several decades. For example, finite difference methods, finite volume methods, finite element methods,
among others, are proposed. This is just a small selection of available methods [9,15,19, 30,31, 33, 38, 39].

The aim of this paper is to investigate linearized Crank-Nicolson virtual element methods and present uncon-
ditionally error estimates for quasilinear parabolic problems. The virtual element method (VEM) [5,6] is a
recently introduced technology that extends the capabilities of the finite element method (FEM). VEM is
able to handle complex polygonal/polyhedral meshes, including elements with “hanging nodes” and nonconvex
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shapes [1,3,9,27,36]. This flexibility makes VEM suitable for a wide range of applications. Another advantage
of VEM is its ability to easily implement highly regular conforming discrete spaces. This property makes the
method particularly suitable for solving nonlinear problems.

In [36], Vacca et al. proposed, for the first time, the VEMs for linear parabolic problems. They conducted an
analysis on the convergence of both semi-discrete and fully-discrete solutions, and derived error estimates in L?
and H' norms. In [1], conforming VEMs were proposed for semilinear parabolic problems by Adak et al. They
present a priori error estimates for the proposed schemes in H! and L? norms under the assumption that the
source term f is Lipschitz continuous. Anaya et al. [3] proposed a VEM for a nonlocal reactiondiffusion system
of cardiac electric field. Optimal order space-time error estimates in L? norm were obtained. In [4], Arrutselvi
et al. considered stabilization of VEM for a system of time-dependent nonlinear convection-diffusion-reaction
equations and derived the optimal convergence estimates in the H' semi-norm. However, when dealing with
strongly nonlinear problems, the crucial aspect in obtaining optimal error estimates for numerical schemes lies
in demonstrating the boundedness of numerical solutions in L> norm (or stronger norm) [21,23,24]. In classical
FE analysis, the L>° boundedness of numerical solutions are usually estimated by

up @) < 1Rhu"||Loo () + [[RrU™ = uj || oo (o)
< | Rpu™|| (o) + Ch™ | Ryu™ — up| 2 () (1)
< |Rau” || Lo (o) + ChTH(TP + AT,

where u” is the theoretical solution at time ¢", uj; is the fully-discrete solution, R, denotes a projection operator,
T is the time-step size, h denotes spatial mesh size and p and r + 1 stand for the convergence orders in temporal
and spatial directions, respectively. Hence, in (1), we need a time-step restriction 7 = O(h'/?P) (see Refs.
[12,17,18,28,32]). These restrictions can result in the utilization of excessively small time steps, consequently
making the computations significantly more time-consuming. We strongly believe that in most situations, these
time-step restrictions may not be necessary.

In this paper, we will give the optimal convergence analysis with no time-step restriction. Drawing inspiration
from the research conducted by Li and Sun [21,22], we decompose the numerical error into two components: one
in the temporal direction and the other in the spatial direction. To accomplish this, we introduce a time-discrete
system represented by equations (22)—(23). With the help of the regularity results of time-discrete solutions (see
Thm. 4.5) and error bounds of the novel elliptic projections, we prove that the L? error between the virtual
element discretization for the time-discrete system and solution on the time-discrete system is dependent on
both h? and h. This is a sharp contrast to previous results for the unconditional analysis of VEMs [26, 37].
Moreover, if we can demonstrate that the solution of the time-discrete equations has suitable regularity, fully
discrete solution in L norm can be unconditionally bounded by the induction assumption

ujl L) < [RRuZ | Lo ) + Ch ™| Rpu? — uitl| L2 (o
< Ry ult|| poe () + C’ffl(h2 + 7h)
< |RRufllpe() + C(h+71) < C,

where u? is the solution of time-discrete system (for specific details, please refer to the proof of Thm. 4.10) .
With the L> boundedness, we can establish optimal error estimates for the fully discrete formulation without
any limitations on time-step size.

Furthermore, we do not assume that the nonlinear diffusion coefficient satisfies the usual Lipschitz continuity
or ellipticity condition. Instead, we only require that the coefficient function a(x,u) is positive and smooth
with respect to v € R? under Assumption 2.1. These conditions are more general than the usual Lipschitz
continuity and ellipticity conditions. In addition, for the Crank-Nicolson scheme, the errors at certain time
steps are one order lower than the average of errors at two consecutive time levels, as shown in equation (27a).
The presence of nonlinear coefficients under such general conditions and the time-discrete scheme will inevitably
make it difficult to analyze the boundedness of numerical solutions unconditionally. To address these challenges,



LINEARIZED CRANK-NICOLSON VEMS FOR QUASILINEAR PARABOLIC PROBLEMS 883

we propose two new elliptic projections operator (i.e. R} and Fj’, see Sect. 4.2) and analyze its boundedness
and convergence properties. By employing the elliptic projection as well as conducting rigorous and meticulous
analysis, we will overcome these fundamental problems. To the best of our knowledge, this is the first article that
utilizes virtual elements in combination with the Crank-Nicolson scheme to solve a parabolic problem with such
a general nonlinear diffusion coefficient. Finally, we provide numerical examples to validate the unconditional
convergence results obtained in this paper.

The present paper is organized as follows. In Section 2, we present the model problem and the weak formula-
tion. In Section 3, we give the fully discrete formulation of the quasilinear parabolic problem. The main contri-
bution of this article is Section 4, where we analyze the L> boundedness of fully discrete solution. Afterwards,
in Section 5, we develop the aforementioned unconditionally optimal convergence analysis. Finally, numerical
examples are given in Section 6 to validate the theoretical analysis.

2. THE CONTINUOUS PROBLEM AND WEAK FORMULATION

Let  C R? be a convex, polygonal domain with Lipschitz boundary 05 and let T be the fixed final time.
Consider the following quasilinear parabolic problem: find u(x,t) € Q x (0,T] such that

u(x,t) — V- (a(x, u)Vu(x,t)) = f(x,t), in Q x (0,7,
u(x,t) =0, on 9Q x (0,77, (2)
u(x,0) = ug(x), in Q.

For the nonlinearity a : 2 x R — R, we essentially assume that a(x,u) is a positive and continuous function
with respect to u € R. But we do not require global Lipschitz continuity or uniform ellipticity conditions of the
nonlinear term a(x, u). The class of possible nonlinearities includes polynomial-type nonlinearities like a(x,u) =
S o aiu’ with 0 < n < oo and nonpolynomial-type nonlinearities like a(x, u) = cos(u) or a(x,u) = 1_%“, where
a; € L>®(Q) for : = 0,--- ,n. These conditions are more general than the usual global Lipschitz continuity and

uniform ellipticity conditions [35] in the following sense:

— the nonlinearity a(x,u) is allowed to approach zero as u — oo,
— the partial derivative a,(x,u) and a.,,(x,u) may tend to co as u — oo.

Specifically, the following set of assumptions holds throughout the article.

Assumption 2.1. We assume that the nonlinear term a : Q x R — R is a positive and continuous function
with respect to u € R.

Furthermore, it follows that for any M > 0,
pe < a(xu) <pt o and au(x,u)] 4 e (xu)| < pf, 0 for lul[pe @) < M, (3)

where constant M was defined in (19) and p., u* are positive constants which depend on M. Note that the
above assumptions of the nonlinearity a(u) may be weakened in numerical simulations. For simplicity, the forcing
term f(x,t) is assumed to be a smooth function, but our analysis can be easily extended to problem (2) with
f = f(x,u) under the assumption that f € C?(R) with bounded derivatives.

Throughout this paper, for any open subset w C 2, we use the standard Lebesgue space L?(w),1 < p < o0
with norm || - |[r(w), and denote the L?(w) inner product by (-,-),. Let WhP(w),l > 0 be the I-th order of
Sobolev space based on LP(w) and H'(w) := W'?(w), along with the corresponding norms | - [lyy.r(.) and
| 1 711 () respectively. Set Hg(w) := {v € H'(w) : v]a, = 0}. We denote, as usual, H!(w) is the dual space of
H}(w) equipped with the dual norm || - ||_1, and duality product (-, ).
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For functions v(x,t) that have both a temporal variable ¢ € [0,7] and a spatial variable x € Q, we also adopt
the usual Bochner space LP (0,T'; L?(£2)) whose norms are defined as follows

1/p

T
P <
(%, ) Lo (0722(2)) = (/0 lvo(x, t)lle(Q)dt> , 1<p<oo,

ess supte[O’T]||v(x,t)||L2(Q), p = 0.

We can further define the Sobolev space LP (O,T; H Z(Q)), for any integer [ > 0. For the sake of readability,
the space variable x and time variable ¢ will be omitted as argument of all functions (for example, a(u) means
a(x,u)).

By virtue of Green’s formula, we have the following variational formulation for quasilinear parabolic problem
(2): find uw € L3(0,T; H}(Q)) with u; € L?(0,T; H=(f)), such that

{M(ut,v)+A(u;u,v)= (f,v), Vv € H} (), )

u(0) = wuyg,
where M(v, w) = (v, w) and A(z;v,w) = (a(2)Vv, Vw),Vv,w, z € H}(Q). And then we present some properties
of bilinear form and the proof is omitted.

Lemma 2.2. For M(-,-), it holds, for all v,w € H}(Q),
M(v,w) < vl 2@llwlizz@),  M(v,0) > [[v]F2q)- (5)
Concerning A(-;-,-), for all z € L>=(Q) and v,w € H}(Q), we have

Az v,w) < p*olpyo)lwlm @), Alziv,v) = /L*|U|§—11(Q)' (6)
where p* and py are positive constant defined in (3).
Moreover, well-posedness of the problem (4) can be shown by combining the Lemma 2.2 with the results in

[35).

3. VIRTUAL ELEMENT DISCRETIZATION

In this section, we derive a virtual element formulation for the variational problem (4). For this purpose, we
firstly describes the concept of polygonal decompositions of €2 in Section 3.1. And then, we introduce the virtual
element space, discrete bilinear forms, projectors operators and their approximation properties in Section 3.2.
We refer to the papers [2,5,11] for more details. With these preparations, we propose a linearized Crank-Nicolson
virtual element methods for solving the quasilinear parabolic problem in Section 3.3.

3.1. Polygonal decompositions

Let 75,0 < h < 1, be a sequence of decompositions of the domain 2 into polygons element K with

hi := diameter(K), h:= max hg,
KeTy,

and h, indicates the length of edge e. Denote the set of all edges in 7, by &, and denote the set of edges
belonging to K by £X.
We suppose that for all h, each element K € 7}, there exists positive constant py and p; > 0, such that

(A1) K satisfies star-shaped condition with respect to a ball of radius p > pohk;
(A2) For each edge e € £X it holds that he > poh;
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(A3) hg > prhfor all K € Tp,.

The mesh quasi-uniformity assumption (A3) ensures that the element sizes across the mesh do not vary signifi-
cantly, thus guaranteeing the validity of inverse estimates (see Lem. 3.3) within the virtual element framework.
Given 7, we introduce the broken Sobolev space for any s > 0

H*(T)) = {ve L*(Q) :v|g € H*(K), VK € Tp,},

together with the corresponding broken seminorms and norms

|U‘%IS(T;,,) = Z |’U|§-IS(K)= vl zrs () = Z ||UH12LIS(K)'
KET, KET,

3.2. Virtual element space

In this subsection, we discuss the construction of two dimensional virtual element spaces which were originally
introduced in [2,5]. Different from the finite element space, the virtual element space consists of both polynomial
functions and implicitly defined non-polynomial functions, as well as the numerical schemes dispense with any
explicit construction of the discrete shape functions. Non-polynomial parts of the discrete bilinear forms are
approximated by suitable projection operators, which can be computed by only the degrees of freedoms (DoF's)
associated with the virtual element space.

For given degree of accuracy k € N, we define the preliminary local conforming virtual element space on
K € T}, as follows:

Vi(K) := {vn € HY(K) N C°(9K) : Unle € Pr(e),Ve C OK, Avy, € Pi(K)}, (7)

with the usual convention that P_; (K) = {0}. Obviously, we have P (K) C V,(K). Let )% . HY(K) — P(K)
be the projection operator, such that

<VH’CV,KU’ ka)o K (Vo, Vpr)o s Yk € Pi(K)

1

V&, ds —
0K Jore *

1
—_— v ds,
0K| Jox

where the second identity is needed to fix the constants.

The unisolvent set of local DoFs for the local space V},(K) can be chosen as
(D7) the values of vy, at each vertex of K,
and for k£ > 2 :

(D) the edge moments [ vpr_o ds, pr—2 € Pr_2(e), on each edge e of K,
(D3) the internal moments fK vpg—2 dx, pr_o € Pr_o(K).

The following extra DoFs which are taken as the moments of v of (k — 1)- and k-order inside the element K:

A’Upl dac, RS Pk(K)/Pk,Q(K), (8)

where Py (K)/Pyr_2(K) is the space of polynomials in Py (K ) which are L?(K) orthogonal to Pj_»(K).
To avoid the requirements of the extra DoFs (8), we can use the operator Hkv’K to pinpoint the local enhanced
space [2]

Vi(K) 1= {on € Va(K) : (v, @) = (17 vn) Vg € Pu(K)/Proa(K) | (9)
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Clearly, the DoF's uniquely identifying a function v € V},(K) can be choosen as (D1)-(Ds3). For any integer
k € Ny, the global discrete space is given by

Vi, :={v, € L*(Q) : vp|x € Vi(K), VK € T, },

and the global DoFs for the space V}, are the direct extension of the local DoFs (D;)-(Ds).

Then, we introduce the following L? projection operators which are key ingredient in virtual element con-
struction. For any v € L%*(K), we define H%K : L*(K) — Py(K) is L2-projection for scalar functions given
by

(H%K%pk)K = (v,pp)g, Yor € Pr(K).

