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STOCHASTIC GRADIENT DESCENT IN CONTINUOUS TIME FOR DRIFT
IDENTIFICATION IN MULTISCALE DIFFUSIONS ⋆

Max Hirsch1,* and Andrea Zanoni2

Abstract. We consider the setting of multiscale overdamped Langevin stochastic differential equa-
tions, and study the problem of learning the drift function of the homogenized dynamics from
continuous-time observations of the multiscale system. We decompose the drift term in a truncated
series of basis functions, and employ the stochastic gradient descent in continuous time to infer the
coefficients of the expansion. Due to the incompatibility between the multiscale data and the homog-
enized model, the estimator alone is not able to reconstruct the exact drift. We therefore propose to
filter the original trajectory through appropriate kernels and include filtered data in the stochastic
differential equation for the estimator, which indeed solves the misspecification issue. Several numerical
experiments highlight the accuracy of our approach. Moreover, we show theoretically in a simplified
framework the asymptotic unbiasedness of our estimator in the limit of infinite data and when the
multiscale parameter describing the fastest scale vanishes.
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1. Introduction

Multiscale diffusion processes are widely employed in modeling natural phenomena. Some applications include
oceanography [11,23], finance [3,28], and molecular dynamics [25,26]. It is often important to derive from data
an effective model which describes the macroscopic behavior at the slowest scale [4]. We focus here on multiscale
stochastic differential equations (SDEs) of the Langevin type, which represents the motion of a particle in a
multiscale potential, and for which a simplified surrogate model exists due to the theory of the homogenization
[34]. Our goal is then to infer the drift coefficient of the effective equation given observations from the full
dynamics. Since we are interested in learning the homogenized SDE from data, this problem is denoted as
data-driven homogenization.

It is well-known that data originating from the multiscale dynamics are not compatible with the coarse-grained
model [33], and this is a typical example of model misspecification. This problem has been studied in several
works and tackled with different approaches [14, 15, 35]. In particular, it has been shown that the maximum
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likelihood estimator (MLE) is biased if data are not preprocessed. This issue can be solved by subsampling the
data at an appropriate rate which lies in between the two characteristic time scales of the multiscale process
[6, 7, 29]. However, the accuracy of the estimation is strongly dependent on the subsampling rate, and the
optimal rate is unknown in concrete applications. This has motivated the study of alternatives to subsampling.
For example, in [22] a martingale property of the likelihood function is employed. Moreover, subsampling can
be bypassed using a different methodology based on filtered data which has recently been introduced in [2,17].
Filtered data are constructed applying either an exponential kernel or a moving average, therefore smoothening
the original trajectory. The filtered process is then used to modify the definition of the MLE, which results in a
more robust estimator. In the case that the full path of the data is not available but only a sample of discrete-time
observations is known, filtered data can be used in combination with martingale estimating functions based on
the eigenvalues and eigenfunctions of the generator of the effective dynamics [1, 21], for which homogenization
results have been shown in [40]. In [1], it is proved that, as long as the filter width is sufficiently large, the
derived estimator is asymptotically unbiased independently of the regime at which the data are observed.

In this work we consider a different method for parameter estimation, i.e., the stochastic gradient descent
in continuous time (SGDCT), which has been introduced and applied to financial problems in [37]. Differently
from the stochastic gradient descent in discrete time, which has been thoroughly analyzed [9, 10, 24], the con-
tinuous analogue applied to inference problems is rather new, and it has been studied in [37], where the rate
of convergence and a central limit theorem for the estimator are proved. SGDCT consists in solving an SDE
for the estimator that is dependent on the model and the path of the observations, and therefore performing
online updates. However, if the data are originated from a different dynamics, i.e., in this case the multiscale
model insted of the homogenized dynamics, the estimator is not able to correctly retrieve the exact unknown
due to the incompatibility between model and data, as already observed for the MLE. We therefore couple
SGDCT together with the filtering methodology and build a novel estimator for learning the drift term of the
homogenized equation from multiscale data. We remark that in [36] a similar approach has been employed to
estimate parameters in stochastic processes driven by colored noise.

