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CONVERGENCE OF LATTICE BOLTZMANN METHODS WITH
OVERRELAXATION FOR A NONLINEAR CONSERVATION LAW

DENISE AREGBA-DRIOLLET*

Abstract. We approximate a nonlinear multidimensional conservation law by Lattice Boltzmann
Methods (LBM), based on underlying BGK type systems with finite number of velocities discretized by
a transport-collision scheme. The collision part involves a relaxation parameter w which value greatly
influences the stability and accuracy of the method, as noted by many authors. In this article we
clarify the relationship between w and the parameters of the kinetic model and we highlight some new
monotonicity properties which allow us to extend the previously obtained stability and convergence
results. Numerical experiments are performed.
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1. INTRODUCTION
Consider a nonlinear conservation law
Ayu + divy A(u) =0 (1)

where u(x,t) € U. U is a real interval, (z,t) € RP? x R and A € C}(U;RP). In what follows we assume that
A is not constant and, without loss of generality, that & = R and A(0) = 0. Numerical approximations of this
equation can be designed by using a discrete kinetic system of BGK type, as introduced in [26,2]:

D L
VEE{L...,L}, atff—&—deaIdff:—é(ff—Mg(us)), us:ZfZE (2)
d=1 =1

Here, ¢ is a positive relaxation parameter, the vy are fixed real coefficients. The equation (1) is purely hyperbolic,
there is no diffusion included in it. As a consequence the velocities vygy do not depend on . The functions M,
are defined on R. They are called Maxwellian by reference to the kinetic theory, or also equilibria in the lattice
Boltzmann community. Moreover the following compatibility conditions are fulfilled:

L L
VueR, > My(u)=u, Y vaMy(u)=Aqu), d=1,...,D. (3)
(=1

(=1
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If f¢ is a solution of (2) then, denoting w§ = ZeL:1 ve; f7, we have

D
O+ 0w =0,
d=1
D L 1
O + > (veaveOa, f7) = g(w;—Aj(uE)), j=1,...,D.
d=1/¢=1

Hence formally if f§ — f, for all ¢ when ¢ tends to 0, then, denoting w; = Eszl vejfe and u = Zszl fe, one
has w; = A;(u) for all j, and u is a solution of equation (1). Actually, let uy € L! (RD) N L (RD) N BV(]RD)
be an initial data for (1):

u(z,0) = ug(z), x€RP. (4)

The convergence towards the unique weak entropy solution of the Cauchy problem (1)—(4) has been rigorously
proved in [26]. Convergence also holds in the presence of boundary conditions, see [25]. An essential assumption
for convergence is that the Maxwellian functions M, are monotone nondecreasing;:

VU € [—pooy fhoo], My(u) >0, £=1,...,L (5)

where
fioo = [[t0]|co- (6)
In [2,3,1] we use system (2) to construct finite volume schemes for (1). The procedure is as follows:

(1) For fixed € > 0, construct a numerical approximation of the BGK system (2) by splitting it into a set of linear
transport equations which are solved by a monotone upwind scheme, and a system of ordinary differential
equations which can be solved analytically.

(2) Make € — 0 in this approximation to obtain a finite volume “relaxed” scheme for (1).

Under condition (5), we established L>°, L' and BV estimates which are uniform with respect to . We proved
convergence for f¢ for all € > 0 and also convergence of the relaxed scheme to the unique weak entropy solution
of (1)—(4).

Systems of form (2) have also been used to construct lattice Boltzmann schemes for (1), see [18,12,13,20,4,6,5],
and see [22] for a general overview on Lattice Boltzmann Methods (abbreviated LBM). The velocities v() =
(vi1, ..., vp) must be such that if z, is a node of the lattice and At is the time step, then z, — Atv® is also a
node of the lattice, which we denote z,. Splitting again system (2) into the linear transport part and an ordinary
differential system, we study here a cartesian lattice Boltzmann scheme with space step Az = (Azg)1<i<p:

To = (Tdyay)1<d<D = (0aAZq)1<di<D,
D

Al‘d A:Ed
CO&H:|'Id,Oéd2’xd7ad+2 , O[EZD
d=1

We denote A = (A1, ..., Ap) the lattice velocity: )\d% =1ford=1,...,D. The set of characteristic velocities
is such that
Ved = JedAds, Jed €4, d=1,....,D, £=1,...,L (7)

and there exist ¢ and d such that |jgq| = 1. Therefore
vde{l,...,D}, Vle{l,...,L}, a%)dzad—jw

and, denoting j, = (jea)1<d<D,
vee{l,...,L}, ap=a—j.

We denote V = [[, 4 p Axq the volume of C,.
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Initialization

U, V/ ’LL() x, OZGZD, (8)
foa=M;(u ), acZP, t=1,... L (9)

)

Remark 1.1. The importance of the initialization step has been highlighted by other authors, see [9]. Here,
the fact that fga is at equilibrium is crucial for the convergence, see the proof of Proposition 4.9 below.

Then for n > 0 the scheme is as follows:

Step 1: stream phase. Each transport equation is solved exactly:
”*2—fm with aj=a—j;, (=1,...,L, (10)
and

urtt = Z "*2. (11)

Step 2: collision phase. For each node z, we solve numerically on [t,,%,+1] the system

L
(5 = 2UF = M), (=100 L, w = f;

£=1

with f7(t,) = f; 3 . Different methods of integrating this system exist, we refer to [15] for an enlightening
study.