Similarly, the L2-projector Iy : [L? (K)]2 — [Py_1(K)]? for vector valued is defined as, given v € [L? (Q)}Z7

(HgﬁvvpkA)K = (U,qu)K Vpr_1 € [Pkfl(K)}2~

For the sake of simplicity, we denote by Hkv, HO and Hg 1, the global projectors which are defined elementwise
as the correspondlng local projector operators. It is worth mentioning that the advantage of the space V;,(K),
when compared to Vj,(K), can be using DoFs (D;)-(Ds) to calculate the L? projection " and Y%,

For all K € 73, base on projection operators l‘[kv K, Hg K and Hgf, we define the local form /\/lh (+,+) and
AK(;-,-) on the space V;,(K) that approximate the exact forms M¥(-,-) and AX (-, "), respectively, in the
following manner

M (u,0) i= (T, 11 )K + 5t (0 =Ty, (1 - TP (10a)
AK (w;u,v) = (a (M5 )12 K (V) TIK (W))K (10b)

+ v (w) S5 (1 =10 ), (1= 1)) |

where stability constants v§ (w) = 5 (a(Hg’Kw)> and TIY™ : L2(K) — Py(K) is the L? projector onto scalar
valued constants.
Then, S /Iél, S f are the symmetric and positive definite bilinear form defined by

SK (u,v) : |K|le xi(v), SH(u,v): le

where N{ = dim Vj,(K) and y;(v) denotes the i-th local DoFs on Vj,(K). According to literature [8,10,11,13],
the local stability terms Sﬁ and Sf satisfies the following properties: for all v € V;, N ker(HZ’K)

9 2
M ol2agrey < S5 (0,0) < MM o] 22,

(11)
2 2
Mg Vol ey < S (0,0) < MY [Vl 72 e

where the positive constants M({Vl, MM, Mé“7 M7 are independent of h and K.
Next, we define the corresponding global bilinear forms by assembling the local counterpart as

v)zZMhK(u,v), Ap (w;u,v) : Z'Ah w; U, )
KeT, KeT,

Finally, we present several useful lemmas as follows, including local approximation properties by virtual
element functions[7] and polynomial functions, as well as the inverse inequality for virtual element spaces
[13,20,26].
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Let Zpv € V}, be the virtual element interpolation function of v, and on each element K € 7, the interpolation

function Z,v satisfies
xi(Zpv) = xi(v), fori=1,..., N{. (12)

The interpolant function Zpv € V}, satisfies the following estimate [5, 8].

Lemma 3.1. Let v € H}(Q) N H*Y(Q). Under the assumption (A1)-(A2) on the decomposition Ty, there
exists Ipv € Vi, , such that

[v = Znoll 20 + hllv = Zpoll gy < Coh™ o]l grsi (7, (13)
where the constant Cz is independent of the discretization parameters h.

Lemma 3.2. (Projection error) Suppose that ¢ and 1 are sufficiently smooth scalar and vector valued functions
on K € Ty, respectively. Then, it holds, for all k € Ny,

[ - T, < Comi Wl 0<E<s<ht1s>1,

Hw—H%Kw‘ < Ophic [ Plpe(ry, 0<l<s<k+1 (14)

HY(K)

H¢ — HE’Kme(K) < Cphi |y, 0<C<s<k+1
where the constant Cp only depends on the polynomial of degree k and mesh regularity po.
Lemma 3.3. (Inverse inequality) For v € V,,(K), it holds that

IVoll2y < Cravh Hollzy,  0llzoe () < Cravh ™ol 2 k) (15)
where positive constant Cryy is independent of h.

3.3. Fully discrete formulation

With these preparations completed, we employ a Crank-Nicolson scheme and a linear extrapolation in time
formula with the explicit treatment of the nonlinear terms for the quasilinear parabolic problem (2).
Assume that {t,|t, = n7;0 <n < N} is uniform partition of [0, 7] with time step-size 7 = T/N, and we use
. 1
the notations u” = u(x, t,),u" ™2 = u(x,t,_1).
Let {w"}gzo is a sequence of functions, we denote, for 1 <n < N,

DTw” _ l (wn o wnfl) , o" = (wn +wn71) ,

\]
DN | =

and the second-order linear extrapolation operator is defined as

R 3 ,_ 1 -
wnziwn 1_§wn 2’ fOI‘QSNSN (16)

With above notations and the discrete bilinear forms introduced earlier, a linearized Crank-Nicolson virtual
element method is : to find u}} € V}, such that

{Mh (Dyu?, vp) + An (@0, vp) = (I0F", vn), an

0 ._
Uy = Ihum

for all v, € Vj, and n=1,..., N, where I,ug is virtual element interpolant of ug in space V},.
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The numerical scheme (17) is semi-implicit and we only need to solve a linear (elliptic) system at each time
level. To maintains the second-order accuracy of temporal discretization, some starting approximations should
be given. So we choose the most commonly used start-up procedure: let u} = %(U}L** + ug) and u,ll* is the

solution of the following system

My, (DTu,lL*,Uh) + Ap, (U?L; u,ll*,vh) = (IO f*, up), (18a)
My (Drug™ vn) + An (up5up™ on) = (I, vn), (18b)
for all vy, € Vi, where Dyup* := £ (up* — uf)) and Dyup*™ := £ (up™ —uf).

We will obtain the unconditionally optimal convergence result for the quasilinear parabolic problem (2) based
on the following regularity assumption of the exact solution,

luoll zrw+1(0) + 1wl Los (0,710 (Q)) + 1l oo (0,03w2 0 (2)) + Ull Loo (0,7 1% 4+1 (02)) (19)
+ ]l L2 0,710 41 (@)) + el 20,712 (0)) + el 220,100 (0)) < M,

here, 2 < p < 4 and the positive constant M independent of the discretization parameters h and 7. Although
the exact solution of the problem (2) is satisfying the regularity assumption (19) in most cases, these local
conditions of a(u) (that is, Assumption 2.1) will impose difficulties on the analysis of the numerical solution,
which is not known to be bounded a priori. A challenge is to prove that the uniform (pointwise) boundedness
of the discrete approximation uj, to u”. For this purpose, we adopt the error splitting technique in Li and Sun
[21,23] to prove the pointwise boundedness of the numerical solution in the next section. Based on this result,
we obtain the unconditionally optimal error estimates of the linearized Crank-Nicolson virtual element method
for the quasilinear parabolic problem (2) in Section 5.

With the above discussion, the following continuity and coercivity properties for My (+,-) and Ap(-, -), defined
(10a) and (10b), respectively, hold true.

Lemma 3.4. For My(-,-), it holds true that , for all vy, wp, € V,

My, (v, wp) < o th”m(n) ||wh||L2(Q) and My (v, vn) 2 o ||Uh||2L2(Q) : (20)
Concerning Ap(+,-), if zn € L>(Q), and for all vy, wy, € Vi, it holds true that

A (2300, wn) < B* ol () lwnl gz and A (zh; 00, 01) > Bulonl o,y (21)

Proof. To show (20), from the definition (10a) of MX and properties (11), we have

2
ME (v, vp) < HHO’KU ’
h ( hs h) = k h L2(K)

2
M 0,K . 2
+ M H (I_ Iy ) UhHL?(K) < @llonllze ey,

where the positive constant a* = max{1, Mj{}. Then, by using Cauchy-Schwarz inequality, we can directly get
the following result

1/2 1/2 *
My, (g, wp) < Z (ME (v, vp)) " (ME (wpywp)) ™ < o lvnll 2y lwnllz2q) -
KeTy,

And by utilizing the properties (11) and the Pythagorean theorem, we can obtain the following coercivity bound
0,K 0,K 2
M (vn,vn) > [T vn 220y + Mg I(1 = T2 onlF 20y > s lonllf2 () »

where a, = min{1, Mg} is a positive constant.
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Applying the inverse estimate (15), the continuity of the L? projector, and the Holder’s inequality, it follows
that for all zj, € L*°(K)

K
HH% Zh

—1 0,K
SCInth HHk Zh

< CInvh[_(1 ”Zh”L?(K) < Chuy ||Zh||Loo(K) <M,

’LOO(K) ‘LZ(K)

and this implies that assumption (3) is satisfied. Then, recalling the definition (10b) of AKX and the stability
properties (11), we have

2 2
0,K
kal(Vvh)‘ L2 (K)

. 2
< max{1, M{* }u* [ Von |72 ) -

AR (zn; on,vn) < M| V(=T
n (znivn,vn) < p + MV = IL57 Jup L)

Setting 3* := max{u*, u* M{'}, using the Holder’s inequality, and summing over all elements, the continuity
bound in (21) holds. And then, from the definition of AKX given in (10b), we can deduce that

2
i[9~

2
0K
Y (Von)| s’

L2(K)

AF (213 vn,08) > s

Noting that |V (I — HkV’K)vhHLz(K) > (I - Hgﬁ)VvhHLz(K) and using the Pythagorean theorem, we have

2 2
Hgﬁ(vvh)HLz(K) + Mg H(I - Hgf)Vvh’

An (21300, v0) > Z L

KETh

> 3 BullVonlZegry = Belvnlin g,y
KeT,

L2 (K)

where B, = min{ ., u*Mé“}. This completes the proof. O

4. THE L°° BOUNDEDNESS OF THE FULLY DISCRETE SOLUTION

The key point in this paper, to deal with nonlinearity a(u) in (2), is the L* boundedness of the numerical
solution uj. To this end, we introduce the corresponding time-discrete system to split the error into two parts:
the temporal discretization error and the spatial discretization error. Since the spatial discretization error is
only slightly dependent on time step size 7, we can prove that the numerical solution is bounded in the L*°
norms by the inverse inequalities.

4.1. Time-discrete system and temporal error estimates

In this subsection, we adopt the error splitting argument in [21,23] by introducing the semi-discrete linearized
Crank-Nicolson system of the quasilinear parabolic problem (2). Then we establish uniform L* boundedness
and optimal error estimations for the time-discrete numerical solution in the Hilbert space setting.

The semi-discrete Crank-Nicolson approximation u} to u™,1 <n < N, are given recursively as the solution
to the following system

Dyu — V- (a(@)Va?) = F", in Q
u”(x) = 0, on 9Q x (0,77, (22)

W) = up(x), in 2,

where 4! = 1(ul** +u2) and ul** are defined by

T T

Dyul* — V- (a(u?)Vur®) = f1, (23a)
Dyul™ — V- (a(ul*)Vul™) = f1, (23b)
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with the homogenous Dirichlet boundary condition. Noting that the fully discrete solution u} is identical to the
virtual element solution of (22)—(23), and the error estimates in arbitrary norms || - || can be decomposed as

[ = uple < flu” =l + [Juz = up ]l

Under the regularity assumption of exact solution (19), we define

My = Ogna<xN lu" | 520y + 1. (24)

Now, we introduce the following lemmas, which is critical in the error estimates.
Lemma 4.1. (Gagliardo-Nirenberg inequality [19]) Let v be a function defined on Q and set 2 < p < co. Then
there exists a constant Cq depending on Q) and p such that
2 1—2
lollr@ < Callvl o I V0l oy Yo € H'(9). (25)
Moreover, for p= oo, we have the following Agmon’s inequality

1 1
lollz o) < Callvl oy ol ey Vo € HY(Q) 0 H(9). (26)

Lemma 4.2. Let {0} and {v'}}, be two sequences of functions in domain Q. Then, it holds that, for any
norm || - ||«

1
n
Tl <27 Y @ ls + 7lels < 2ﬁ< D@ +T||w°||2> 7 (27a)

i=1 =1

TZ D,w", ") = g (Drw',0°) + 7'; (D@, 0" + g (D;w™, v™). (27b)

Lemma 4.3. Suppose that ¢ is a solution of the following the linear elliptic problem:
{ =V (b(x)Ve) = f, inQ,
¢ =0, on 09,

where b(x) € C*(R) satisfies
Cl<bx)<C, VreQ,

for some positive constant C,. Then, it holds that (see [16])
Pllw2r@) < CallfllLr @)
for 2 < p <4, where Cq is a positive constant merely related to the domain Q.

Next, we have the following uniform L°° boundedness and optimal convergence result for the time-discrete
solution.

Lemma 4.4. Suppose that the problem (2) has a unique solution u satisfying (19). Then, there exists a constant

76 > 0 such that when T < 7, the time-discrete system (23) admits a unique solution ul* and ul**, which satisfies
leX*[lz2() + leX™ lm@ + Tller™ a2y + 72 ler™ | e (@) < Cor?, (28a)
ka2 + el ey + IVl ) + I Drt 2y < C, (28b)

a2 2y + 2 ey + V02 [y + 7l Drt 2 ey < C, (28¢)

where C}, is a positive constant independent of T.
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Proof. For the purpose of readability, we provide the proof in Appendix A.1. O

Theorem 4.5. Suppose that the quasilinear parabolic problem (2) has a unique solution u satisfying (19). Then,
there exists a constant 7, > 0 such that when T < 71, the time-discrete system (22)—(23) admits a unique solution
ur,n=1,---, N, which satisfies

N
a2 + Il L= o) + VR | o @) + T Drurllaz (@) + 7 IDrut |3z < C1, (29a)
=2

where C| is a positive constant independent of T.

Proof. To start with, we denote e” := u” — u™ and e = 0. By taking t = t,—1in (2) and using time-discrete
system (22), we obtain the following error equations, for n =1,2,..., N

9 )

D.e! =V - (a(u})Ver)=E"+V - -H" (30)
with the boundary condition e = 0 on 0f2, where the truncation errors are given by
E" ="t D+ " —
H" = (a(a:) - a(u”—%)) V@' + a(u""F)V (nn - u”—%) = H7 + HD.