The main contribution of our work is twofold. We show that SGDCT in combination with filtered data can be
applied to infer drift coefficients in multiscale problems, and we prove theoretically in a particular setting that
the resulting estimator is asymptotically unbiased in the limit of infinite data and vanishing fast-scale parameter.
Moreover, we apply our estimators to the general framework of multiscale diffusion processes with nonseparable
confining potential, where the amplitude of the fast-scale oscillations are dependent on the slow-scale component,
and which lead to multiplicative noise in the homogenized equation [12].
Outline. The rest of the paper is organized as follows. In Section 2 we introduce the problem and the multiscale
model under consideration. In Section 3 we present our methodology based on SGDCT and filtered data, for
which we study the convergence properties in a simplified setting in Section 4. Finally, in Section 5 we show the
potentiality of our estimator through several numerical experiments, and in Section 6 we draw the conclusions.

2. Problem setting

In this section we introduce the multiscale diffusion process which we study in this work. We focus on
multiscale Langevin dynamics, which describes the motion of a particle in a multiscale landscape. Let us consider
the following SDE in the time horizon [0, 𝑇 ]

d𝑋𝜀
𝑡 = −∇𝒱𝜀(𝑋𝜀

𝑡 ;𝛼) d𝑡+
√

2𝜎 d𝑊𝑡, (2.1)

where 𝑋𝑡 ∈ R𝑑, 𝒱𝜀 : R𝑑 → R defines a multiscale confining potential depending on an unknown parameter
𝛼 ∈ R𝑚 and on a parameter 𝜀 > 0 that describes the fastest scale, 𝜎 > 0 is a constant diffusion coefficient,
and 𝑊𝑡 ∈ R𝑑 is a standard multidimensional Brownian motion. We decompose the confining potential in its
large-scale part and its zero-mean fluctuations as

𝒱𝜀(𝑥;𝛼) = 𝑉 (𝑥;𝛼) + 𝑝
(︁
𝑥,
𝑥

𝜀

)︁
,
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where 𝑉 : R𝑑 → R and 𝑝 : R2𝑑 → R are the slow-scale and fast-scale potentials, respectively, and we assume
that the parameter 𝛼 appears only in the first component. Moreover, the fast-scale potential is periodic in its
second component with period the hypercube L = [0, 𝐿]𝑑 with 𝐿 > 0, and it satisfies the centering condition∫︁

L
𝑝(𝑥, 𝑦) d𝑦 = 0,

which, defining 𝒱(𝑥, 𝑦;𝛼) = 𝑉 (𝑥;𝛼) + 𝑝(𝑥, 𝑦), implies

𝑉 (𝑥;𝛼) =
1
𝐿𝑑

∫︁
L
𝒱(𝑥, 𝑦;𝛼) d𝑦.

The theory of homogenization (see, e.g., [8], Chapt. 9 and [12]) gives the existence of a homogenized SDE, which
only captures the slow-scale components of the solution 𝑋𝜀

𝑡 of the multiscale equation (2.1), of the form

d𝑋𝑡 = −𝑏(𝑋𝑡;𝛼) d𝑡+
√︀

2Σ(𝑋𝑡) d𝑊𝑡, (2.2)

such that the solution 𝑋𝑡 is the limit in law of 𝑋𝜀
𝑡 as random variables in 𝒞0([0, 𝑇 ]; R𝑑). In particular, in equation

(2.2) the homogenized drift and diffusion terms are given by Σ(𝑥) = 𝜎𝒦(𝑥) and

𝑏(𝑥;𝛼) = 𝒦(𝑥)∇𝑉 (𝑥;𝛼)− 𝜎𝒦(𝑥)∇ log
(︂∫︁

L
𝑒−

1
𝜎 𝑝(𝑥,𝑦) d𝑦

)︂
− 𝜎 div(𝒦(𝑥)), (2.3)

where 𝒦 : R𝑑 → R𝑑×𝑑 is defined as

𝒦(𝑥) =

∫︀
L(𝐼 +∇𝑦Φ(𝑥, 𝑦))𝑒−

1
𝜎 𝑝(𝑥,𝑦) d𝑦∫︀

L 𝑒
− 1

𝜎 𝑝(𝑥,𝑦) d𝑦
,

and where, for fixed 𝑥 ∈ R𝑑, the function Φ: R2𝑑 → R𝑑 is the unique solution to the cell problem in L

∇𝑦 ·
(︁
𝑒−

1
𝜎 𝑝(𝑥,𝑦)(𝐼 +∇𝑦Φ(𝑥, 𝑦))

)︁
= 0, (2.4)

endowed with periodic boundary conditions, and which satisfies the constraint∫︁
L

Φ(𝑥, 𝑦)𝑒−
1
𝜎 𝑝(𝑥,𝑦) d𝑦 = 0.