We drop the superscript € for the sake of simplicity. By the compatibility conditions (3), we have

u(t) = u(ty,)
so that we set L
wtt = unte (12)
Note that the exact solution of the system is
At nt1 At nat
fraltntr) = (1 — exp(—))/\/lg (ua+2) + exp(—) y :2, {=1,...,L (13)
€ € '
while the explicit Euler scheme gives
At n 1 At n 1
Pl = (1—) ej2+—/\/lg(ua+2), (=1,...,L. (14)
€ ' €

Here we choose a positive parameter w and we set
1 1
p = -0 reMe(udt?), 0=, (15)
Note that we have then (12). With (15) we forget the interpretations (13) and (14) to deal with one parameter

w defining the scheme, relevant for our study. For a large class of models, it is known that for stability reasons
we must have w € [0, 2], see [16].
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In the case where the equation (1) is linear, a Von Neumann stability analysis of the LBM is possible, see
[18,10,8]. In [18], the author proves that the D1Q2' scheme is L2-stable for w € [0,2]. In [10,8] a more general
analysis is performed via a multistep finite difference interpretation. Still in the linear framework, L' convergence
of lattice Boltzmann schemes is proved for hyperbolic and parabolic equations in [27,28].

For general hyperbolic non linear equations, one can distinguish two cases. If w €]0, 1] the LBM (10)—(15)
can be interpreted as (10)—(13) by setting w = 1 — exp(—%), the asymptotic limit € = 0 being the case w = 1.
Therefore all the estimates of [3] apply. Giving a fixed value to the ratio At/e means that At (and therefore Ax)
and ¢ tend simultaneously to 0. This case has been treated in [11] for the D1Q2 approximation and convergence
has been proved.

The overrelaxation case w > 1 cannot be treated by the same method. Several numerical experiments show
that the LBM is more accurate for w > 1, see [13,20] for example. One of the reasons of this better accuracy
is the fact that the numerical diffusion — when keeping all the parameters fixed except w — is proportional to
1/w—1/2, see [7], Theorem 3.7, thus decreases as w approaches two. In the general nonlinear scalar case, as far
as we know, the only result of convergence with w > 1 is due to T. Bellotti [5,6] in the case of the D1Q2 model:
the LBM is interpreted as a multistep finite difference method, and by monotonicity convergence is proved for
w €]1,2].

In the present paper, we highlight the fact that monotonicity properties can be retrieved in the case w > 1,
for a large class of multidimensional models, thus allowing to prove convergence of the LBM. We do not follow
the multistep interpretation of [6] but rather keep the scheme under the form (10)—(15). We show that the
choice of the velocities vyq dictates the range of values of w for which monotonicity holds. To give an idea of our
approach, consider the D1Q2 model (detailed below). The monotonicity condition (5) imposes a first constraint:
A > |A’(u)|, which is the well known subcharacteristic condition. It does not depend on w. What is new is the
following condition on w, generalised in Proposition 2.1:

< 2
< —=
- |A" ()]
and our convergence result of the LBM to the unique entropy solution of (1)—(4) under those conditions.
The plan of the paper is the following. In Section 2 we present the LBM in detail and study monotonicity

conditions. In Section 3, some 1D and 2D examples are given. Section 4 is devoted to the proof of convergence.
Some numerical tests illustrate our result in Section 5.

2. DETAILED PRESENTATION OF THE LBM AND MONOTONICITY CONDITIONS

We remark that except in the case w = 1 the scheme (10)—(15) cannot be made explicit as a one-step finite
volume approximation of (1). We have to deal with the f,.
For a given initial data ug € L™ (RD) we define the fga by (8)—(9). For n > 0 the scheme can be written as:

~

v :(1—w)f2a;+WMe<Zfﬁ%>, (=1,...,L
k=1

and
L
n+1 __ n
U _E fk,a;c'
k=1

We consider here the most usual case where

D
MZ(U’) :alu+zb£dAd(u)v (= 1)"'7L7 (16)
d=1

1DDQL means that the scheme is constructed for € RP with L equations for the BGK model (2).



CONVERGENCE OF LATTICE BOLTZMANN METHODS WITH OVERRELAXATION 1939

where ay and byg are real coefficients. In order to satisfy the compatibility conditions (3), we have to impose

L L L

L
Zaz =1, Zbéd =0, vaae =0, vadblj = 0g;. (17)
=1

/=1 =1 =1

Note that M(0) = 0, M being defined by M = (M;,..., Mp).
We can write the scheme as follows:

L
T =, (f{fa,l,...,fgaz) (¢=1,...,L), and 2= fril (18)
k=1
with
L
Vf:(f1,~..7fL)€RL7 Sé(f):(l_w)fZ‘FWJ\/lE(ka)a 6217...,.[/,
k=1
or
D L
Se(f) =1 —w(l—an))fe+wary  fe+w  buAa <Z fk>, (=1,...,L (19)
Py d=1 k=1
It is useful to remark that by the compatibility conditions (3)

Vu € R, Sg(./\/l(u)) :Mg(u), {=1,...,L (20)
that is for all u, M(u) is an eigenfunction of the collision operator S = (Si,...,Sr). Using notation (6), we
define

L
my = My(—fiss), M= Mi(pins), V= ]]lme, My]. (21)
=1

We denote f = (f1,..., f¢). We define the following monotonicity condition:
Vke{l,...,L}, Yle{l,...,L}, VfeV, 0S(f)>0. (22)

For linear equations, this condition means that the positivity of approximate solutions is preserved, see [17] for
a study in that case.