In terms of the Taylor expansion, the truncation errors can be bounded by

HE1||I£P(Q) < (CN)psz (Huttt(t*)nlz,p(g) + Hftt(t*)HZ[),p(Q)) ) (31a)
n tn
S B iy < €7 [ (o) 0y + W) s, (31D)
=2 2

for 2 < p < 4, where tg < t, <t; and Cy is a positive constant independent of 7.
As for the subsequent proof, taking into account the complications arising from the time-discrete system, for
convenience, we divide it into two steps.

Step 1: Error bounds for el. With the boundedness of [|ut**|| L« (q), the existence and uniqueness of solution
to (22) at t; follow immediately since it is a linear elliptic equation.
Using the definition of H} and H} together with the Taylor expansion and (28a) yields

~ 1
IV HAllzao < ||V (a(@) - a(uh))|

V@' || g
L2 IV || Lo ()

+lla@) — a(w?) =@ [AT"]| 20,
<M ([ Vel e + 19— ud)1ae)
+ u*M (||€-1r**”L°°(Q) +at - U%”L“(Q)) 32
< "M (26} + ColJunn(t) [z @) + Crllua () | e o) 72
IV Hhllz2o) < || Va(ud) - v(@ - u)

. Ha(u%)A(al —ub)

.
< QM*MCNTQ||Utt<t*)||H2(Q)'

L2(Q)

Multiplying the equation (30) for n = 1 by D.el, and integrating the resulting equation in the domain €2, we
get

1 2 L 2 1 2
2 He‘H|L2(Q) T ||ve71'||L2(Q) < 9.2 ||6‘1FHL2(Q) 1B L ) + IV - HallZz )
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from which, in view of (31a) and (32), we conclude that
ekl 2i) < V20172, (33)

where C1 = 2u*M(Cjy + (1 + Cq)Crllust (t+)[| 2 (0)) + Cr(lJutee(te) |l L2) + | fee(te) |l L2(0))- Then, integrating
(30) for n = 1 against —V - (a(ul)Vel) in the over domain Q, and applying the Cauchy-Schwarz inequality and
(32), we have

T .
el Verll 7y + LA (a(@)Vey)|liz(q) < (Cr)?7,
which implies that
1 N 3
IVelll ey < pe 2Car?, |V - (a(@)Vel) | L2y < V20172, (34)

and together with Lemma 4.3 gives

ety < ColB' +V - H' = Dretll2q)

~ (35)

= Co|V - (a(@t)Vel) |2 (o) < V20 Ci75.

And owing to the Agmon’s inequality (26), we obtain that

1 13 13 3 3

ety < CalletlEaey letlida < V2Ci(Ca)irt. (36)
We apply Lemma 4.3 to the error equation (30) for n =1,
1 1 1 1

HeTHWQA(Q) < 2Cq (HE HL4(Q) +|v-H HL4(Q) + ||DT€T||L4(Q)) : (37)

Then, following the steps used in (32) and using the Gagliardo-Nirenberg inequality (25), the Sobolev embedding
theorem, and estimate (28), we obtain that

HV ) H1HL4(Q) = ||V ’ HilHL‘*(Q) + HV ’ HH}L“(Q)
<p'M (“Vei**Hm(Q) + V@ = u?)|ps) + llel™ e + 7" - u%”L‘”(Q))

+ M (IV@ = uh) sy + 1A@ — ub)lzso))

< u*M(Ilei**llez(m +ller (o (@ + Cur® @llus(t)ll ) + ||Utt(f*)||L°°(ﬂ>)>
< 2" M (Cp + (1 + Co)Crllun (t) | a2 (0)) T-
Together with the estimate
1 1 _1
||D"'6T||L4(Q) < Ca ||D7'67'||H1(Q) < () "2CaCrr
and using the Taylor expansion and the Sobolev embedding theorem, we further have

[Verll Lo o) < Callerllyzag) < Calor, (38)

where Cy = 4" M(Cj + (1 4 Ca)Chlluge ()| 12(0)) + (14) "2 CaC + Cr(lutee(te)llLac) + 1 fee (Bl La))-
Hence, there exists a positive constant 7; such that when 7 < 7y
lutllmz) < lu'lm2(o) + el mrz@) < M,
T|Drubll g2y < 7l|Drut |20y + Tl Dretll me) < Mi, (39)
urllreo(@) < lutllpeeo) + llexllLe(o) < M,
[Vulll (o) < IVullle (o) + IVerll L) < M,
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where constant 71 = min{(v/2CqC)~ 3, (Cq)~1(2C1) "3, (CqoCs) '} independent of .

Step 2: Error bounds for €¢”,2 < n < N. Noting that the linear elliptic equation (22) admits a unique
bounded solution u” € H},2 < n < N at each time step if u?~1 and u”~? is L> bounded. For this purpose,
we invoke a mathematical induction on

Hu" — u¢HL2(9) + T||u” — u:_LHHz(Q) < 037'2. (40)

Assume that (40) holds for 1 < n < m (which is already proved for m =1 when 7 < 71) and try to prove that
it also holds for n = m + 1. Based on the above assumptions, and using the Agmon’s inequality (26), we have

_ 13 _1ns 3
[ L>~(Q) > Y € L2(O [ H2(Q QL3T
ller =1 < Caller 1 22 ller Iz () < CaCsr?. (41)
Therefore, it holds that when 7 <

=M oo (@) + 12 Lo @) + 07 Loy < M, (42)

2

where the constant 7 = (CqC3)~5 independent of 7. Next, we turn our attention to the estimate of e”.
Integrating (30) against €7 in the over domain 2, we have

(Drel &) + (a(@)VEr, Var)g = (B",20)g + (HE, Vel g + (Hp, Val)g - (43)

Using the (2.1), Young’s inequality, and the Taylor expansion, the last two terms in the above equation can be
bounded by

n —T —T ~N n—l —T1
(H%,Vel)qg < |IVU"|| L olla(@r) — a(u"2) ||z [IVEr | L2 o)

* -n n—1 —n
<M (|12 + 3" = wH ) ) 1VER 2oy

(2M*M)2 fn-j Mo —n
< T ||€?H2L2(Q) + 0573 ’ ||Utt(3)\|%2(g)d3 + IHVGT”QL?(Q),

(HE,Vel)g < lla(u""2)[| Lo [IV(@" = u""2)| L2 I VET | L2(0)

tn
o TR
< (u*Cy) 73/ et ()W s + Ve 72 )
th_1

tn—2

Based on the above estimates, and applying the Cauchy-Schwarz inequality, (43) can be rewritten in the following

form
1

5= (e 20y = e~ 72 )+u*|\VeT||L2<Q

1 Hos +3(2M*M)2 —
< §||E7LH2L2(Q) + o Z e Z||L2 () + B ||V€7LHL2(Q
* i=0

1 b
+ (M 1) (O / lesee(5)]1272 s s,
* t'n 2

which implies that

1 n e 1. . Ho £ 32" M)" +3 Q,u M)? i
o= (e 32 = ler ™ ey ) < SIE 2o + S e e

1=0

1 tn
b L syt / et (5)]1 27 s
* tn72
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Multiplying both sides of the inequality above by 27 and summing up from 2 to n, we obtain that

n e e +3Q2p M) (~
”67—”%2(9) < ”671—“%2(9) JFQZT”E \\%2(9) + M—ZTHETH%%Q)
i=2 * i=0

) tn
b 2w s )t / et (5)]127 s,

to

With the Gronwall’s inequality, we obtain that when 7 < 73 = 2(4;‘#)2,

€2 r2(a) < Cat?, (44)

where the constant Cy only is dependent on C,, ., p#* and regularity constant M but independent of time-
discrete parameter 7 and n.
By employing the following inequality
N 1 . _ _
(Dre, —V - (a(@)VER)g = 5- ((@)V(er = 1), V(e +er ),

s -
> 22 (IVe2 200y = IVer ey ) -

and integrating (30) against —V-(a(u?)Ve?) in the over domain €2, and applying the Cauchy-Schwarz inequality,
we derive

M n n— ~n\vr=n) |2
L2 (IVer e = Ve ) + IV - (@(@)VER) ()
1 n 1 —n 12 1 ~n —n\ |12
< SIE Fy + 5 IVE ) + 5 IV - (@@ VED) 72 o) (45)
+ IV - HE 720y + IV - HE 20

We now use the Holder’s inequality, regularity condition (19), the embedding theorem H'(Q) — L*(£2), and
the truncation errors (31), to deduce

IV - 13200 < ||V (al@) - a(w~H))|

L) [VE" || Lo (o)

-~n n—3 -
+ lla@r) = a(@™2)l|La) AT | L1
<M (IVeRllzz@) + €74 @)

t,o_1
—|—u*MC’KT%/ ()1 ) + luee () | ey ds

tn—2

< 1M (3]Ver ey + VR Il a)

t 1
* 3 nT2
MGy /  uer () ey + laee(3) ] e ey s,

tn72
and .
IV - HE |20 < lla(@™ 2)|| g V(@ — 0" 2)|| p2(q) < " MCpr? / et (5) ] 11 (o) ds.

tn—2

With the above results, the inequality (45) can be reduced to

e n n— 1 ~n\vsn) (|2
L= (IVer ey = IVer ™ ey + 5 IV - (@(@)VED)I 7o)

2
1 n 1 + (GM*M)Q n—1
< SIE" By + S Ver g (46)
=0

tn
+ (/,L*MCH)QT?)/ ||utt(8)||%_[1(9) + ||utt(s)|‘%°°(ﬂ)d$

tn—2
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27

Multiplying both sides of the above inequality by o and summing up from 2 to n, we obtain that

*i=2

TS i L+ (6u" M) &
<|VerlZz) + o S IE N ) + ——
* =2

ZT||VG2—H%2(Q)

=0

2, b
(MO / (et () sy + e ()13 e ) .
* 0

By using (31) and (34), we further obtain

n T - -~n —ny |2 1+ (GN*M)2 = A
Hve—r”%mz) + i Z IV - (a@?)VeD) 12 < ZTHVGTH%%Q) + (Cs)*rY,
" =2 * i=0

the constant C5 only is dependent on Cq, Cy, ., p* and regularity constant M but independent of time-discrete

p}zlirameter 7 and n. Applying Gronwall’s inequality , we conclude that there exists 7 < 74 = 1+(6Z7**M)2 such
that
T n
~nyo=n (|2
I\Ve’illiz(g) + o Z IV - (a@?)VeD)12) < crt,
* =2
which implies that
n
~nyo=n |2
IVetlizzi) < Cor?, D 7|V - (a(@) Ve |12y < viCor, (47)
i=2

where Cg is a T7-independent positive constant but dependent on constants u*, Cq, Cy and regularity assumption
(19). And applying the Lemma 4.3 and (30), we have

—n ~n\vr=n\ |2
Y @) < DIV - (@(@)VeEr) 72 q) < meCor?, (48)
=2 =2

and exploit the Lemma 4.2,

n T [ n T
x|z ) < — (TZ H@H?{z(sz) +T||62||%{2(Q)> < 2/ T CoCsr. (49)

=2

From (44) and (49), and using the Agmon’s inequality (26), we have
n n|| % n||s 2
€2l oe ) < Calle 1oy €l < Crr, (50)
1
where the constant Cg = (2\/,u*TC4CG) 2 (CQ)% Likewise, we apply Lemma 4.3 to the error equation (30),

el < Ca (I La@) + IV - Bl o) + I Dre2l Loy ) - (51)
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As for the term ||V - H"[|4(q), we use the same idea as for ||V - H|| 4y to get

IV gy < 1M (V88 ey + IV @ =05l
+utM (H€Z||L<>O(Q) + [[a" — uni%”L@O(Q))
+ M (9@ = 0" ) s + 1AE" = 0" ) s
< 2 M/ *TCoCot + p* MCqr?

t
+ M*MC»JQ/ wee (8) |2 (0) + [lwee(s)lwze ) + [[uee(s)|| Lo () ds.

tn—2

Again employing the Gagliardo-Nirenberg inequality (25) for |[Dre?| z4(q):
||DTeZ||L4(Q) < Cq ||DT€¢||H1(Q) < CaCst

and using the Taylor expansion, we further deduce that

e w200y < CsT, (52)
which implies that
IVl ey < Calletlyasga < Ca S et lwaai) + Calletlwaa@) < Ca (TCs +Ca),  (53)
i=2

where Cy is positive constant only dependent on constants u*, Cq, C, and regularity assumption (19).
Therefore, for 7 < 75, it holds that

lur lmz) < lu"(m2) + ler a2 < M,
urlloe (@) < [u"[lLe @) + leF]| Lo ) < M,
VUl Lo ) < IVU"||L (@) + [[VeF (@) < M + Co (TCs + C2),

; 2
7Y D G20y <7D IDru" Gz gy + 7 Y D€t 320y < M + 4paa (TCoCs)*,
i=2 i—2 i—2

where the constant 75 = min{(2v/u+1CqCs) %, (C7)~1} independent of 7. Thus, the mathematical induction is
closed for 7 < 7)) = minj<;<5{7;}. Moreover, taking C{, = max{M, M + 4u.(TCqCs)*, M + Cq(TCs + Cs)},
the proof of Theorem 4.5 is completed. (]

4.2. The elliptic projection and error estimates

To prove the uniform L> boundedness for the solution of the proposed scheme (17) - (18), we first introduce
a novel virtual element approximation projection for a steady-state problem.

Associated with the conforming virtual element space V;, we define the elliptic projection Rpu € V}, of the
exact solution u, such that, for fixed u(t) € H}, t € (0,7T],

Ap(u; Rpu,vp) = A(u;u,vp), Yoy € Vi, (54)

and Rpu(0) = Z,u(0).
Before proving the error estimates of Ry, we mention a preliminary result that are useful for our purposes.
Readers can see proof of Lemma 4.6 in Appendix A.2.
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Lemma 4.6. Assume that w,v € HF(Q)NL>(Q),k > 1, and ¢ € H*(Q). Then there exists a positive constant
Cy independent of h such that

Ap(w; Rpv, ) — A(w; Rpv, Zn9)
< Ce (hk+1 (vl zrsr ) + lwllassr(z,)) + IV (Rpv — ’U)HL2(Q)) ¢l 2 (73,

where Iy is the virtual element approximation of ¢ given by (12).
Then, we have the following main result for the error estimates of the elliptic projection Rpu.