We remark that similar computations have also been presented in [13] for an arbitrary number of scales, and in
[18] for the more general setting of multiscale interacting particles.

Remark 2.1. In the one-dimensional case, equation (2.4) can be solved analytically, and therefore we obtain
the explicit formula for the function 𝒦, which reads

𝒦(𝑥) =
𝐿2(︁∫︀ 𝐿

0
𝑒−

1
𝜎 𝑝(𝑥,𝑦) d𝑦

)︁(︁∫︀ 𝐿
0
𝑒

1
𝜎 𝑝(𝑥,𝑦) d𝑦

)︁ · (2.5)

Let us now introduce the framework that we will consider in the rest of the work, and in particular the
assumptions on the confining potentials.

Assumption 2.2. The slow-scale and fast-scale potentials 𝑉 and 𝑝 satisfy

(1) 𝑉 (·;𝛼) ∈ 𝒞∞(R𝑑) is polynomially bounded, and there exist a, b > 0 such that

−∇𝑉 (𝑥;𝛼) · 𝑥 ≤ a− b‖𝑥‖2,
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(2) 𝑝 ∈ 𝒞∞(R2𝑑) is periodic in its second variable with period L, and either there exists 𝑅 > 0 such that
𝑝(𝑥, 𝑦) = 0 if ‖𝑥‖ > 𝑅 or 𝑝 is independent of the first variable, i.e., by abuse of notation, 𝑝(𝑥, 𝑦) = 𝑝(𝑦).

We notice that the dissipativity condition in Assumption 2.2(1) is important to ensure the ergodicity of
the diffusion process. Moreover, Assumption 2.2(2) is necessary to prevent the oscillations from growing when
‖𝑥‖ → ∞. This condition is essential to apply the a priori estimates on the moments from [5] and showing the
homogenization result [13].

We are then interested in inferring the drift function 𝑏 of the homogenized equation (2.2) given a continuous
path (𝑋𝜀

𝑡 )𝑡∈[0,𝑇 ] from the corresponding multiscale SDE (2.1). We remark that we only assume to know the
form of the slow-scale potential 𝑉 (but not the parameter 𝛼), while all the other quantities, i.e., the fast-scale
potential 𝑝, the diffusion coefficient 𝜎, and therefore the function 𝒦, are unknown for us. So if, for example, 𝑉
was known to be a fourth degree polynomial with coefficients given by 𝛼 ∈ R4, we would not assume to know
𝛼. The problem of inferring the drift of the homogenized equation, rather than the full multiscale dynamics,
is important in particular for predictive purposes ([17], Rem. 1.1), since numerical integration for multiscale
SDEs is prohibitively expensive. In fact, the discretization step needs to be chosen sufficiently small with respect
to 𝜀. This restriction is not necessary in homogenized SDEs where the time step is only based on the desired
accuracy. In the next section we address the inference problem employing the SGDCT. However, since the data
and model are incompatible, we also propose to include filtered data in the definition of the SGDCT in order
to solve the issue of model misspecification.

3. Methodology

We recall that our goal is to learn the drift function 𝑏 in equation (2.2) from multiscale data (𝑋𝜀
𝑡 )𝑡∈[0,𝑇 ].

From now on, we will focus on one-dimensional diffusion processes (𝑑 = 1), but we believe that this method can
be extended to the multidimensional case in a similar way as it is done for the MLE in Remark 2.5 of [2] and
Section 3.3 of [17]. We propose to follow a semiparametric approach. In particular, we first consider a truncated
basis {𝑢𝑛}𝑁𝑛=1, 𝑢𝑛 : R → R, of an appropriate functional space, and approximate the drift term as

𝑏(𝑥;𝛼) ≃ ̃︀𝑏(𝑥;𝐴) =
𝑁∑︁
𝑛=1

𝑎𝑛𝑢𝑛(𝑥) = 𝐴⊤𝑈(𝑥), (3.1)

for some coefficients 𝑎𝑛 ∈ R, and where

𝑈(𝑥) =
[︀
𝑢1(𝑥) 𝑢2(𝑥) · · · 𝑢𝑁 (𝑥)

]︀⊤ ∈ R𝑁 and 𝐴 =
[︀
𝑎1 𝑎2 · · · 𝑎𝑁

]︀⊤ ∈ R𝑁 .