Proposition 2.1. Suppose that (5) is satisfied. For f € V, we denote u = ZZL:I fo. Then u € [—fioo, too)s

D
0< Mj(w) =ar+ Y budy(u) <1, £=1,...,L, (23)
d=1

and condition (22) is satisfied if and only if the following condition is satisfied:
1

Yu € [—fhooy oo}y VL E{L,...,L}, w< . (24)
L—ap = 42 beaAly(u)

Moreover if (5) and (22) are satisfied, then w €]0, 2].

Note that the value w = 2 is not allowed. This fact is not surprising since the LBM can then be second order
accurate and, at least for finite differences, a monotone method is at most first order accurate.
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Proof. Suppose that (5) is satisfied. If f € V we set u = Z,le fx. The compatibility conditions (3) imply that
u€ [_:U’OOHU/OOL so for k 7’é ¢
95, Se(f) = wMj(u) > 0. (25)

Consequently condition (22) is satisfied if and only if 05, S, > 0 on V for all £.

L
By (3), ZM}(U) =1 which with (5) proves (23). Now we have
=1

Of,Se(f) =1 = w(l = My (u))

D
=1-w <1 —ap — Z bgdA;l(u)>
d=1

(26)

which gives condition (24).

We prove now that w €]0,2[. As ZeL=1 M (u) =1, if L > 2 then there exists ¢ and u such that M} (u) < 1,

hence w < 2. If L = 2 we are in one space dimension. If M) (u) > 1 for all £ and u, then M} (u) = 3 for all £

and u. This happens only in the trivial case of a constant flux A. Therefore w < 2. (Il

In view of these properties, we can proceed as follows:

— wug being given, we choose Azx.
— We fix the lattice velocity A (and hence At) and w such that conditions (5) and (24) are satisfied.

We now illustrate the method by some 1D and 2D examples.
3. EXAMPLES IN 1D AND 2D

3.1. The D1Q2 model

In 1D, the minimal number of velocities is 2, and in that case system (2) is the well-known Jin and Xin’s
model [21]:
Vo = —V1 = A > 0,

Mitw = 5 (- 20). ) = ¢ (u+ 22).

Condition (5) is satisfied if and only if

and

YU € [—poo, poc]s A" (W)] < A

Condition (24) is satisfied if and only if
2

w <

< (27)
1 + max

[A(w)]
UE[— too 1Moo 2\

Note that this condition appears in T. Bellotti’s proof of convergence [6].
As a consequence, w can take all values in ]0, 2[, provided that A is large enough. The numerical scheme can

be written as
w A(untt
{Ll_l =(1- W)fln,a+1 +5 (UZH - 7( ; )>

2
w A UZ'H
el = —w)fi'a s+ 3 (UZH + <)\)>

1
’U,Z+ = fin,oﬂ»l + fén,afl‘
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. L L . . .
Remark 3.1. We can express the variables u = ) _,_; fr and w = > ,_; v f¢, showing that  is constant in the

collision phase while w is not at its asymptotic equilibrium A(u) except for w = 1. Using the notation (7) we
have

1

+3
Zfl’a Je Wt = n+3
=1 a -

U
L
n+
’ 2 :vEfZOé*je
l=

wZ+1 = wZJr% — w(w2+2 — A(uZJr%)).
Remark 3.2. We could also consider a D1Q3 model with a parameter § € R, v3 = —v; = XA > 0, vy =0,

M1(u):;<Z_A(AU)>, Mg(u):(l—;)u, M3(u):;<Z+Ag\u)).

Condition (5) is satisfied if

and

| >

VU € [~ oo, ploo)s A" (u)] < and 6> 1. (28)

The case § = 1 leads us to the D1Q2 model, so we consider 6 > 1. Condition (24) is then satisfied if

. 20
o ool o0 Py

It is easy to see that w € [0, 2] necessarily. For all § > 1 and X satisfying (28) there exist w satisfying (24). The
3

maximal value of w is Eveg obtained for 8 = prucg In the purely hyperbolic
2+maxue[ oo » oo 2+maxue[ Hoo

context considered in the present work, We did not find a case for which thls D1Q3 model is better than the
D1Q2 one.

3.2. A D1Q4 model

We consider the following model:

—V1 = Vg = 2)\, —V2 = V3 = A (29)
where A > 0, and
u  Au)
Malu) =3 =55
A
=240
Alu) (30)
U U
M?)(u) - Z + 61 ’
u o Au)
Malw) =7+ 555

Condition (5) is satisfied if and only if
, 3
Vu € [_MOOMU’OOL |A (u)| < 5)‘

Condition (24) is here
1

w< ————
- |A" ()]
1t e

Vu € [_:uocn Moo]a
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The maximal value for w is then % The numerical scheme can be written as

0 0 ugt Augt)
1,Z1(1W)f1,a+2+w< e

n+1
Uy

:?,;rl:(l—w)f:?,aq +W< A 3\

+1 Ay

n+1 n ’U/g (Ua )
— 1 _

4o — ( W)f4,a72 +W< 4 + 6\

. oo Al
2,;":;1 :(l_w)fQ,Ot-‘rl_'—w( 4 - (6)\ )

+1 _
’LLZ _fﬁa+2+f£a+1 +f§€a71+f£o¢72'