Lemma 4.7. For k > 1, let u(t) € H*(Q) N L>(Q), then there ezists Cr > 0 independent of discretization
parameters h such that

llu— Rhu||L2(Q) +hlu— RhuHHl(Th) < CthHHUHHHI(Th)- (55)

Proof. With the L*°-boundedness of u, the existence and uniqueness of the solution to (54) follow immediately
since the bilinear form Ay, (+;+,-) is continuous and coercive, as well as the bilinear form A(-;-,-) is continuous
on Vj.

Setting 0, = Rpu — Zpu, one obtains with the coercivity (21) of Ap(+;+,-) and the definition of Rpu in (54),

B 0n 51 73y < An (W3 Oh, 1) = A (us Ruu, 5) — A (us Ty, 53)

(56)
= [A(u;u, 0p) — Ap(u;u, 0p)] + Ap(u;u — Tru, 0p) := S1 + So.
From the definition of AX given in (10b), the term S is split as follows:
51 = (@ T0, Vo), ~ (0T (Vo) 112 (7)),
— Z fo (u) Sﬁf( (I — HZ’K) u, (I — HZ’K> 5h> = Sf1 + 8B,
KeT,
Noticing that
TRl e (k) < Cravh ™ IRull L2 (k) < Cravh ™ H|ull L2 (k) < Cravllull L (k) (57)

one applies the bounded condition of a(u) in (3), the Sobolev embedding theorem H!(Q) — L*(Q) and
Lemma 3.2 to derive that

S4 = < (a(u) — a(Ilfu)) Vu, V5h) + {(G(H(IQU)V% Vo),

Q
~ (@I (V) T (V)
< Jlaw) — a(T150) | 1 gy IVl gy 19002 0
+ [|a(ITu) HLoo(Q) (I -1} y) V“HLZ(Q) IVonll L2 ()
< p*Cp (MCq + 1) h*|lull s (73,) 1Vl 12

For term S¥, it holds with the stability property (11), (57) and Lemma 3.2,

<5 (@) [| e o |
< W CHR ull grer 7,y V| L2y

(I =)Vl 2 q) (1 = ) VOn[ 12 g
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With the above estimates, we obtain that
S1 < wCp (MCq + Cp + 1) h*||ull g1 (73 IVl 12 g - (58)

As for the term Sy, we use the continuity (21) of Ap(+;-,-) together with the interpolation results (13) to derive

Sz < BV (u = Tnw)l| 20y | VOnll 12y < B*Coh®|lull rsr gy [Vl 2 - (59)
Then, inserting (58)—(59) into (56), we have

1 * *
IVonll L2 ) < 5 (4" Cp (MCq + Cp + 1) + 3*Cr) h¥||ull grrs1(z3,)-

Therefore, applying the triangle inequality and (13), we obtain that
lu = Rupull g1 (z,,) < llw = Znull g (gy + 1Vl 2oy

1 *
S <CI + F (,LL*C’)) (MCQ + O’P + 1) + ,6) CI)) hk||uHHk+1(7—h) = Cghk||u||Hk+1(Th).

Next, we derive an error bounded for ||u — Rpul|12(q) by applying the Aubin-Nitsche duality argument [36].
For fixed u € Hi (), we consider the following (linear) auxiliary problem: find ¢ € H? N HE () such that

{ -V (a(u)Ve) = u—Rpu, in Q,
¢(x) =0, on 9.
From Lemma 4.3, we have the following regularity estimate

6lls0 < Callu— Ruull 2y, V6 € H(©). (60)

Let Z,¢ be the interpolation function of ¢. Then, using the previous estimates, the definition of Rpu in (54),
and Lemma 4.6, we have

A (u;u — Rpu, ¢) = A(u;u — Rpu, d — I o) + A (u;u — Rpu, Zn¢)
A (u;u — Rpu, ¢ — Ine) + [A(u;u, Ino) — A (u; Ryu, Zn)]
A(usu — Ripu, ¢ — Ing) + [An (u; Rpw, Tno) — A (w; Ry, Zno)]

) =
< ((Ce + B Cp) BV (u = Riyu)l| 2 g + 2Ceh™ HU||Hk+1(Th,)) 9l 273,
< (Cy+ Cy (Co + B*Cp)) B H|ul| grisr (73, 19527, »

lu = Riul[Z2 o

which implies that
llu— RhUHLZ(Q) < Co(Cr+ Cy (Cp + 57Cp)) hk+1”uHH"+1(Th)~

Taking Cr = max{Cy, Cq(Cp + Cy(C + 5*Cp))}, the proof of Lemma 4.7 is completed. O
We shall also need the boundedness of Rju.

Lemma 4.8. Let Ryu™,n = 0,...,N, Ryu'*, and Ryu'™* be the elliptic projections defined in (54). Then, it
holds that

IVRpul| L (@) + ITR_ VRAu| L~ () < Chr, (61a)
[Rnull @) + MRl L0y < Cur, (61Db)

where the constant Cyy independent of discretization parameters h.
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Proof. Using the inverse estimate (15) together with Lemma 4.7 and the known error estimate for Z,u, we
obtain that

IV (Rt = Znw) || oo () < Crah ™ [V(Rpu = Tpu) || 2
< Croyh™* (”V(Rhu - U)HL2(K) + IV(Zhu - U)”LZ(K)) < Oy (Cr + C1) ||u||H2(K) :
Since it is easy to see that ||VZnu|| =) < Cal|Vu| L~ (q), the result follows:
[VRrull L) < IVZhullL=(0) + [V(Rru — Tpw)|| oo g0y < Ot
Further, using the stability property of H271 and the inverse estimate (15), we obtain

IR VRAull () < Craeh ™ > T VRl 12(x) < CaCravh™ Y [IVRAu L2x)
KeTy, KeTy,
< CaCy | VRuu| oo (k).

Thus, (61a) holds. The proof of (61b) can be provided in a similar fashion as above. O

It is worth mentioning that the semi-discrete solution u7,n = 0,1,..., N, or 1, or 1 *x* also holds for elliptic
operators R} (the discrete analogue of Ry) defined by (54) and satisfies the Lemma 4.7 with k£ = 1, namely

luy = Ryl g2y + hllu) = REwH a7,y < CrPP 0} 207, (62)

and L°°-boundedness conditions
VR L () + TR— VR Loe () < Chr,s (63a)
[Rhwr || Lo () + HHgRZUZHLw(Q) <Cu. (63b)

Finally, we also need the following modified projection operator during the spatial error analysis. Let FJ! :
HYQ) — Vi,n=0,1,..., N, be projection operator defined by the following linear elliptic problems:

Ap(u®; Flw,vp) = Aul;w,vp), Yo € V,
A (ul;s Frw,op) = A(ul* w,vn), Yo, € Vi, (64)
Ah(ﬂ;ﬁwavh) :A(ag;wavh)y V’Uh EVhan:17"'7N'

From the coercivity conditions (21) and using the Lax-Milgram lemma, there exists a unique solution Fj'w € V;,

forn=0,1,...,N.
With the help of Lemma 4.7, we can derive the following error estimates for F;' and Rj.

Lemma 4.9. With the regularity of u given in Theorem 4.5 and the boundedness given in (63a)—(63b), it
holds that

IV (Fruz = R uz") || o) + IV (Fr uz™ = Ry uz™)|| 12y < Cr(h? +7h), (65a)
n—n _ a3 < 2
Hv (Frz - Ry )Hw(n) < Cr(h? +7h), (65b)
form=1,... N, where Cr is a positive constant independent of T and h.

Proof. From the definition (54) and (64), it is easy to verify that Rpu, = L(Rpu? + Ry~ 'ur 1) satisfies

~n. rn-—m D . n _ —n.7 ., " —n ~n.7> " =N
Ap (uT,fh Uy — Rpur ,vh> = A (uT,’RhuT - uT,vh) — Ay (uT,RhuT — uT,vh>

+ Ap (@ ar, vn) — Ap (Wl ur,vp) — A@r;ay,op) + AT, vg) -

(66)
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For the first and second terms in equation (66), we can use the definition (10b) and continuity (21) of Ax(+;-,-)
along with the estimate (62), (67), to obtain

An (@3 Ry = w2 on) = A (@ R =2, v
< ((o (M) — o (Ma) MY,V (Rye," —w2) T2, (Vun))

+ 30 | @ - v @] K (=m0 (Rua " =) L (1 =10y
KeTy,

< 20" i (Cp)° N = T o gy ||V (R =)

\Y%
L2(Q) IVorllLz (o)

< (zu*clnv (cp)f*CRcuc;) T3 Vunl| L2 () = Cham? bl Vou |l r2(a).
By employing the Taylor expansion and utilizing estimate (49), (50), we have

|| (Hk 1 I) (a (E:) - a HL2(Q) < M*Cph Hﬂ:} - A¢||H2(Th)
< w'Cph (Hﬂ: S PTEIC S Tl (T PP o [ ﬂn||P12(Th))

< 1" Cp (41T CaCo + Co uaell 1 1, 1, _yii2cyy ) Th = Cro7h,

and

~

[u? = U poo () < U7 =" || L (o) + [[Uf — [ (o) + ([T — 0" L (o)

. 67
S 3C7T% —+ CY,{’I'2 Hutt”Ll ( )

3
(bt 2iLoo () “= O1IT2.

Next, in view of the definitions of A(+;-,-), An(+;-,-), and 112, as well as using the Holder’s inequality and
L*>-boundedness conditions (63a)-(63b), we can prove that

-Ah (ﬂn;iza ) _-A}L (u ; T,Uh) A(u ) T’Uh)—"_A(u ) T7U}L)
[( (HOin) 271 (vu‘r) ) kfl (vvh))g - (G(UT)VUT,V’U]—L)Q]
~ [(a (m3ar) Hg_l (Van) IO, (Von))., — (a(@)Var, Von)g)

+ Z |1/A 7VA An |S.A ( ]._[v K)ig,(Ifnkv’K)Uh)
KeT,

((a (HO*")— (@) ey (V) I3 (Von)),

+<( o (I40)) T (V1) I (9),
+((a az»( 0 —I)(Var), I, (Vo))
+(( 0 .- )( < an)) var wh)g

) -

+Z|I/_A

KeTy,

(@) |s,4 (=107 (1= )z (1= 17
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< [la () — a @) 2 gy TIR-1 (VB[] oo o) TR -1 (VOR)]| 2

+|la (7)) — a(w)HLz(Q HH (Vaz) Q) HH (Von) HLZ(Q)

+lla (@) = a @)l oo (0 ||<Hk_1 = 1) (VZ)| 2 gy [TR-1 (VOR) [ 12

+{[(MR_y = 1I) (a (@) — a @)]] 1o IVER ] oo ) 1 VOR] 2
M{AChay |Ja (T2) — a (HOA")HLW(Q |V (1 - o

< Cf (Cro+3Cu(Cp)* + (1 + /L*M{L‘Cmv) CpCi1) (B* + 7h) |Vor| 22(a)
= 012 <h2 + Th) ||V'Uh||L2(Q).

ol P

Vo ||L2(Q)

With the above results, and taking v, = Fjlu? — RhuTn, we conclude that

|v (7 - ")

Also, using the definition (54) and (64), we obtain

(012 + Ci3) (h? + 7h) := Cx(h* + Th).

L2(Q) ﬁ*

A ( ]_—O 1* Rl* 1* ) _Ah( 1%, Rl* 1* _u71—* ) Ah( 1* 1* _ul* ,Uh)
+Ah( ur ,ui*, ) — An (u2;ur ,vh)—A(ui*,uT ) )+A(u surt,op)
and
A (0l Foul™ — REFUl o) = Ay (ul*; (RE™ — Dul™, v,)
*Ah( (R1**7 Du -lr**,'Uh)JrAh( }—**,ui**7vh)
*Ah( ul; i** Uh) f.A(u.lr**;ui** )+.A( e Uh)~

T 7 ‘r

By applying the Theorem 4.5 and (62)—(63b), the above equation can be proved similarly. The proof of
Lemma 4.9 is complete. O

4.3. Spatial error analysis

In this subsection, we prove the L°°-boundedness of the fully discrete numerical solutions. To this purpose,

we first consider the weak form of the time-discrete system (22)—(23) given as, forn=1,...,N
M (Drut*v) + A (uT,ul* v) = (fl,v)g, (68a)
M (Drur™ v) + A (uluy™,v) = (68b)
M (Dyult,v) + A (uT;u ) = (F", >Q, (68¢c)

for all v € HE (), and u? := ug. Noting that the virtual element approximation solutions of above system are
consistent with fully discrete solutions uj}, and then the boundedness of uj can be further decomposed into
uhll Lo iy < Nu™ll oo gy + 110" = wll oo sy + 107 = BEWR poo () + 1RRUT = upll oo 1)

< Co [u"|| g2(xy + Callu”™ = wf |l gragaey + oo gy + 1 BRUF | oo 7y + 1REUT — il oo (1)

< 2Cq <||Un||H2(K) + ”u:—L”HQ(K)) + ”RZU:LHLOO(K) + Cravh ™" || Rju? — UZ”L?(K) )

where the time-discrete solution ||ul||z2(q) has been estimated in the Theorem 4.5, and ||Rju?| k) can
be controlled by Lemma 4.8. Hence, we only focus on analyzing the convergence of [|Rjull — u}l||12(q). Once
[Rpu? — uf||2(q) < C(h* 4 Th) is proved, we can obtain the L>°-boundedness of the fully discrete numerical
solutions by the inverse inequality.
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Theorem 4.10. Assume that the time-discrete system (22)—(23) has a unique solution ul* and u?,n =
0,1,...,N. Then there exist positive constants hly and 7} such that when h < hly and T < 75, the fully dis-
crete system defined in (17)~(18) admits a unique solution ui* and ul,n = 0,1,..., N, which satisfies

IETY

g 2o ) + lun™ 1 Lo ) + llup |l @) < C4, (69)

where the constant Ch defined as, for any n =0,1,... N,
1%, 1% 1% 1** n, n
O = mae {[RE W2 |y IIRE 0 | gy IREE ey ]+ 1,
Proof. The existence and uniqueness of fully discrete system (17)—(18) follow immediately since the correspond-

ing homogenous problem only admits zero solutions [16].
From the proof in Appendix A.3, it immediately follows that

lul** — ub |2 < Cyr (h2 +7h), and [l N £oe () + ||u1**||Loo(Q) < 5. (70)
Next, we turn our attention to the estimate of e} := v — Rju?,n =1,...,N. From the fully discrete system
(17) and the time-discrete system (68c), we have the following error equations, for v, € Vj,, and n=1,...,N

My (Drey,vn) + Ap, (Up; €r, vg)
= (07" = 7" on ) + M (Dru ) = My, (D Rjus, 03)]
[Ah (ul; Fpal,vn) — Ap, (u i Ruur ,vh)}
+ [-Ah (QZ—LQRhU‘rnyvh) - A (aZ;RhUTH,Uh)} .
Consider the complications arising from the error equation (71), we divide the proof into two steps.