The basis can be chosen, e.g., as the first 𝑁 monomials, i.e., 𝑢𝑛(𝑥) = 𝑥𝑛−1, if we assume a Taylor expansion, or
can be extracted from a family of orthogonal polynomials, or can be informed by the knowledge of the form of
the slow-scale potential 𝑉 . In particular, the form of the potential 𝑉 is the only guide in the choice of the basis
functions. Otherwise, if no information is given, and assuming that the potential is regular enough, choosing
monomials is the best option, which is justified by the Taylor expansion. Another interesting possibility would
be to select polynomials that are orthonormal with respect to the invariant measure of the dynamics, but this
would first require density estimation for the invariant measure. We plan to return to this problem in future
work. Then, the problem moves to estimating the best coefficients {𝑎𝑛}𝑁𝑛=1 in (3.1), using estimators which are
suitable for the standard parametric framework. We remark that the MLE cannot be computed explicitly as
it depends on the diffusion term in (2.2), which is also unknown. In this work, we therefore employ a different
technique, i.e., the SGDCT estimator which has been used for parameter estimation in [37], and does not rely
on the diffusion coefficient.
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3.1. Application of SGDCT

In this section we introduce the methodology which we employ to estimate the drift coefficients in the
approximation (3.1). In particular, we employ the SGDCT, which consists in solving an SDE for the unknown
parameters. SGDCT follows a noisy descent direction along the path of the observations and therefore performs
online updates. Following the notation of [37], consider the natural objective function

𝑔(𝐴) =
1
2

E
[︂⃒⃒⃒
𝑏(𝑋;𝛼)−̃︀𝑏(𝑋;𝐴)

⃒⃒⃒2]︂
=

1
2

E
[︁⃒⃒
𝑏(𝑋;𝛼)−𝐴⊤𝑈(𝑋)

⃒⃒2]︁
,

and use stochastic gradient descent to approximate its minimum value with some learning rate 𝜂𝑡:

d𝐴𝑡 = −𝜂𝑡∇𝑔(𝐴𝑡) d𝑡 = −𝜂𝑡
(︀
𝐴⊤𝑡 𝑈(𝑋𝑡)− 𝑏(𝑋𝑡;𝛼)

)︀
𝑈(𝑋𝑡) d𝑡.

We notice that, since 𝛼 is unknown, the right-hand side cannot be computed explicitly, but it can be approxi-
mated using equation (2.2)

−𝑏(𝑋𝑡;𝛼) d𝑡 ≃ d𝑋𝑡,

where the noise is neglected. Therefore, we obtain

d𝐴𝑡 = −𝜂𝑡(𝑈(𝑋𝑡)⊗ 𝑈(𝑋𝑡))𝐴𝑡 d𝑡− 𝜂𝑡𝑈(𝑋𝑡) d𝑋𝑡,

and an analogous estimator is obtained by replacing 𝑋𝑡 with the available multiscale data. Let us denote by ̃︀𝐴𝜀𝑇
the SGDCT estimator of 𝐴 in (3.1) given continuous-time observations (𝑋𝜀

𝑡 )𝑡∈[0,𝑇 ]. Then, ̃︀𝐴𝜀𝑇 is the solution at
the final time 𝑇 of the following SDE

d ̃︀𝐴𝜀𝑡 = −𝜂𝑡(𝑈(𝑋𝜀
𝑡 )⊗ 𝑈(𝑋𝜀

𝑡 )) ̃︀𝐴𝜀𝑡 d𝑡− 𝜂𝑡𝑈(𝑋𝜀
𝑡 ) d𝑋𝜀

𝑡 , (3.2)

where ⊗ denotes the outer product and 𝜂𝑡 is the learning rate which takes the form

𝜂𝑡 =
𝛾

𝛽 + 𝑡
,

for some 𝛾, 𝛽 > 0. As shown in [37,38], this method is suitable to approximate the exact coefficients if the data
employed in the SDE (3.2) are generated from the same equation used in the derivation of the SGDCT estimator.
To be more precise, this technique would succeed in giving a reliable estimation of the coefficient 𝐴 if the data
originated from the homogenized equation (2.2) where the drift term 𝑏 is replaced by its approximation ̃︀𝑏. We
notice that in this case the estimator 𝐴𝑡 defined above is independent of the parameter 𝜀 since it is based on the
homogenized data 𝑋𝑡. In our setting, however, the drift term is not known exactly, but we use its approximation
in terms of basis functions, and the data are generated from the multiscale equation (2.1). We remark that,
as long as the basis functions are chosen appropriately, the fact that we are looking for an approximation of
the drift function does not strongly affect the inference procedure, as we will see in the numerical experiments.
Nevertheless, the best possible approximation is clearly dependent on the choice of basis functions. On the other
hand, even if the drift can be exactly expressed in terms of a finite number of basis functions, in the next section
we observe that the SGDCT estimator ̃︀𝐴𝜀𝑇 alone is not able to correctly infer the drift coefficient 𝐴 due to the
incompatibility between multiscale data and homogenized model.