3.3. A D2Q4 model
This model is the direct extension of the D1Q2 model in 2D:

U(l) = )\1(717 O)a U(Q) = /\2(07 71)3 U(S) = )\1(13 0)7 rU(4) = )\2(07 1)v (31)

where Ay > 0, A\s > 0, and

~u o Ag(u)
Malw) =3 =53
A
Mo(u) = 2 — 2(u)’
4 2o
A () (32)
_u 1(u
Ma(u) =3+ 53
_u | As(u)
Malw) =7+ 53,
Condition (5) is satisfied if and only if
VU € [—poo, oo,  2|ALW)| < Xg, d=1,2.
Condition (24) reads as
4
w S W 5 d= 17 2.
3+2——
The maximal value of w is w = %~
3.4. A D2Q8 model
One can consider more velocities: for A\; > 0, Ay > 0 we define
M = (=2;.0) = —p® @) = (A =)o) = —©
v 5 v 9 v ) v
(=A1,0) (A1, —A2) (33)

v® = (0, =) = =0, @ = (X, =Xy) = —o®.
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. A (w) M) As(w)
U 1\u - E . 1\u _ 2{U
M =5-" MW=5"% "o
_u o As(u) Cu o Ag(u)  As(u)
Mol =3~y MW =gt " o ”
~u o Ag(u) Cu A(u) | Ax(u)
M =5+ MW= 5 T o
_u o As(u) ~u o Ag(u) | As(u)
Ml =3+ MW=5""50 T on
Proposition 3.3. We denote cqg = maxyec[— . uo] 8"2»\0! - A sufficient condition for (5) to be satisfied is that
8
cqg <1 ford=1,2. In this case condition (24) is verified if w < ————-
d > f ( ) .ﬁ f 7+ %(Cl + 62)
Proof. For all £ we have
2 2 SA/
CL@-‘ergdAd <1—‘r Zed >, €4 € {—170,1}.
d=1
Hence
2 1 1
0<ae+;bedAd (u) < 8<1+2(c1+c2))§4
so condition (5) is satisfied. Moreover
2 1 1
ayp + Z bgdAd ) g ( 5(61 + CQ))
d=1
. . . . 3
so that condition (24) is satisfied if w < —————- O

T+ L1+ o)

The above examples show that monotonicity can hold for w > 1, and that the maximal value of this parameter
depends on A. The space step being fixed, when |A| increases, At decreases. A BGK model being chosen,
conditions (5) and (24) have been useful to fix the lattice velocity A and the parameter w. As proved in
Section 4, the method then converges.

4. CONVERGENCE OF THE LBM

In the remaining of the paper, we consider the cartesian D-dimensional (D > 1) LBM with equilibrium
functions under the form (16). We take an initial function ug € L'(R”) NL>(R”) N BV (R”) and initialize the
scheme by (8) and (9). Then the scheme is given by (18) with (19).

Denoting x” the characteristic function of C,, X [t,,, t,,41] and x4 the characteristic function of C,, we define

fg:(fﬁav"wfg,a)? fn:(fg)anD
00 L
Y @), ualet) =Y faslet)
n=0 aczD =1

L
=Y fixalw), up (@) =) fR ().

aeZP =1
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Note that fa(z,t) € R and f2(z) € RE.

Our goal is to prove the convergence of ua to the unique weak entropy solution of (1)—(4) when Az (and
hence At) tends to zero.

The initial value ug being given, we fix the vsq and w such that conditions (5) and (24) are satisfied. Therefore
the ratios At/Ax4 are constant and when we make At vary, then Az varies with the same proportion.

We establish L>°, L', BV and entropy estimates in the spirit of Crandall and Majda [14]. In this reference, the
authors consider monotone schemes in conservative form for (1). They prove convergence to the unique weak
entropy solution of the Cauchy problem. Our framework is different, as we cannot express u”*! as a function
of some uj; where the Cz are some neighbour cells of C,. Nevertheless, we prove some properties on the fy and
upy which allow us to use the same mathematical tools.

Remark 4.1. It is shown in [10] that u”*! depends upon ug, ug_l, ..., that is the scheme is multi-step, with

all the difficulties that come with this (see [5,6]). Moreover, this multi-step scheme on u is highly dependent on
the choice of discrete velocities that one has done, thus it would be difficult to prove our result in this way.

We recall that
[uAll oo = sup fugl,

a€cZbP
[udlly, =V Y [ugl,
anD
n
- 3 5 (sl i)
a€ZP d=1 (Al‘
where we denoted (eg,...,ep) the canonical basis of RP. Also:
1 fAlloo
L
IFRI =Y >0 > If2al,
a€cZb (=1

- S S (e )

a€eZPl d=1 (=1

Lemma 4.2. The discretization (8) and (9) of the initial data satisfies the following properties:
[uallc < moos  [[ually < lluolh,  TV(ud) < TV(uo) (35)

and
M2l = lluallo: 211 = luall,, TV(fA) =TV (ua). (36)

Proof. The two first inequalities in (35) are clear, the last one is proved in [14]. To prove (36) we first use the
fact that M(0) =0

L
172 = sup S [Me(ud) — Mq(0))].
a€ZP y—y

The monotonicity property (5) implies that the sign of M,(u%) — M,(0) is the same for all ¢:

L

173]lc = sup, Z Mq(0))|.

=
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The first compatibility condition in (3) then implies that Hfg”oo = HUOAHOO‘ The proof is the same for the L!

norm.
D

=D 50 3 ) (LA IR R TI)

a€czZb d=1 (=1

and we conclude with the same arguments. O

4.1. Convergence to a weak solution

Here we obtain the same kind of estimates as in [3]: supremum norm bound, L! contraction, TVD property
and convergence to equilibrium, in order to obtain convergence of )X to a weak solution of the problem (1)—(4).
Proposition 4.3. Suppose that conditions (5) and (24) are satisfied. Then for all n >0,

Va € ZP, ul € [~fioos fioo] and  fT €V (37)
where V' is defined in (21).