Step 1: Error bounds for e}. By taking v, =€}, in (71) at n = 1 and using the coercivity properties in (21),
we obtain that

1

Z (Mh(ek,eh) M;L(eh,eh ) +ﬂ* ||VehHL2

< (7' =77 + M (Drub k) = My (D-Rbul, )]

+ {A (al; Frur,ey) — An (u Rhurl,eh)} (72)

+ [Ah (uWWT o) = A (a}l;rhuﬁez)}
:= R+ Ry + R} + Ry,

By the approximation properties (14) of I1?, we have

R} < ||mi7t - 7|

_ —1 _
o bl ey < €20 [T IR ey

Noting that 7||Drul| g2(7,) < C§, and using (10a), (20) and Theorem 4.5, we obtain
Ry = M (D;ul — D IYul,e}) + My, (D jur — D;Ryul, &)

< (H(I —I1}) Dyuy (I - Rh)D"'u}'HLZ(Q)) 28l 20

1
<(1+a*) (Cp+Cr) C(/);hZ Héilem(Q) :
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Due to the boundedness of [[u}**||1=(q), one applies the continuity properties in (6) and (21), Lemma 4.9 to
derive

= Ap (uT,fhu — Rpur ,eh) < g*

( wTiy — Ruie )Hm(n) IVeill 2@
< B*Cx(h* 4 7h) ||V€,1LHL2(Q)

To bound term R}, we first note , in view of (70), that

[z — h||L2(Q) =3 B (H“ U?LHL2(Q) + [Juz™ = “;L**Hm(g)) (MCI + C7> (h* +7h),

Further, using the definition of A (+;-,-) in (10b) together with boundedness of R}ul in (63a), we obtain that
Rl = ( (af@) - a(@) I, (VR ) I, (Vel) )
Q

+ > W@ - v @) sE (- R (1 - 1Y )e )
KeTy,

* || ~ =1 —
< faz - uiILHm(Q) HVR’L“T ’Lw(ﬂ) HVG%LHLZ(Q)

+Cp HHO (a(Ilpur) — a(pay,)) (I — HZ’K)VRhuTl

i |78

< pCwu (1 +(Cp) ) Hﬂi - af1L||L2(Q) HVE}LHH(Q)

1., =~ _
< 5HCor (14 (Cp)?) (MCr +Cr) (b +7h) | Ve | o -
Based on the above results and using the fact that € = 0, we have

2
iy

2 Qs ﬁ* 2
Heh”L2 () + HvehHLZ(Q) (h2 + Th) + E”e}L”%Q(Q) + Z ||Ve}11HL2(Q) )

which reduces to
2C14

lenllz2@) < (h2 + h7), (73)

where the constant Cig is defined as

V200
2

V2034
2

Cig =

—1
(CPIT 0 + (14 0)(Cp + CR)CE)

+

1 ~
<5*Cf + iﬂ*CM (1+(Cp)?) (MCI + C?)) .
Therefore, there exists the constants h; and 7g such that
lupllzo (@) < |Rhurll o) + h ™ Cravllen L2 < CF,

when 7 < 76 and h < hy, where hy = 75 1= % x (CryyCra) 1

Step 2: Error bounds for e}, n = 1,...,N. It is obvious that the linear elliptic equation (17) admits a
unique bounded solution u}, € V4,2 < n < N at each time step if uZ_l and uﬁ‘z is L bounded. For this
purpose, we invoke a mathematical induction on

n < .
(g o < Mo (74)
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We assume that the above inequality (74) holds for 1 < n < m (which is already proved for m = 1 when

h < hy and 7 < 76) and try to prove that it also holds for n = m + 1. With this assumption, it holds that, for
n=1,...,m,

pe < alup) < p*, o and - ay (up)] =+ law (up)| < p7 (75)
Let v, =€ in (71), and using (21), we obtain that
M€, ef) = Mu(e ™ e ™) + B IVER |7

(
< (mg7 —?,éz) M (Drul, @) — My, (D, Rl )]
ur;

[An
4 (az;m",eh) A (@R )|
:=R}+ Ry + R? + R},

which is equivalent to

Mu(ep,en) +2r8.> ||vé;;H2LQ(Q) < a*llepllF2iq) +27 > (R + Ry + Ry + RY) . (76)
i=2 =2

From the Lemma 3.2 and using Young’s inequality, we have

7'ZRZ <TZHH f

To bound RY, we rewrite this term as

. 1
L2(9) H6;1HL2(Q) < TCph* Hf”iw(O,T;H?(Q)) + 175 : H%H;(Q) :
i=1

TY Ry=71Y M(Dyul — DIul &) + 7> My (D IRul — D, Rjul,e},) .
Then, applying Lemma 3.2, (27b), and (5), we can prove that

73" M (Drul — DIl &) = g/\/l (Dyu? — D112, e})

n—1
3 M (D — DIE ) + %M (Dyu? — D Iu, e}
=2

T n n n
HDTUE - DTH2U'72—HL2(Q) He}LHLQ(Q) + 5 HDTUT - DTH2u7—HL2(9) HehHL?(Q)

IN

T
2

n—1
+r Y|P - D,
2

1=

®) ||62||L2(Q)

T 2 n
< gc%h4 ||DTU72'||H2(T,) CPh4 ”D u HH2(Th) + ”eh”LZ(Q)

T - 2 T i||?
+ §C72>h4 Z HDTU7-||H2(Q) + 9 Z ||6h||L2(Q)
i=1

=2
< 1+, (4+1)

Qs (| 1 T i|2
< ™ (CPC’())2 ht + Yy ||€h\|iz(9) + by ; ||€h||L2(Q) ’
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Similarly, the term 731", My (D II%ut — D, Ryut,e}) can be bounded as
7Y My (DIl — DR} ul &),)
=2
n ) ] n )
=73 My (DAL — Dok, e)) + 7Y My, (Drul — D Ryul @)
i=2 =
< 1+ a.(4+7T)

20,

* 2 Ay n|2 S i||2
(0729 + C?z) (a*Ch)" h* + 1 Heh||L2(Q) + TZ HehHLz(Q) .
i=1
Combining the above estimates, we obtain that
3a*

TZR% S Cl5h4

1=2

||€h||L2(Q + TZHehHL?(Q)’

905

(77)

where the constant Cy5 = Ha;i(zlJrT) (1+a*)(C3+C%)(Cf)?. Then, taking advantage of the induction condition

(74) and following the steps used in deriving R} and R}, it follows that
_ ~n. rn-—n D . " —n * n—n D" —n
= Ap (UT’fhu‘r — Rnur ’eh> <B HV ( By — Raur )’ L2(Q) ||V€h||L2(Q)

< B*Cr(h* 4 7h) HVEZHLz(Q) )

and
R} < p*Cy (1+(Cp)®) 1} =@l 20 1V 120

54 MOt (14 (Cp)? (ZHe Hm(wchcsh‘*) 19k 120y

2
= (Z T 20R06h4) Ve e
i=1
which further implies that

n * 2 1\2
TZ (R§ +Ri) < T (8*Cr) +246T(C11607QCO) (h4 I (Th)2)
i=2 *

= i 2 (C
+Tﬂ*2||veh||m(n)+ 16 ZH h||L2(Q

After plugging the bounds obtained for Ri-RY into (76), we have

8C15 + 8TC3 || fI 7 (0 112 (52))

2 n
n|2 (C16)” + 148, if2 4
lenllz2 (o) < 3 > lei ]Iz 0 o k
T (8*Cr)? + 16T (C16CrCh)*
(8"CF)” + 16T (C16CrCp) (' + (7h)?) .
0 By
With the Gronwall’s inequality, there exists 7 < 77 = —aB:__ quch that

(C16)%+148.

HeZLHLz(Q) < Cig (h2 + Th) ,
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where the constant Cig only is dependent on Cr, Cp, C)s, and regularity constant M but independent of
discrete parameter 7, h and n.
Therefore, for h < hy and 7 < 73, it holds that

lupllpee @) < 1RRUZ] Lo () + B Cravllen |20y < Cf,

where the constants hy = 75 := 5(CravCi) "' This completes the mathematical induction on (74) in the case
that h < h% := min{hq, he, h1} and 7 < 71 = min{7{, 76, 77, 78, 73 }. The proof of Theorem 4.10 is finished. O

5. UNCONDITIONALLY OPTIMAL ERROR ESTIMATES

Utilizing the established boundedness of the numerical solution as demonstrated in the previous section,
one can easily obtain the optimal error estimates of any k-order virtual element method under corresponding
regularity assumptions, by following the classical approach of the virtual element method analysis[9, 36].

With the help of the L>-boundedness of u}* and u}',n = 1,..., N derived from Theorem 4.10, it holds that

e < alul’), a(ul™), a(uf) < p*,

80
|au(ui*)| + ’auu(ui*) + |QU(uilz**)| + ’auu(uill**) (80)

+ lau(up)| + lauu (up)| < p"

Now, we present the unconditionally optimal error estimates for the fully discrete system (17)—(18) under
the L2- and H'-norm. For convenience, we will omit the superscript n for elliptic projection Ri.

Theorem 5.1. Suppose that the quasilinear parabolic problem (2) has a unique solution u satisfying (19). Then,
there exist constants 7 and hy such that when T < 745 and h < hY, the k-degree virtual element system (17)—(18)

Txx

admits a unique solution u}i*7 up™ and up,n=0,...,N, which satisfies

" = e < Co(r* + 1), -
o =i ) < C(r® + 1),

where C% is a positive constant independent of discretization parameters T, h and n.
Proof. To start with, we split the error ™ —uj,n =0,..., N into two terms,

u,ll* —ul = up — Rput + Rput —ut =9 €
up —u" =up — Rpu” + Rpu” —u” =9" + £,
and 9 = u}L** — Rpu', where the error £" can be controlled by Lemma 4.7, and we only proceed to bound

for 91*, 91** and ¥". From the fully discrete system (17)-(18) and the variational formulation (4), we have the
following error equations, for vy, € V4,

M (D9 vp) + An(up; 9™, 0n) = (IR F1 = f1 o) (82a)
+ [./\/l(utl,vh) - ./\/lh(DT’Rhul,vh)] + [Ah(ul;Rhul,vh) — Ah(ug;Rhul,vh)] ,

My (DY o) 4+ Ap(ug, 597 o) = (I f1 = f1 o), (82b)
+ [M(u%,vh) — Myu(D;Rpul, Uh)] + [A;L(ul;Rhul,vh) — Ap(up; Rput, vh)] ,

M (Dy9", vp) + A (@ ", vp) = (ng 7 f”,vh)ﬂ (82¢)

+ [M(ﬂf,vh) — Mh(DTRhun,Uh)] + [.Ah(ﬂn; Rru™, Uh) — Ah(ﬂZ;RhH",vh)] .