3.2. Failure of SGDCT with multiscale data

Let us now show that if we do not preprocess the multiscale data, then the SGDCT cannot infer the drift
function of the homogenized equation. This has already been studied for the MLE estimator in [33], where the
authors show that the estimator approximates the drift coefficient of the multiscale equation ([33], Thm. 3.4).
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We consider here the same setting, where there is a clear separation between the slowest and the fastest scale.
In particular, let the process 𝑋𝜀

𝑡 be one-dimensional and consider the slow-scale potential

𝑉 (𝑥) = 𝛼𝑣(𝑥),

where 𝛼 > 0 is the unknown parameter, and the fast-scale potential 𝑝(𝑥, 𝑦) = 𝑝(𝑦) depends only on the fastest
scale. In this case the function 𝒦 in (2.5) turns out to be constant and therefore the multiscale and homogenized
equations (2.1) and (2.2) read

d𝑋𝜀
𝑡 = −𝛼𝑣′(𝑋𝜀

𝑡 ) d𝑡− 1
𝜀
𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡+

√
2𝜎 d𝑊𝑡, (3.3)

d𝑋𝑡 = −𝐴𝑣′(𝑋𝑡) d𝑡+
√

2Σ d𝑊𝑡, (3.4)

where 𝐴 = 𝒦𝛼 > 0 and Σ = 𝒦𝜎 > 0. It follows that the only basis function that we need is 𝑢1(𝑥) = 𝑣′(𝑥) and
thus the SDE for the estimator ̃︀𝐴𝜀𝑇 of 𝐴 simplifies to

d ̃︀𝐴𝜀𝑡 = −𝜂𝑡𝑣′(𝑋𝜀
𝑡 )2 ̃︀𝐴𝜀𝑡 d𝑡− 𝜂𝑡𝑣

′(𝑋𝜀
𝑡 ) d𝑋𝜀

𝑡 . (3.5)

Since it will be useful in the following result, we remark here that in Propositions 5.1 and 5.2 of [33] it is proved
that the processes 𝑋𝜀

𝑡 and 𝑋𝑡 are geometrically ergodic with unique invariant measures. Then, in the next result
we show that, even in this simple setting, the estimator is not able to approximate the drift coefficient 𝐴 of the
homogenized equation (3.4), and, in contrast, it converges to the drift coefficient 𝛼 of the multiscale equation
(3.3) in the limit of infinite time and when the multiscale parameter vanishes.

Proposition 3.1. Let ̃︀𝐴𝜀𝑇 be defined by the SDE (3.5). Under Assumption 2.2 it holds

lim
𝜀→0

lim
𝑇→∞

̃︀𝐴𝜀𝑇 = 𝛼, 𝑎.𝑠.

Proof. Notice that solving the SDE (3.5) is equivalent to applying the SGDCT to the multiscale equation (3.3)
so that we learn the unknown coefficient 𝐴 in the function ̃︀𝑏(𝑥;𝐴) := −𝐴𝑣′(𝑥) which is used to approximate
the target function

𝑏(𝑥;𝛼) := −𝜕𝒱
𝜀

𝜕𝑥
(𝑥;𝛼) = −𝛼𝑣′(𝑥)− 1

𝜀
𝑝′
(︁𝑥
𝜀

)︁
·

Similar to the intuitive derivation of SGDCT at the beginning of Section 3.1 and now employing the notation
in [38], let us now define the objective function 𝑔 for SGDCT as

𝑔(𝑥;𝐴) =
1
2

⃒⃒⃒̃︀𝑏(𝑥;𝐴)− 𝑏(𝑥;𝛼)
⃒⃒⃒2

=
1
2

⃒⃒⃒⃒
−𝐴𝑣′(𝑥) + 𝛼𝑣′(𝑥) +

1
𝜀
𝑝′
(︁𝑥
𝜀

)︁⃒⃒⃒⃒2
.