Proof. We apply Lemma 4.2: u® € [—fioo, foo], Which is the domain where the M, are monotone. Therefore
f2 € V. By recurrence, suppose that (37) is true for a given n > 0. We remark that by (20)

Sg(ml,...,mL):mg, S[(Ml,...,ML):Mz.
ntl
Denoting fa+2 = ( I”a,l,...,fga,L), m= (mj,...,mp):
n +3
2,2:1 —my =$£<fg 2) — S¢(m)

/0 Zakag m+0< ntg _m))(f,za;—mk)dazo

by (22). In the same way, My — f;'I! > 0 so that f2*! € V and hence u*! € [—jioo, fico]- O

Corollary 4.4. Suppose that conditions (5) and (24) are satisfied.

L

lualle < Hoo and [ fallo <D max(jmel, [M). (38)
=1

Lemma 4.5. Suppose that conditions (5) and (24) are satisfied. For all f €V, g€ V:
L

L
D 18u(g) = SN <Y Nge — fil- (39)
=1

Proof. We denote u = 25:1 fe, v= Zle Ik

Si(g) = Se(f) = (1 = w)(ge = fo) + w(Me(v) = My(u))

L
= (1 —w)(ge — fo) +w/ Mi(u+0(v—u) D (g — fr)d0
k=1
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Denote wp = u + 0(v — u). wp € [—fioo, floo] and

1
Selg) — Sulf) = (g¢ — fo) / (1 - w(1 — Mj(wp))) d0 +w 3 (g1 — ) / Mi(wg) d6

kA€

We apply Proposition 2.1: the terms in the integrals are nonnegative (see (26)) so

~

L
Z|SZ(9)—Se(f)|§Z| fz|/ (1 —w(1 = Mj(wp)) d9+wz Z|gk—fk;\/ M (wy) db
=1

=1 0=1 | k¢

which can be written as

L L L [L 1
> 1Seg) — <N lge— fel(1 - w) +w2[2 |grfk|/ Mz<wa)de].
=1 =1 =1 Lk=1 0
As Ze 1 Mj(wg) =1 we obtain the desired inequality. O

Proposition 4.6. Suppose that conditions (5) and (24) are satisfied. Let f2 and gl be two numerical solutions,
with initial data ug and vy respectively, ug, vy € L (RD) NL (]RD) ﬂBV(]RD) satisfying ||uo oo < toos [|V0lloo <
loo- Then for alln >0

gkt = FRH], < llgi = £RIl < llvo — woll; (40)
and there exists C > 0 such that
| FAT = fR]l, < C ATV (ug). (41)
Proof.
Hgn+1 n+1H1 -y Z Z gz@l—l n+1 )

a€eZb =1

We apply inequality (39):

Z Zg?i;l n+1 Z Z‘SZ gla —J1° "’gf,a—jL) 78@(fﬁa—j17""f£,a—jL)|
aeZP (=1 a€ZP (=1
L L
< Z Z‘gz(){—jg 7f£a—jz| = Z Z’g?,osz(?,a|

a€eZl (=1 a€eZD =1
Moreover
L L L
D D o — Sl = D0 D IMe(vg) = Me(ug)[ = D D (Me(vh) = Me(ug))
@€zl =1 a€ZP =1 ezl | t=1
by condition (5). Then by (3) and (8)

‘gﬂa floz|_ Z |U —’U,Oé|<*||’l)0—U0||1
>y

aeZPl (=1 aezZP
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which proves (40). Let us prove the second inequality.

D3

+1
Zoe - fZa -
a€eZb (=1
Moreover
L
1 0
Do D = Me(ul)]

acZP (=1

by (23). Consequently

which gives (41).

L
= Z Z Sf(f{l,a—jlv SRR fg,a—jL) - Sf(ffb,;ijl’ te Egl—n)‘
a€Zb =1
L
< D D feam — Fidk
a€Zl =1
L
SODY /A
a€Zb =1
L
< D0 D Ml = Me(ul)].
a€Zb =1
L
= D D ISe(fagine o o) = SeMa (), Mo ()|
acZP (=1
L
< >0 D Me(udy,) - Me(ug)]
a€cZP (=1
L
= Z|Ug,ﬂ - ug&’
a€cZb (=1

| FAF - fZHl < Cm;lXALEd TV (uo)

Corollary 4.7. Suppose that conditions (5) and (24) are satisfied.

Yt >t >

0, HfA('?t/>_fA('7t)H1 SC(t'—t-l—At)TV(uo)

The inequality (39) gives a BV estimate. Proceeding as in the proof of Proposition 4.6 we obtain

Proposition 4.8. Suppose that conditions (5) and (24) are satisfied. Then for alln >0

and

TV(fA*) < TV(fR) < TV (up)

TV(ux) < TV(fR) < TV(uo).

We now estimate the distance between f™ and the equilibrium.

1947

Proposition 4.9. Suppose that conditions (5) and (24) are satisfied. There exists a constant C > 0 such that

Vn >0,

1wl

[M(up) = fAll, < CTV(UO)m

(45)
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Remark that if w = 1 then the collision part of the scheme is just the projection on equilibrium: My (u) =
fi'o- In this case the inequality (45) is trivially satisfied and one has

il fe+2 L (MZ(U@ 1) _fZ:%)'

For w = 2 condition (24) cannot be satisfied. Actually, (45) is meaningless. Remark that in this case the collision
phase reads as a flipped version of the one for w = 1:

1 1
Z;l Mg(uZJr )Jr(/\/lg(uZJ”)* enzz)

Proof. We denote E™ = | M(uX) — fx-

L
B =y Y S faan -

a€ZP (=1
= V1 —u| Z Z]M uttt) = oz
anDZ 1
<V‘].—CU| Z Z ’MZ féa j[|+|M ( ’ﬂ+1> M[( Ug— Ji)‘)
a€cZP =1
L
< |1 —w|<En+V Z Z|uz+l _U‘ij‘>
a€czZP (=1

<1 = w|(E™ + C TV (ug)At).
By recurrence, as E° = 0, we obtain the result. O
The Propositions 4.3, 4.6, 4.8, 4.9 allow us to prove the following theorem.