In the following, we divide the proof into three steps.
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Step 1: Error bounds for ¥'* and 9¥'**. By applying the approximation properties in Lemma 3.2 and
Holder’s inequality, it holds that

(I f" = fhon) g < | T0FH = 1 ||Lz(Q lvnllz2(0) (83)
< Cph™*! ||f HHHI(Th) ”vhHL?(Q) =N ”vhHL?(Q) :

We now use the definition of My(+,-) in (10a), (5), (20), Lemma 3.2 and the Taylor expansion, to deduce
M(uf,vp) — Myp(D;Riut,vp)
= M(u} — Dut,vp) + M(Du' — DI vy)
+ Mh(DTH%ul — D-,—R;llul, Uh)

< (Hu% — DTulHB(Q) + ||D7'u1 - DTH2U1HL2(9)> ||UhHL2(Q)
—|—Oé HD Hku _DTR}LulHLQ(Q) ||Uh||L2(Q)
Gz (|

|7'ut1 — (ul _ UO)HLQ(Q) + hk+1||u1 _ u0||Hk+l(Th)) th||L2(Q)

—_
B

= (8" + 1) Jonll e

where C17 = (1 + a*)(Cr + Cp). And applying the definition of Ay (+;-,-) in (10a) together with boundedness
of VR}u! in (61a) yields

Ap (uhs Rput,op) — Ap (u; Ruu', vp)
— ((a(ngu ) — a(IYuy)) I_, (VRyu') I, (wh))
Q
30 (@)~ vE ) SE (=T R, (1= 1o (85)
<t (14 (Cp)?) [[u' = i o o) [VRRU Lo ) IV 081 22
<pCy (14 (Cp)?) ||ut - U’OLHLQ(Q) IVorll 12y = 72" VRl 12 g -
Now we substitute (83)—(85) in (82a) and take vy, = % in (82a) to obtain

= My (0", 0") + ||V’91* ||L2(Q)

1 1%
< ﬁ(T’hl* +95" + ’Y:’l*) 197 Loy + % HVﬂl*HLz(Q)

IN

]2
e S

B 1% ||2 1 1% 1% 1%\2 1512
+§HV19 Hmm)*E(T’h +y" +3")" + (v2")%,

1
20847
where we have used the estimate ¥° = 0. And by using coercivity properties of My,(-,-) and the fact that
HV191* Hi?(ﬂ) > 0, the above inequation can be written as

2
1x T 1% 1% 112 T 1%2
18" 220 < AR N A vl SN (86)
In terms of the Taylor expansion, it follows that
’7%* L= 017 HTU% — (ul _ UO)HLZ(Q) S 05017’7'2 ||utt(t*)“L2(Q) ) (87)

’yé* L= Cl7hk+1 H’U,l — uOHHkJrl(Th) S CK017Thk+1 ||ut(t*)||Hk+1(Th) )
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Using the Taylor expansion once again and Lemma 3.2, we have
<O (14 (C9)°) ([[u! = ]l gy + [0° = o)
< " Cor (14 (Cp)?) (Cur un(t)l o gy + CRES ol oy ) -
Combining (86)—(88), we obtain that

Hﬁl* < 018(7_% + hk+1),

L2(Q)
which implies that

1

Hu - < Cis7? + (C1g 4+ Cr)hFHL,

<t - R’llu1HL2(Q) + [0t |L2(Q)

()

where the constant Cg is defined as

Cig = — (cp 17 gz + CoCirr (el gy + N (t) i ) )

+ 1 Cur (14 (Cp)?) (CKT l[ue (£l oo () + Cr HUOHHHl(Th)) :

\/a*ﬁ*
191**

Next, we turn our attention to the estimate of [|91**||12(q). Selecting v, = “— in (82b) and using the fact
that 90 = 0, we have

ﬁ* | Vﬂl**

1 *k ok
S M (01,91 +

|L2(Q)

1 Kok
+ - [Ap(u's Rput, 97%) — Ap (up; Rpu', 9]

(™)

1 *
< 7(7%1* +75" +73%) 2@

Hﬁl*

?91** |

1 1x 1x\2 1
|L2( LQ(Q)+ (T71 +72 +73 ) + 2,8*

- 27’2

which leads to

|92 < Cho(T? + BF Y, (89)

||L2(Q)
with the obvious definitions for the constant Cig, where we have used the estimate
Ah(ul;Rhu17uh)—Ah(u}l*;Rhu17vh) <Oy (1 + (Cp)?)) Hul _ U}L*HLQ(Q) ||vvh||L2(Q)
< W Cu (1+(Cp)?) (01873 +(Cis + Cn)hkﬂ) IVonll 2y = 71"

By applying the triangle inequality and using estimate (55), we obtain that

1xx

|ut — up,

S + [t

k
L2(Q) flL“1HL2(Q) L2 = Cig7? + (Crg + Cr )R . (90)

Step 2: Error bounds for ¥!. Similar to (83)—(85), we obtain that

—1 —1 —1
(7" =7 o), < O |7 Tonlacay =2 Tonll gy (o1)

and

M(ﬂtl, ”Uh) — Mh(DTRhul, ’Uh)

Sc’l?( ﬂt

= (12 +3) lvallL2(q) »

1 0

U —u 0

et | 2

L2(Q)

T T

) ||Uh||L2(Q) (92)
HF+1(Ty,)
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and 1 1 ~1 1
An('s Rua, vn) — An(Up; Rat, vp) (93)
< Cu (14 (Cp)?) |[u* - ah”,;a(g) [Vorll 2 = o Vunll 20
Let vy, = 7' in (82¢) with n =1, and plug (91)—(93) into (82a), we have
SURARY Nl WG R Rt D] L
Mi( )+ B ||V . <(m+72+7) ey TV e
which implies that
120|715
M) 20 o <3 Wiy + 8.7 |97 (94)
2T
+ o (017 + (1)* + ()) + ﬁ*(%})?
By applying (20) and the fact that HV191 Hi?(n) > 0, the above equation can be reduced to
91 < 4t 2 12 12 2T 1y2 95
01520y < 22 (D2 + 632 + (3 + 25 G2 (95)
From the Taylor expansion and Lemma 3.2, we obtain that
12 2 ||=1 ul =l | 2 ~2_3 " 2
()2 = % |l < CHCE [ ()]s,
T L2(Q) to
ul —ul||?
(7%)2 = 0127h2(k+1) = S 012702h2(k+1) ||ut(t**)||§{k+l(7h) 5
L2(Q) (96)
1 * 2 * 2
(72)* < (2N Car (1+ (CP)g)) (H“l — u, ||L2(Q) +[u” - u2||L2(Q)>
1 2 2
= <2u*CM (1+ (CP)3)> (019 +Cr(1+ ”uO”H’f“(’T;L))) (74 + hz(’““)) .
With the above results, we conclude that
HI91 ||L2(Q) < Cao(r? + WM, (97)
which leads to
[t = il g2y < Ml = Riw]| oy + 197 120y < Coo + (Coo + Cr)RFH, (98)
L 17C t
where Cy = %(Cm + Or(l + M)) + 298 (! luse(s)72(yds + lue(t)llmesi(z,)) +

-1
2921 s (73,)-

Next, we turn our attention to the estimate of | Vi'||2(q). We now make the choice v, = D9 in (82c) with

n = 1 and using the fact that ¥° = 0, to obtain

Oy HDTﬁl

[

R P ﬁ V9!

+ 2 (1P + Q1P+ G3P) + 5 (P

2 O
||L2(Q) + 9 ||V191HL2(Q) (M +72 +73) | D l91”1:2(9) + 74 qungL?(Q)
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Due to the fact that HDTﬂ1 > 0 and substitute results (96) into the above inequalities, we have

2
HL2(Q)

INCA < Coy (12 + BFFY, (99)

120
which implies that

V@' = up)|| 20 < V@ =R ) + [[VO < Cn7? 4 (Co1 + Cr)R”, (100)

HL?(Q)

with the obvious definitions for the constant Cy;.
Step 3: Error bounds for 9",n =1,..., N. Following the steps used in (91) - (93), we have

0" on k41 || F™ =7
(7" = 7" )y < Con [Ty o ol =297 ooy (101)
and
M@y, vp) — Mp(D-Rpu™, vp)
= M@} — D u",vp) + M(Du™ — D I12u™, vy)
+ Mh(Dngun — D;Rpu",vp)
< (||ﬂ;’ — Dyu™|| 2o + || D" — Drﬂgu"HLz(Q)) lvnllpz(o) (102)
+ ao* ||D7—H]2Un - D.,_Rhun||L2(Q) ”vhHL2(Q)
< Con (I3 = Doy + WD i oy ) loml s oy
t= (72 +95) lvallpzio) »
and

Ap (@™ Rpu”, v) — Ap(up; Rpu™, vp)

* =N o~ n (103)
< pCu (1 + (CP)B) @™ — uh||L2(Q) vahHm(sz) =4 ||VUh||L2(Q) .
Then, we substitute (101)—(103) into (82c) and take v, = ¥ to obtain
2
D, 0", 9") + B. v@"’ < (Y AR 4D ‘5”“ n v#’ ,
Min( )+ B LQ(Q)_(% +72 +73) Ley T .
which leads to
|2
M@, 9") = My, (0", 9" 1) + 28,7 99"
L2(9)
1
T n—il|2 —n|? T n n n\2 n\2
< o0 ;Hﬁ [ +ﬁ*THW‘ ’Lm) g O 98 + 980" + - ()%,
By using the fact that ||V19"||2LQ(Q) > 0 and summing the above inequality up from 2 to n, we arrive at
ny|2 1 1 91 TN il2 i i
19" z2) < G- Mu@ 9 + 22D 19 o) +27 D01 +27 > _(03)
i=1 i=1 i=1 (104)

n ; T n ;
+ 27 2(73)2 + 13, 2(74)2-
i=1 i=1
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Owing to the Taylor expansion and Lemma 3.2, the term on the right side of (104) can be estimated by
n n 9 tn
i —i i 2
T30 = Chr 3 [ = Doy < CHCE [l (9) e
= i=1 t

n n tn
TZ(7§)2 D= 012772h2(k+1)||DTul||§{kH(Th) < C2,C%rh2k+D) / ||Ut(5)||§1k+1(7h) ds,

i=1 31
112
TZ (" Car (1 +(Cp)° TZ [ica uhHL2(Q) (105)
|2 ~i _ ~i||?
< (W Cwn (1+(Cp)’ TZH m”m«n*’”“ _“h||L2(Q)
* 3 2.4 [ 2 » 0 N ail2
< (WCy (14 (Cp)®) Cr)’r / e ()M 72(q) ds + 8(1*Car) > |9 HLQ(Q)~
b i=1

Based on the above results and use the Gronwall’s inequality, we conclude that

19| 20y < Coa(r? + h*H), (106)
which leads to

lu™ = upll g2y < 0" = Riu™ | 20y + 19"l 2 () < Caam® + (Coz + Cr )R, (107)

where the constant Cy only is dependent on C'r, Cp, Cy and regularity constant M.
We now proceed to estimate ||V19”||L2(Q). Let vp, = D,9™ in (82¢) and plug (101)—(103) into (82¢), we have

o || D, 19"|\L2(Q)+ [Ah(uZ;Vz9”7V19”)—Ah(uh,Vﬂ" L vynh]

n n n n 1 n n n—
< (1 7 +98) 1D79" [ 2 ) + 57 T4 <||V19 ||L2(Q) + ||V 1HL2(9)>

A

IN

* n n—i n n 1 n
% | D79 Hi?(g Z HVT9 HLz @) + ((71) + () + (73)2) + 5(74)2-

Noticing that ||V19”||2L2(Q) > 0 and summing the above inequality up from 2 to n, we have

B HVﬁn”zm( (1+5%) Z ||V191||L2(Q) + TZ (vi)? + *TZ ()? 2+ (r3) )

Using the estimates (105) together with the Gronwall’s inequality yields
||V79"||iz(ﬂ) < Cs(7? + hb), (108)
and we further obtain that
IV (@ = up) | 2y < VU™ = Riu™)| 2y + VO™ 20y < Coa™ + (Coz + Cr)h*, (109)

where the constant Cys only is dependent on C'r, Cp, Cyy, and regularity constant M, etc, but independent of
discrete parameter 7, h and n.
The proof is completed by setting C% = maxig<;<22{C;}. O
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FIGURE 1. An illustration of the six types meshes 7,',...,7,% plotted from left to right and
upper to below.

6. NUMERICAL EXAMPLES

In the section, we provide numerical results for the quasilinear parabolic problems to support our theoretical
analysis and show the efficiency of linearized Crank-Nicolson virtual element methods (CN-VEMs). We do
mainly tests for the lowest order element, i.e., k = 1. To show the flexibility of our proposed methods to mesh
discretization, we have considered six types of polygonal meshes, as shown in Figure 1, that is, the rectangular
mesh 7!, the centroid Voronoi tessellation mesh 7,2 generated by PolyMesher package[34], the distorted Voronoi
mesh 7,2, the polygonal mesh 7,} generated by the dual of the uniform triangle mesh, the non-convex octangle
mesh 7,7, and hybrid mesh 7,0 (i.e. hybridization of triangular mesh, rectangular mesh, the centroid Voronoi
tessellation mesh, and non-convex octangle mesh). Throughout this work, all computations are implemented by
using mVEM package[40, 41].

Since the errors |[u™ — u}||z2(q) and [|[u" — u}||g1(7,), » = 0,1,..., N, are not computable directly, we test
the errors between the exact solution u™ and the suitable projection of the virtual element solution u}, that is,

1

2
- )
KeTy, L2(K)

Em = |[u" —upllgr (7)) = (Z HVU —HVK n )
KeTn L2(8)

Ep2 = ||u" —up|lL2) = (

1
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TABLE 1. The error profiles and convergence rates for linearized CN-VEM schemes on different
meshes (Example 1).

h Voronoi mesh 7;2 Hybrid mesh 7;°

Ere2 EOC &mn EOC Er2 EOC & EOC
1/10 4.98e-3 - 2.60e-1 - 6.06e-3 — 2.6%-1 -
1/20 1.21e-3 2.04 1.37e-1  0.93 1.37e-3  2.15 1.37e-1 097
1/30 5.22e-4  2.07 9.27e-2  0.96 5.91e-4 2.07 9.26e-2  0.97
1/40 2.85e-4  2.10 6.96e-2  1.00 3.32e-4  2.00 6.94e-2  1.00
1/50 1.84e-4 1.97 5.03e-2  1.02 2.12e-4  2.01 5.03e-2  1.01

Then, we also provide the following experimental order of convergence (EOC):

_ log(&1/&1)
BOC = g lh /)

where £ and & denote the errors within a given norm corresponding to mesh sizes hy and hs, respectively.

6.1. Example 1: the quasilinear parabolic problem with polynomial-type nonlinearities

Consider the quasilinear parabolic problems (2) with polynomial-type nonlinearities a(u) = 1+ u? in the
computational domain Q = (0,1) x (0,1). The force function f(x,t) is appropriately selected such that its exact
solution is u(x,t) = zy(z — 1)(y — 1)e* .