By Theorem 3 of [38] it follows that
lim
𝑇→∞

⃒⃒⃒
𝑔′( ̃︀𝐴𝜀𝑇 )

⃒⃒⃒
= 0, 𝑎.𝑠., (3.6)

where 𝑔(𝑎) = E[𝑔(𝑋𝜀; 𝑎)] and the expectation is computed with respect to the invariant measure of the multiscale
process 𝑋𝜀

𝑡 . We then have

𝑔′
(︁ ̃︀𝐴𝜀𝑇)︁ = E

[︂
𝜕𝑔

𝜕𝑎
(𝑋𝜀; ̃︀𝐴𝜀𝑇 )

]︂
= ̃︀𝐴𝜀𝑇E[𝑣′(𝑋𝜀)2]− 𝛼E[𝑣′(𝑋𝜀)2]− E

[︂
1
𝜀
𝑝′
(︂
𝑋𝜀

𝜀

)︂
𝑣′(𝑋𝜀)

]︂
,

which due to (3.6) implies

lim
𝑇→∞

̃︀𝐴𝜀𝑇 = 𝛼+
E
[︀
1
𝜀𝑝
′(︀𝑋𝜀

𝜀

)︀
𝑣′(𝑋𝜀)

]︀
E[𝑣′(𝑋𝜀)2]

· (3.7)
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Finally, from the proof of Theorem 3.4 from [33] we know that

lim
𝜀→0

E
[︀
1
𝜀𝑝
′(︀𝑋𝜀

𝜀

)︀
𝑣′(𝑋𝜀)

]︀
E[𝑣′(𝑋𝜀)2]

= 0,

which together with equation (3.7) yields the desired result. �

Therefore, in the next section we show how to modify the SGDCT in order to accurately fit the homogenized
equation.

3.3. Coupling SGDCT with filtered data

In the previous section we showed that the SGDCT fails in inferring parameters in homogenized equations
given observations originating from the multiscale dynamics. Inspired by the works [2, 17], where filtered data
are used to correct the faulty behavior of MLE estimators, we now propose to employ the same type of filtered
data to modify the SGDCT and consequently obtain unbiased estimations. Let 𝛿 > 0 be a parameter describing
the filter width, and consider the following smoothed versions of the original multiscale data

𝑍𝛿,𝜀exp,𝑡 =
1
𝛿

∫︁ 𝑡

0

𝑒−
𝑡−𝑠

𝛿 𝑋𝜀
𝑠 d𝑠 and 𝑍𝛿,𝜀ma,𝑡 =

1
𝛿

∫︁ 𝑡

𝑡−𝛿
𝑋𝜀
𝑠 d𝑠, (3.8)

where 𝑍𝛿,𝜀exp,𝑡 is obtained applying a filtering kernel of the exponential family and 𝑍𝛿,𝜀ma,𝑡 is a moving average. To
simplify the notation, from now on we will only write 𝑍𝜀𝑡 and we will refer to both as the filtered data in equation
(3.8). However, if it is necessary to specify the type, then we will use the full notation. For completeness, let us
also introduce the homogenized counterpart of the filtered data

𝑍𝛿exp,𝑡 =
1
𝛿

∫︁ 𝑡

0

𝑒−
𝑡−𝑠

𝛿 𝑋𝑠 d𝑠 and 𝑍𝛿ma,𝑡 =
1
𝛿

∫︁ 𝑡

𝑡−𝛿
𝑋𝑠 d𝑠, (3.9)

which will be employed later and only denoted by 𝑍𝑡. We are now ready to include filtered data in the definition
of the SGDCT estimator. In particular, inspired by the previous works [1, 2, 17], we replace only one instance
of the original trajectory 𝑋𝜀

𝑡 with the filtered data 𝑍𝜀𝑡 both in the drift and diffusion terms of the SDE (3.2).
Our novel estimator, which we denote as ̂︀𝐴𝜀𝑇 , is then the solution at the final time 𝑇 of the modified SDE

d ̂︀𝐴𝜀𝑡 = −𝜂𝑡(𝑈(𝑍𝜀𝑡 )⊗ 𝑈(𝑋𝜀
𝑡 )) ̂︀𝐴𝜀𝑡 d𝑡− 𝜂𝑡𝑈(𝑍𝜀𝑡 ) d𝑋𝜀

𝑡 . (3.10)

We notice that, as highlighted in Remark 3.7 from [2], due to the regularity of the filtered process 𝑍𝜀𝑡 , it is
fundamental to keep the differential of the multiscale process d𝑋𝜀

𝑡 in the definition of the estimator. Then, in
order to obtain the asymptotic unbiasedness, by symmetry, it follows that the original process must also appear
in the drift term of the SDE (3.10). This intuition will become clearer in the following convergence analysis.