Theorem 4.10. Suppose that conditions (5) and (24) are satisfied. Let f2 be the numerical solution given by
(8), (9) and (18) with (19), with initial data ug € L' (RP) NL>(RP) NBV(RP) satisfying |Juolloc < fioo- Let
(At;) a sequence of time steps tending to 0, the lattice velocity X being kept constant. There exists a subsequence

(At;,) and a function f : [0,+o00[— L' (RP) such that

Jim e [fa,(8) = f(), =0 for T >0 (46)

and, denoting u = ZgL:l fe,

kli‘n(}oo%aéxTHuAk( ) —u(-, b)), =0 for T >0.

Moreover, f = M(u) and u is a weak solution of the problem (1)—(4).

Proof. The first step is to prove that fa converges to a function f. We proceed as in [14]: using the fact that
bounded subsets of L! (RD ) N BV(RD ) are precompact in Lloc and the time equicontinuity (42), we have the
convergence of a subsequence (fa, ) (46). The convergence of (ua,) is immediate. The fact that f = M(u) is
the consequence of the estimate (45).

In a second step, in order to prove that u is a weak solution of the problem, we rewrite the scheme in the
framework of conservative difference schemes.
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We remark that the scheme can be written as

”+% _ ( poid )
Lo E ACCd 7d Lia—g )
n n+
uZ+1 — E 2

=1 )f”“ +wM(ulth).

The numerical flux functions are given by

-1
“Xa Y fraics if v <0,
1=jed
Fé,a-&-%‘: 0 if ’UgdZO,
Jea—1
M Y feroiea it v >0
=0

We recall that vyg =

AA;’d = 1. Therefore

Ffd(fl;r,bafjgdedw"7f2a76d) if Veg < O,
if Ved = 0,

FZ a+d
> 2
ng(iga,..., ’Zoz—(jgd—l)ed) if ’Ugd>0,

with
Vge €R,  Fea(ge, - - -, 9¢) = veage-
As a consequence, if gp = My (u) then by (3)

Vu € [~pioo, piscls D Fra(Me(u), .., My(u))

For the unknown u we have

with A" ZZ 1 Za+ed

AZJr%d - Z Fia (fza*jmed’ Tt fza*ed) + Z Fea (fZ"" B fza—(jzd—l)%)'

£/veq<0 £/vea>0

So
n n
Aa+ g = Aa ((f£,04+|jed|€d7 T feva_ljld‘ed—ed) 1<E<L>

with

V(g1,---,90) €RY, Aa((ges- > 90)1<e<r) szdge

1949

(47)

(49)
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and

Vi € [~ pioc]s A (Me(u), . Mo(w) 1<y ) = Aalu). (51)

We then follow the same steps as the Lax-Wendroff theorem [24,14] but here when At tends to zero, At/Ax,
being kept constant we take also into account the fact that ua tends to equilibrium, so that the difference of
flux tends to 9,,Aq(u). O

4.2. Convergence to the entropy solution

We recall that the Cauchy problem (1) and (4) admits a unique weak entropy solution which is characterized
by [23]:

D
//{ |u — ¢|Owp + sgn(u — ¢) Z(Ad(u) - Ad(c))ﬁmdga} dzdt >0 (52)
d=1
for any ¢ € R and ¢ € C§° (RD x (0, T)), ¢ >0, and, for any interval I of RP:
1 (T
lim ~ —0.
Jim /0 /1 lu(z, £) — o ()| dz dt = 0 (53)

As in [26], we associate to 7.(u) = |u — ¢| the kinetic entropy-entropy flux pair:

Hee(ge) = g0 — M), Geelge) = vealge — Me(e)|, d=1,...,D. (54)

As the transport part of the scheme is monotone, the following discrete entropy inequality holds for every
le{l,...,L}:

1
Hm:( ;;ri) —Hz,c<ffa) D OQF iea— 9 ey
) ) ,C otk ,C0— <0 55
A * ; Arg = (55)
with
—1
_>\d Z |f£,o¢—ied - Mz(C)‘ if Veog < 07
1=Jed
QZ,C,aJrer = 0 if Ved = 07 (56)
Jea—1
Ad Z |fo.a—ieq — Me(c)| if  veq > 0.
i=0
Qt.c.d (fga—j€d€d7 ) fga—ed) if  weq <0,
QZ,c,a—i-%i = 0 if Ved = O,
Qtyc,d (f}fa, e fZa,(jérl)ed) if v >0,
with
Vage € R, Qucalge,---590) = vealge — Mu(c))l. (57)

As a consequence, if gy = My(u), as My is non decreasing and by (3)

Vi € [—pioos prools Y Qeea(Mu(w), ..., Me(u)) = sgn(u — ¢)(Aq(u) — Aq(c)). (58)

=1
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Lemma 4.11. Define
L L
VFERY, Ho(f)=) Muclfe) Qloiea =D 9, opeas (1<d<D). (59)
= =1
The following inequality holds:

n n D n n
(f +1)A f +Z Qcoz+ Qcaf— S O (60)

Proof. We use Lemma 4.5. Noting that My(c) = S¢(M(c)) we can write

L L
So|frdt = Moo = Yo|se(£57F) - Sum(e))|
= =
1 Ll
<> lfat - M)
=1
L 1
< ZHZ,C(fZ;FE)'
=1
Then by (55) we obtain the result. (]

As a consequence of Proposition 4.9, when At — 0, fa, — My(u) where v is limit of ), fa ,. Hence, by
monotonicity He(fa¢) — nc(u). Consequently we can proceed again as in the proof of Lax-Wendroff theorem
[24,14] and we can now state our result.