We solve the above the quasilinear parabolic problem (2) on different meshes by the linearized Crank-Nicolson
virtual element schemes (17)—(18). Here, we choose 7 = h and 7 = h? to confirm the optimal L? and semi-H®
convergence rates, respectively. All errors are calculated at the final time, i.e. T = 1.

The error profiles and convergence rates of the L? norm and semi-H ' norm for linearized CN-VEM schemes on
different meshes are shown in the Table 1 and Figure 2. The exact solutions and linearized CN-VEM approximate
solutions on the 100 x 100 polygonal meshes are plotted in Figure 3. From the above data, we can observe that
the linearized CN-VEM schemes (17)—(18) has optimal approximation properties in L? and semi-H® norms with
respect to various polygonal meshes, and confirming our error estimates (81).

To demonstrate the unconditional stability (convergence), we take several different polygonal meshes ’];LQ
and 7,5 with h = 1/60,1/70,1/80,1/90,1/100 for each 7 = 1/5,1/6,1/7,1/8 and present error results in the
Tables 2 and 3. The theoretical analysis in Theorem 5.1 (for k = 1) shows that, in some cases,

e

N 2 32 N_ N 2
— Up HL?(Q) <O(r+h%), flu® —up HHl(T,L) <O(r*+h),
which tend to O(72?) as h — 0. Form the Tables 2 and 3, we can observe that for a fixed the time-step size T,
the numerical errors tends to be a constant (i.e. tend to O(72)) as h/7 — 0, which shows that no time-step
condition is needed.

6.2. Example 2: the quasilinear parabolic problem with nonpolynomial-type
nonlinearities

In this subsection, we consider the quasilinear parabolic problems (2) with nonpolynomial-type nonlinearities
a(u) = 1_%” (referred to as Example 2-1) and a(u) = cos(u) (referred to as Example 2-2) on the computational
domain = (0,1) x (0, 1), respectively. The force function f(x,t) and the Dirichlet boundary conditions are
appropriately selected according to the exact solution u(x,t) = tsin(rz) sin(ry).

Similarly, the numerical simulations are performed using the virtual element method combined with linearized
Crank-Nicolson scheme (17)—(18) treatment of the model (2) on various polygonal meshes 7,1-7,¢. To illustrate
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FIGURE 2. Convergence history of linearized CN-VEM schemes on different meshes (Example 1).

exact solution numerical solution numerical solution exact solution

FIGURE 3. Exact solution as well as linearized CN-VEM solutions on the Voronoi mesh 7,
(the left two) and the hybrid mesh 7,5 (the right two) (Example 1).

TABLE 2. The error profiles of linearized CN-VEM schemes with different time-step sizes and
space sizes on the Voronoi mesh 7,2 (Example 1).

||UN - ug”rﬁ(n)
T=1/5 7t=1/6 7=1/T 7=1/8

h=1/60 1.09e-2  7.91e-3  5.97e-3  4.64e-3

=1/70 1.09e-2  7.93e-3  5.98e-3  4.66e-3
h=1/80 1.09e-2  7.94e-3  6.00e-3  4.67e-3
h=1/90 1.10e-2  7.95e-3  6.00e-3  4.68e-3

h =1/100 1.10e-2 7.96e-3  6.0le-3  4.69e-3
||UN - ull:/”Hl(ThQ)
T=1/5 7t=1/6 7t=1/7 7=1/8

h=1/60 7.39e-2  6.05e-2  5.28e-2  4.84e-2
h=1/70 7.08e-2  5.67e-2  4.85e-2  4.36e-2
h=1/80 6.88e-2  5.4le-2  4.54e-2  4.02e-2
h=1/90 6.74e-2  5.23e-2  4.33e-2  3.78e-2

h =1/100 6.63e-2  5.10e-2  4.16e-2  3.58e-2
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TABLE 3. The error profiles of linearized CN-VEM schemes with different time-step sizes and

space sizes on the hybrid mesh 7;¢ (Example 1).

TABLE 4. The error profiles and convergence rates of linearized CN-VEM schemes for nonlin-

earities a(u) =

||UN - Uﬁ]”w(n)

T=1/5 rt=1/6 7=1/7 7=1/8
h=1/60 1.09e-2 7.88e-3 5.94e-3 4.61e-3
h=1/70 1.09e-2 7.91e-3 5.96e-3 4.64e-3
h=1/80 1.09e-2  7.93e-3  5.98e-3  4.66e-3
h=1/90 1.09e-2  7.94e-3  5.99e-3  4.67e-3
h =1/100 1.10e-2  7.95e-3  6.00e-3  4.67e-3

||UN - u}IyHHl(Tf)

T=1/5 rt=1/6 7=1/T 7=1/8
h=1/60 7.38e-2 6.04e-2 5.27e-2 4.83e-2
h=1/70 7.07e-2 5.66e-2 4.84e-2 4.35e-2
h=1/80 6.87e-2  5.40e-2  4.53e-2  4.0le-2
h=1/90 6.73e-2 5.23e-2 4.32e-2 3.77e-2
h =1/100 6.63e-2  5.10e-2  4.16e-2  3.58e-2

1
1+u

—— on different meshes (Example 2-1).

Voronoi mesh 7;2

Hybrid mesh 7;°

h Se EOC &p EOC Se EOC & EOC
1/10 7.95¢-3 2.83e-1 - 1.02e-2 - 2.94e-1 -
1/20 1.89e-3 207 l.dlel 1.00 2.35¢-3 213  1.42-1 1.05
1/30 8.2le-4  2.06 9.39e-2 1.0 1.0le-3  2.09  9.38¢-2 1.02
1/40 4524 207 7.04e2 1.00 5.66e-4 2.00 7.0le2 1.01
1/50 2.90e-4 1.99  5.64e-2  1.00 3.66e-4 1.96 5.63e-2 0.98

TABLE 5. The error profiles and convergence rates of linearized CN-VEM schemes for nonlin-

earities a(u) = cos(u) on different meshes (Example 2-2).

Voronoi mesh 72

Hybrid mesh 7;?

h I EOC & EOC I EOC & EOC
1/10 75le-3 - 2.83e-1 - 9.84e-3 - 2.94e-1 —
1/20 1.79e-3  2.07  1.42-1 1.00 2.28¢-3 211  143e-1 1.0
1/30 7.83e-4 2.04 9.43e2 1.00 9.78¢-4 2.08  9.42-2 1.02
1/40 4.30e-4  2.08 7.07e-2 1.00 549e-4 2.00 7.03e-2 1.01
1/50 2.76e-4 1.99  5.65¢-2 1.00 3554 1.96 5.65e-2 0.98

915

our error estimates, we choose 7 = h for the L? errors and 7 = h'/? for semi-H' errors. The convergence plots
for the propsed scheme are listed in the Table 4-5 and Figures 4-5. From the above data, we can again observe
that the linearized CN-VEM scheme (17)—(18) has optimal approximation properties in L? and semi-H! norms

for the quasilinear parabolic problem with nonpolynomial-type nonlinearities.
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FIGURE 4. Convergence history of linearized CN-VEM schemes for nonlinearities a(u)

on different meshes (Example 2-1).

FIGURE 5. Convergence history of linearized CN-VEM schemes for nonlinearities a(u) = cos(u)

on different meshes (Example 2-2).

6.3. Example 3: the strongly nonlinear parabolic system

The purpose of the present test is to verify the effectiveness of the proposed linearized CN-VEM scheme
for the strongly nonlinear parabolic system. Consider the following problem on the computational domain

Q=(-1,1) % (~1,1):

w(x,t) — V- (a(u)Vu(x,t)) + g(u, x,t) = f(x,t), in Q x (0,1],

u(x,t) = up, on 9N x (0,77,
u(x,0) = up(x), in €.

where the nonlinear term a(u) and g(u) was selected

~ polynomial-type nonlinearities (Example 3-1): a(u) = 1+ u?, g(u) = u®.
— nonpolynomial-type nonlinearities (Example 3-1): a(u) = m’ g(u) = sin(u).

(110)

The function f(x,t) and the boundary condition up is appropriately selected such that its exact solution is

u(x,t) = (2%y + sin(2nz)sin(2my))t.
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TABLE 6. The error profiles and convergence rates of linearized CN-VEM schemes for nonlin-
earities a(u) = 1+ u?, g(u) = u3 on different meshes (Example 3-1).

h Voronoi mesh 7;2 Hybrid mesh 7;°

Ere2 EOC &mn EOC Er2 EOC & EOC
1/10 5.42e-3 — 2.47e-1  — 6.86e-3 — 2.54e-1 —
1/20 1.36e-3  2.00 1.24e-1  0.99 1.62e-3  2.08 1.25e-1  1.02
1/30 5.87e-4  2.07 8.28e-2  1.00 7.00e-4  2.08 8.28e-2 1.01
1/40 3.22e-4  2.09 6.19e-2  1.01 3.97e-4  1.97 6.20e-2 1.01
1/50 2.05e-4  2.01 4.96e-2  1.00 2.56e-4  1.96 4.98e-2  0.98

TABLE 7. The error profiles and convergence rates of linearized CN-VEM schemes for nonlin-
earities a(u) = 1_%“, g(u) = sin(u) on different meshes (Example 3-2).

h Voronoi mesh 7;2 Hybrid mesh 7;°

Ere2 EOC  &mn EOC Er2 EOC & EOC
1/10 6.10e-3 - 247e-1 - 7.8%-3 - 2.54e-1 -
1/20 1.53e-3  2.00 1.24e-1  0.99 1.86e-3  2.08 1.25e-1  1.02
1/30 6.62e-4  2.06 8.28e-2  1.00 7.93e-4 2.10 8.28e-2  1.02
1/40 3.63e-4  2.08 6.19e-2 1.01 4.51e-4  1.96 6.20e-2  1.01
1/50 2.3le-4  2.02 4.95e-2  1.00 2.91le-4 1.96 4.98e-2  0.98

Based on the symbols and definitions introduced in Section 3, the fully discrete system consequently reads
as follows:
My, (Drup vn) + Ap (up;up® vn) + (9 (MRuy) , Mpoy) = I fF, on),

My, (DTu}L**,Uh) + Ap (u;ll*, up*, Uh) + (g (ng}l*) J10u) = (IO 0),
My, (D, vn) + Ap (5375, o) + (9 (5) , Ton) = (TGG" va),
uj, = Tpuo,

(111)

forall v, €V andn=1,..., N.

Similarly, we solve the above the quasilinear parabolic problem (110) on various polygonal meshes 7,'-7,¢ by
the linearized CN-VEM schemes (111). To illustrate our error estimates, we choose 7 = h for the L? errors and
7 = h/2 for semi-H" errors. As shown in the Tables 6-7 and Figures 6-7, the linearized CN-VEM schemes
achieved the optimal approximation properties both in L? norm and semi-H' norm for the strongly nonlinear
parabolic system (110) on various polygonal meshes. All the above numerical results show that the linearized
CN-VEM is a family of efficient algorithms for solving the strongly nonlinear parabolic system.

7. CONCLUSION

In this paper, we have shown that the linearized Crank-Nicolson virtual element method for quasilinear
parabolic equations with general nonlinear diffusion coefficient can achieve optimal error estimates without any
time-step restriction. Our method can be applied on general polygonal meshes and the analysis is based on a
new splitting of the error into the time and spatial directions. This allows us to bound the numerical solution
(or its error) in the L™ norm without any limitations on the time-step size. A key contribution of this article is
the construction of two new elliptical projections and the analysis of the convergence and boundedness of the
projection solution. With the VEM projections, we are able to achieve L* boundedness of the fully discrete
solution and then prove the optimal error estimates unconditionally. This analysis technique can also potentially
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FIGURE 6. Convergence history of linearized CN-VEM schemes for nonlinearities a(u) =
u%u’ g(u) = sin(u) on different meshes (Example 3-1).

FIGURE 7. Convergence history of linearized CN-VEM schemes for nonlinearities a(u) =
1_%”, g(u) = sin(u) on different meshes (Example 3-2).

be extended to other nonlinear parabolic systems. In future work, we plan to apply this approach to solve other
nonlinear physical models on general polygonal meshes, such as the Nernst-Planck-Poisson model, and validate
the theoretical results through numerical examples.

APPENDIX A. TECHNICAL RESULTS

In this section, we present the proof of the some technical results.

A.1. Proof of Lemma 4.4

To start with, we denote

1 1
I« . 1% 1 Sl — o 1k 0 Ix . — 1= 0
e, =u —u, et i= 2(eT +e)), Dref:= - (exr —€?)

IETY

and the corresponding error for u;** can be similarly defined. By taking ¢ = ¢; in (2) and using time-discrete
system (23), we obtain the following error equations,

Dyet* =V - (a(ul)Ver) = E' + V- H, (A.la)
Dyel™ — V- (a(ul*)Vel*™) = E' + V- H'**, (A.1b)
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with the boundary condition el* = 0 on 99, where E' = u} — D,u!, and

Hl* _ (a(UO) o a(ul)) V’Lbl, Hl** _ (a(ul*) o a(ul)) Vul.

T T

By the Taylor expansion, there exists a constant Cy satisfying

1B 0y < (ColP 7 s (6 (A.2)

for 2 < p < 4, where tg < t, <t; and C, is a positive constant independent of 7.

For clarity, we divide the proof into two steps.
Step 1: Error bounds for el*. Due to u? = u° € H?(Q), the boundedness of u? follows immediately. Then,
(23a) is a linear elliptic problem, and the existence and uniqueness of solution ul* can be obtained from the
Lax-Milgram lemma.