Theorem 4.12. Suppose that conditions (5) and (24) are satisfied. Let fI be the numerical solution given by
(8), (9) and (18) with (19), with initial data ug € L*(R”) NL>=(RP) N BV(RP) satisfying ||uollso < poo- Let
(At;) a sequence of time steps tending to 0, the lattice velocity \ being kept constant. (uag,(-,t)) converge in
L! (RD), uniformly on all [0, T], T > 0, to u(-,t), where u is the unique weak entropy solution of the Cauchy
problem (1)—(4).

Remark 4.13. The condition ug € L! (RD ) seems restrictive but it is sufficient in practice because numerically
we always compute the solution on a compact set K x [0, 7] of R x R. Because of the finite propagation speed
property, the solution on this compact set depends only on the values of the initial data in a larger compact set
K(T) of RP. Consequently one may choose ug € L}, (RD).

5. NUMERICAL EXPERIMENTS
5.1. One-dimensional computations
We approximate the entropy solution of the Burgers equation 0;u + 0., (“7) = 0 with initial condition

( 1, if z <0,
uo() = 0, otherwise.

Then

t

1, if v < =,

VE>0, wu(zt)= BESg
0, otherwise.
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omega

D1Q2 omega max
D102 asymplotic value 2 -

L L
0 5 10 15 20 25

lambda

FIGURE 1. Maximal values of w imposed by condition (24) for the D1Q2 model with our data.

The computational domain is [—1, 1]. We do not add any order increasing procedure because our goal is to study
the influence of the conditions of monotonicity (5) and (24) on the behaviour of the solution. As the choice of
A determines the number of time steps, we fix A and make w vary.

For the D1Q2 model presented in Section 3, condition (5) gives

A= 1= [|A (uo)l|oe-

The maximal value of w as a function of X is plotted in Figure 1. We set A = 5, so that the maximal value wyax
of w is not close to its asymptotic value 2, and the lost of monotonicity can be studied for w > wyax. Condition
(24) is satisfied if
w<wy= =+
SwWo =3
For the D1Q4 model presented in Section 3, condition (5) gives

2
A> 2
=3

The maximal value of w as a function of A is plotted in Figure 2. We set A = 5. Condition (24) is satisfied if

60

w<w1:E-

We have 1.276 < w; < 1.277. With Ax = 5—10 and a final time of computation Ti,,x = 0.8, the supremum bound
of the solution takes the values indicated in Table 1. We can see that for the D1Q2 model, if w > wy then
llu(y Tmax)||oo > 1: the scheme does not preserve the extrema. The D1Q4 model is very diffusive so that the
value 1 is not reached for w < 1.70.

In Figure 3, we show the solution as a function of x at the final time Ty,, = 0.8, for some values of w.
The shock is more and more accurately approximated when w increases but the maximum of the solution
is not preserved. This is classical in the context of hyperbolic conservation laws: accuracy and stability are
often contradictory. This indicates that convergence in a weaker sense than the one proved here could hold. As
recalled in the introduction L? results are available in the linear case. For example the D1Q2 model is stable for
A satisfying (5) and w € [0,2], see [18]. The L? stability in the non linear case is an open problem. On the left
picture we show the D1Q2 results, while the D1Q4 results are depicted on the right. The D1Q4 model computes
a more diffusive solution than the D1Q2 one. It is also the case with a 1000 points mesh, as shown in Figure 4
left if we take the same value of w for both models. In Figure 4 right, we take w = 1.67 for the D1Q2 model in
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omega

omega max ——

D1Q4
P104 asym;‘ﬂoilc value 4‘/3 -

1 L L L L
0 2 4 6 8 10 12 14 16

lambda

FIGURE 2. Maximal values of w imposed by condition (24) for the D1Q4 model with our data.

TABLE 1. The values of ||u]lcc when w varies, at time Tiax = 0.8 with 100 points on [—1,1], A = 5.

w D1Q2 |lu(:, Tmax) ||

D1Q4 [[u(:, Tmax)llo

1.28  1.0000000000000000  0.99999972434153028
1.30  1.0000000000000000  0.99999986264749974
1.67  1.0000000000000004  0.99999999999999889
1.70  1.0000814222675634  0.99999999999997691
1.80 1.0169571099362162  1.0003640299470273
1.90 1.0362991157537209  1.0734866415961333

L L L L L L L L L L L L L L L L L L
E] 08 06 04 02 0 0.2 0.4 06 08 1 A 08 06 04 0.2 0 02 04 06 08 1

FIGURE 3. Shock solution of Burgers equation at time Ty,,x = 0.8 with 100 points on [—1, 1],

A = 5. Left: D1Q2 model. Right: D1Q4 model.

order to keep the monotonicity property but for D1Q4 we can take w = 1.8 and we obtain the same accuracy,
without loss of stability. The extended stencil seems to bring more stability than expected by the monotonicity

conditions.

5.2. Two-dimensional computations

Let @ be a solution of the 1D equation 0,4 + 0,A(%) = 0. For v = (cos6,sin ) fixed, we define for (x,t) €

R? x R:

u(z,t) =a(x - v,t).
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D1Q2 omega=13 ' ' ' " D102 omega=1.67
D104 omega=1.3 - D1Q4 omega=1.80 -

P

L L L L L 02 L L L L
02 0 0.2 0.4 0.6 08 1 0.2 0 0.2 0.4 0.6 0.8 1

FIGURE 4. Shock solution of Burgers equation at time Ti,,x = 0.8 with 1000 points on [—1, 1],

A = 5. Left: w = 1.3 for both D1Q2 and D1Q4 models. Right: D1Q2 model with w = 1.67 and
D1Q4 model with w = 1.80.

This defines a solution of the two-dimensional equation
Ot + Oy (A(u) cos 0) 4+ Oy, (A(u) sind) = 0.
We take the same initial value as for the one-dimensional tests:
Ve € R? wo(z)=1 if 2-v<0, wug(z)=0 else.

The rotation angle is # = 7/12. The final simulation time is equal to Tiax = 0.8. The test is performed on a
100 x 100 uniform mesh of [—1,1] x [-1,1]:

1

50

As a consequence A\; = Ay = A > 0. We test the D2Q4 and D2Q8 models presented in Section 3.
For the D2Q4 model the condition (5) reads as

Axl = AJZQ =

2max(cosf,sinf) < A

For § = 7/12 we obtain the condition A > 2cos 6, that is approximately A > 1.93. The condition (24) can be
written as

4 4
w < w9 = min 7 in9>-
(3 + 2557 34257
Here we choose A = 10, so that 1.252 < wy < 1.253.
For the D2Q8 model the condition (5) reads as

%(0050 +sinf) < A

that is approximately A > 1.63. We choose A = 10. Then condition (24) is satisfied if

8

= 7 + 4cos0tsing

w = ws cos
EDN

that is 1.116 < w3 < 1.117.
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TABLE 2. The values of ||u]|c When w varies, at time Tinax = 0.8 with 100 x 100 points on
[1,1] x [=1,1], A = 10.

w  D2Q4 Jlu(, Tmax)lle  D2Q8 JJu(:, Tinax) oo

1.11  0.99999999999999400  0.99999999764886827
1.25  0.99999999999999933  0.99999999999974676
1.30  1.0000000000000000 0.99999999999999500
1.40  1.0000000000000004 1.0000000000055236
1.60  1.0000000000000004 1.0000000000013374
1.90 1.0795668257759483 1.0559666526035698

T T T
exact  + exact  +
omega=1.25 - omega=1.11 -
omega=1.60 omega=1.60
omega=1.90 ———— 4 omega=1.90

08 | bRt 4 08 [
06 i 4 0.6
04 | i B 04 1

02 [ q 02

FIGURE 5. Shock solution of Burgers equation with rotated data in 2D, at time T, = 0.8
with 100 x 100 points on [—1, 1] x [-1, 1], A = 10. Solution along the axis containing (0, 0) and
orthogonal to the direction of propagation of the shock. Left: D2Q4 model. Right: D2Q8 model.

The supremum bound of the solution takes the values indicated in Table 2. We observe that the L.>° bound
of the solution is preserved for w < 1.30.

In Figure 5 we represent the solution along the axis which contains (0,0) and is orthogonal to the direction
of propagation of the shock for several values of w, beginning with ws for D2Q4 and ws for D2Q8. We also
represent the two-dimensional isovalues for w = 1.60 in Figure 6. We remark that the D2Q8 model is more
diffusive than the D2Q4 one.

Remark 5.1. One could think naively that a model with many velocities provides better results than a minimal
model, because when dealing with the physical BGK equation, one has to discretize the space of velocities with
enough points. But we are not in this context here and actually, the numerical tests show that the D1Q2 model
better approximates shocks than the D1Q4 one, while in two space dimensions the D2Q4 model is more efficient
than the D2Q8 one. Moreover, when dealing with L velocities, at least in our examples, our condition (24) gives

the asymptotic maximal value for w, which tends to 1 when L tends to infinity, hence the monotonicity

I
_ 1
interval of w shrinks to [0, 1].

6. CONCLUSION

In this article the monotonicity properties of the considered Lattice Boltzmann Method allowed us to obtain
its convergence for w > 1, for a scalar multidimensional conservation law. In particular, for the D1Q2 model,
w €]0, 2[ being given, one can find A such that the scheme converges. The one and two dimensional tests show
that the L> norm of the solution can exceed the L°° norm of the initial data for values of w greater than the
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FIGURE 6. Shock solution of Burgers equation with rotated data in 2D, at time Tj.x = 0.8
with 100 x 100 points on [—1,1] x [-1,1], A = 10, w = 1.60. Top: isovalues for the D2Q4 model.
Bottom: isovalues for the D2Q8 model.
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theoritical value given by (24). Except for the D1Q2 model, the L*° norm of the solution can also be preserved
on a larger interval, as shown in Tables 1 and 2. In order to better understand the processes involved, a work
entirely devoted to comparisons between the different choices of models and numerical parameters has to be
carried out, on smooth and non-smooth solutions, including in particular the study of equivalent equations of
the LBM.

Hyperbolic systems of conservation laws can be approximated by the same scheme, but monotonicity does
not hold anymore for systems, so that the method presented here cannot work. Some investigations were already
done for systems, with enlightening results in the linear case, see [19] and references in this paper.
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