Using the fact that €2 = 0 and taking the inner product of both sides of (A.1a) with D,el*, we obtain that

* 1 %2 *
72 ||€T ||L2(Q) . ||L2(Q) 272 Hei HLz(Q) + ”ElH%?(Q) +|v-H H%2(9)

(A.3)

~

1
| 1|2 _‘_(01)27_27

972 ex ||L2(Q)

where we have used the inequality
IV - HY™[|r2(0) < ||V (a(ul) — a(uh)) - V' + (a(u?) — a(u')) Au' HL2(Q)
< |1V (@(2) — a())]| o gy 170 (e + la(2) = alu) |z @) | o (A.4)
< 26" MOt ([Jue(ta)ll @) + lue(t)llL=(o)) -

and the constant C; = (2u* M + DCx(|luge () |2y + e (B ) || 51 (@) + |ue (t) || Lo (@))- Then using the fact that
Vel (|3, ) = 0, it holds that
leX || 20y < V2Ci72. (A.5)

Next, integrating (A.la) against —V - (a(u?)Vel*) in the over domain €, and applying the Cauchy-Schwarz
inequality and (A.4), we get

||V 1=

rey IV - (@) Ver) g < IIV (a(ud)Ver |22 + (C1)* (A.6)

which implies that
HVei*HLz(Q) < ,u*_EClT%, ||v . ((L(’LL,,O_)VC,}_*)HL%Q) < \/501’7’. (A7)
And applying the Lemma 4.3 and (A.2), we have

lexlm2) < CallE™ +V - HY — Drer*| 12 (0

~ (A.8)

= Co||V - (a(ud)Ver*)||r2@) < V2Co 0.

Taking advantage of the Agmon’s inequality (26), we further obtain that

1 -~ 3 3

leb ey < Calle |2 o e 1 ) < V2C1(Ca)ird. (A.9)
By applying the W2 estimate to (A.la) and using Lemma 4.3, we obtain
1% 1% 1% 1%

e naiay < Co (12 gy + 17 - gy + D) (A10)
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Then, following the steps used in (A.4) and employing (31), we have
1x 1%
HE ||L4(Q) + HV H |L4(Q)
< 2u"M +1) O (fue(t)llwracey + lue(t)ll e @) + lue ()l se)) 7

and applying the Sobolev embedding theorem and (A.7) to get

1Drex || ugay < Ca D || s gy < () "2 Calirt.

||L4(Q) ||H1(Q)

which implies that

192l ey < Cor[eX iy < Cor

Lo (Q) - ||W2 4(0)

1
where Cy = CHC%(Q,U*M + 1) (HUt(t*)”WlA(Q) + HUt(t*)HLoo(Q) + ||Utt(t*)||L4(Q)) + px 20103.
Therefore, there exists a positive constant 7; such that when 7 < 7y

luz*llm2 () < llutlm20) + llex* | m2) < M,

7| Dru* || 20y < 7l Drut || 20 + 7| Drer* || a2(0) < M,
| ooy < lutllpoe () + llex L= (o) < M,

IVur | ooy < [[Vut o) + [[Ver L) < My,

where the constant 7 = min{(ﬁCgal)_l, (Cg)‘l(\/iél)_g, (62)_%} independent of 7.
Step 2: Error bounds for el**. With the boundedness of |[ur*|| = (q), the existence and uniqueness of solution
to (23b) follow immediately since it is a linear elliptic equation.

Combining the assumption (3) with the estimates (A.5) and (A.9), we easily obtain that

v Hhﬂumn<Hv( ) —a(h) - Va' + (a(ur’) — a(u)) Au'
< |1V (") = a@h)) | o 1V Lz + laCur) = a(u)ll @) ']z 0 (A11)

3

<M (i *C +\fcl(cg)) 3,

Then, following the steps used in the estimation of e!* in (A.3), (A.6) and using the (A.11), we can see that

Txx

ler™ e () + Tller™ ||y < Cs7?, (A.12)

lr2(e) + llex
where 65 is an appropriate positive constant independent of 7. With the above estimate (A.12) and using the
Agmon’s inequality (26), we have

|| IET] 1%

|l Lo () < Callek HLZ(Q)||61**||H2(Q) < CoCs73. (A.13)
Applying Lemma 4.3 (p = 4) to (A.1b) and using (A.8)—(A.9), we have

IETY
T

< Co (HEul**

’v . Hl**

+eet

@)
< Ca (Jlun(t) o) + VI MCaCh (VCa +1) + Gy )

le

W2.4(Q) i) T ’ |L4(Q)

(A.14)

which leads to

Hve‘lf**HLOO(Q) < Ca ||e ||W2 aQ) = <Cyr

where the constant 64 =C3 (||Utt(t*)||L4(Q) + \/iu*MC'QCl (\/CQ + 1) + 53)
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Moreover, when 7 < 75 = min{(C3) ™!, (C4) "'}, we further have

H2(Q) U H2(Q) € H2(Q) 15
[l | < Jul] + ezl <M
TN Drur™ | a2y < 71Dt | 520) + 7l Drey™ | m2 ) < M,
H Lok

lpes oy < llullpe ) + ller™ [l (@) < M,
VU™ ey < |Vl ooy + | VeX™| e () < M.

Taking C{) = max{M, 53, Oﬂég} and 7§ = min{71, 72}, the proof of Lemma 4.4 is completed.
A.2. Proof of Lemma 4.6
From the definition of Rjv given in (54) and the definition of L2-projector, we have

Ap(w; Rpv, Ino) — A(w; Rpv, I o)

= {Ap(w; Rpv — v, Tpp — H%) A(w; Rpv — v, I — M) }
+ {Ap(w; 0, Tp — 1Y) — A(w; v, Tp¢ — 10 9) }

+ {Ap(w; Rpv, 1Y) — (w,th,H1¢> b=T 4+ T + T

(A.15)

Since w € L*(2), we use the continuity of A, (+;-,-) and A(+;-,-) in (21) and (6), together with the interpolation
error estimate (13), to derive

Ty < (8" + ) |V (Rav = 130) || o ) [IV (Zn = T9) [ 2
(A.16)
< (5" + 1) (Cr + Cp) (CpRE ol s iy + IV (Rnw = ) s ) [9l102, -

As for the term T5, which can be rewritten as
Ty = (a(Mw)V () Iy V (Tng — I19)), = (a(w)V (Iw) , V (Tng — I19)),
- (o0g)v (020) (02 - 1)V @o-10) )

+ <(a(ngw) —a(w)) V (), V (T — I ¢)> — T TP,

Using the fact that V(II%) € Px_1(f2), condition (3), (57) and the Cauchy-Schwarz inequality, the term 73"
can be estimated by

= (a(Ily ( — D)o, (Wey = DV (Tnd —TM19))
+(a Vo, (I = 1) V (Tng — T0)),,

:(a<H2w>V(H2—I) (MR = 1)V (Tn — H¢>))
((Hz‘i_lI) (a(Tw) Vo),V (Tng — H¢)>

<2u*Cp (Cp + Cz) W0l grsr (73 1Dl g2y -

Q

With the help of the Cauchy-Schwarz inequality and stability property of II9, we have

17 < || (a(iw) — a(w)) || s o) [V TR0) || s IV (T = TG)]| 2
<y (Cp + Cg) b ||(TI} - 1) me(Q) IVl sy 18] 2 () -
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Further, by applying the Sobolev embedding theorem, namely [[Vv| psq) < Calv|m2(7,), and the Gagliardo-
Nirenberg inequality (25),

1 L
108 = 1) w]| gy < Ca |1 = 1) wl[Laq) [V (I = 1) w][ Lo -

we obtain
TS < p*CaCp (Cp + Cz) W w| grss () 10] 1273, 9l g2z, -

Based on the above estimates, the term 75 is bounded as
Ty < p*Cp (24 Ca) (Cp + Cz) B (|wll grr )y + vl e (7)) 18]z, - (A.17)

In view of bounding term T3, we write

T3 = (a(ng)Hg_IVth,VH?¢> - <a(w)v7zhv,vn({¢>

Q Q

( (Iw) (I _y — I) VR, VH?¢>> Tt ( (a (Mw) — a(w)) VRyv, VH?¢> )
= ((@(10) ~ aw) (0, ~ 1) ¥ (Ryo — 1) V%G )

(atw) (0 = 1) ¥ (R = 12) ¥ )
+ (ot (10— ) ¥ (R 1) V186 )
# (o0 (0w =) ¥ (W) ¥ (1000) ) o= T4 7 47 477

where a}, is defined by

1
a (I{w) — a(w) = (Mw — w)/ Ay (ka — s (Mjw — w) )ds = a, (Iw—w).
0
Then, following the steps used in the estimation of T2, we get

T + 18 <

(Ruv — Mw) HL2(Q VI ¢HL4(Q

< 2" CaCp (Col** ol sy + A IV (Row =)oy ) Nl ) 16y -

To estimate T, we rewrite this term as

TP = (a(w) Mp_y —I)V (Rpv — o), V (I — ¢) )

Q

+(a my_, — )v(th—Hgv),w)
Q

( )V(Rhu—ngu),v(n‘f¢—¢)>

+<v (Ruw 1) (T3 y 1) (a)¥9) )

Q

Q
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and then using the Lemma 3.2, it immediately following that
T:F <2u*Cp (CPthHU”HHl(T;L) + RV (Rypv — ”)HL?(Q)) |¢\H2(Th) :

In view of the fact that V (II%v) - V (II9¢) € P (), the term T can be bounded by
k 1 3

ﬁ—(mw @@;r%my@myvmm>
Q
< W Cph ||Tw — w||L4(Q) IV (I1}v) HL2(Q) |V (1Y) HL4(Q)
< M*Cphk+1||w”Hk+l(ﬂ,) ||V (Hgv)HLZ(Q) |¢‘H2(’Th) .

Collecting the above bounds yields

T5 < Cs (|[wllg2(z) + 0]l (7)) (RFH ([0l g1 7,y + Nwllmesa(zs,y)

(A.18)
+ RV (Rev =)l 120 ) 19l 2(23) »

where 65 is a h-independent constant but dependent on constants u*, Cq, Cp and C7.
Finally, by choosing a suitable h-independent positive constant Cy, the claimed estimate follows from (A.15)-
(A.18). The proof is completed.

A.3. Proof of (69) for ||uy*||L=(n) and [|uf** || = ()
Denoting e;* := u;* — Ri*ul*. From the definition of RY, we obtain that
lehllz2) < 1RRuT — Znullrz) =0, and |lupllr=(o) < IRGu7 =) < Cur. (A.19)
The numerical scheme (18) and the time-discrete system (68a) yield the following error equation for e} *:
My, (Drep,on) + Ap (up;en”,on)
= ( o £t — fl ’Uh) + [M (DTU.}_* Uh) My, (D Rl* 1* h)]

h

kS
[.Ah (u f,?u ) —.Ah( O' %L*ul* Uh)]
[Ah ( }11*“1* ) A, (uh,Rl* 1* h)] 7

(A.20)

Let vy, = e}* in (A.20) and using (21), we have

%He}z*“i%ﬂ) + B Hve}ln*||i2(ﬂ)
< (I~ Foek) + [M (Dot ) — My (DR ul )]
[ % Fuleel) — An (LRI )] 2
[-Ah( RLxylr eh) A (uh,’Rl* L i*)}

= RI* + R} +R3 + Ry*.

From the approximation properties in Lemma 3.2, the term Ri* is bounded as follows:

Bi* < [0S = Sl ooy b |2y < CPR7 |1

ez llen

)
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Using the definition (10a) and continuity (20) of Mp(-,-) combined with the Theorem 4.5, namely
7| Drul* || w27,y < Cf, we have

R%* =M (DT’UHl—* - DTHQUi*,Bh ) + Mh (D HO 1* D Rl* }'*’ }L*)

< (||(z — T19) D, ul| +a* ||(T = RE)Drul

|L2(Q) HL2(Q)) ||6 ||L2(Q)

< (1+a*) (Cp + Cr)h? HD ul* HA(T) llen @
<(1+a")(Cp+Cr) Co h2 || ||L2(Q)

Owing to the continuity properties in (6) and Lemma 4.9, term Ri* can be estimated by

1x 0. 0, 1x 1x 1*
R3 :Ah(u_l_,fhu R 7.7 h)

( O 1* Rl* 1*)
< B*Cr(h* 4+ 7h) || Ve ||

‘LZ(Q) [Ver*

L2(Q) "

Next, using the definition of Aj(+;-,-) in (10b) together with boundedness of R}*ul* in (63a), we obtain that

i = ((a0) o) T (FRE) T () )

+ > (A W) — v () 5K ((I—HZ’KW%S‘u“ (7 =1y e}

KeTy,
ul_qum(Q [ VR uz”

‘Ve,ll*

L>(Q) |
+ Cp [ (a1u?) — (M) (1 — 11" KWR” L

(@)

HVe;ll*
Q)
< Cur (14 (Cp)?) [|uf = | o | Ver”
< WMCyCr (14 (Cp)?) h? ||Vey*

L2 ()

With the estimates above and applying the Young’s inequality, we have

C‘)

ﬁ*|

(7 * %2
7”6}11 H%R(Q) + B |V6%L HL2(Q) < (h4 (Th) ) + 7”6 ”L2 () +

which implies that
len L2 < /20 'Cs (K> +7h), (A.22)

where the constant 66 be defined as

G — C’PHf1HH2(Q) + (14 a*)(Cp + Cr)C} n B*Cr+ p*MCyCr (1 + (C’p)g) .
° NGH 20.

By application of a triangle inequality and Lemma 4.7, we conclude that

1% 1%
™ = wi

)S ||u1* Rl* 1*

) T ||€i1L*||L2(Q) < (CRC(’) + 204*10(5) (h2 I Th) '

Finally, for h < ﬁl = %(Clnv\/ 201*_16'6)’1 and 7 < T3 = %(Clnv\/ 204*_156)*1, it holds that

up| @) < IR U | oo () + Cravh ™ len* | L2y < Cs.
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IETS

And the following error and boundedness of u;** can be proved similarly,

Jur =iz < Cr (W +7h) . and [up||z~ < G

T

The proof is completed.
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