Remark 3.2. The computation of the estimator ̂︀𝐴𝜀𝑇 from equation (3.10) requires neither the knowledge of the
diffusion coefficient 𝜎 of the multiscale dynamics (2.1) nor the diffusion term Σ of the homogenized equation
(2.2). However, their values affect the variance of the resulting estimator, and this can be observed, e.g., in the
central limit theorem proved in Theorem 2.8 of [38].

Finally, from the expansion (3.1) we can construct the approximated drift function of the homogenized
equation which is given by ̃︀𝑏(︁𝑥; ̂︀𝐴𝜀𝑇)︁ =

𝑁∑︁
𝑛=1

(︁ ̂︀𝐴𝜀𝑇)︁
𝑛
𝑢𝑛(𝑥).

In the numerical experiments in Section 5 we will show that the estimated drift function ̃︀𝑏 is able to provide
a reliable approximation of the exact drift function 𝑏. Moreover, in the next section we focus on a particular
framework, and develop a rigorous theoretical analysis which allows us to prove the asymptotic unbiasedness of
the estimator ̂︀𝐴𝜀𝑇 in that context.
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4. Convergence analysis

In this section we consider a simplified setting and prove theoretically the accuracy of our estimator in the
limit of infinite data (𝑇 → ∞) and when the multiscale parameter vanishes (𝜀 → 0). Let us consider the same
framework as in Section 3.2, which we recall here for clarity. We aim to infer the drift coefficient 𝐴 > 0 in the
homogenized equation

d𝑋𝑡 = −𝐴𝑣′(𝑋𝑡) d𝑡+
√

2Σ d𝑊𝑡, (4.1)

given continuous-time observations (𝑋𝜀
𝑡 )𝑡∈[0,𝑇 ] from the corresponding multiscale dynamics

d𝑋𝜀
𝑡 = −𝛼𝑣′(𝑋𝜀

𝑡 ) d𝑡− 1
𝜀
𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡+

√
2𝜎 d𝑊𝑡. (4.2)

We employ the SGDCT estimator ̂︀𝐴𝜀𝑇 with filtered data which is the solution at the final time of the SDE

d ̂︀𝐴𝜀𝑡 = −𝜂𝑡𝑣′(𝑍𝜀𝑡 )𝑣′(𝑋𝜀
𝑡 ) ̂︀𝐴𝜀𝑡 d𝑡− 𝜂𝑡𝑣

′(𝑍𝜀𝑡 ) d𝑋𝜀
𝑡 . (4.3)

Substituting the expression for d𝑋𝜀
𝑡 in (4.2) into that of d ̂︀𝐴𝜀𝑡 in (4.3) and using d( ̂︀𝐴𝜀𝑡 − 𝛼) = d ̂︀𝐴𝜀𝑡 gives

d
(︁ ̂︀𝐴𝜀𝑡 − 𝛼

)︁
= −𝜂𝑡𝑣′(𝑍𝜀𝑡 )𝑣′(𝑋𝜀

𝑡 )
(︁ ̂︀𝐴𝜀𝑡 − 𝛼

)︁
d𝑡+

𝜂𝑡
𝜀
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡−

√
2𝜎𝜂𝑡𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡,

which is a linear SDE for the term ̂︀𝐴𝜀𝑡 − 𝛼. Therefore, letting 𝐴0 > 0 be the initial value for the estimator, we
can write the solution explicitly and obtain the analytical form of the estimator

̂︀𝐴𝜀𝑇 = 𝛼+ (𝐴0 − 𝛼)𝑒−
∫︀ 𝑇
0 𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠 −
√

2𝜎
∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡

+
1
𝜀

∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 )𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡.

(4.4)

Our goal is then to show the asymptotic unbiasedness of ̂︀𝐴𝜀𝑇 , i.e., its convergence to the exact coefficient 𝐴 when
𝑇 and 𝜀 tend to infinity and zero, respectively. We remark that the following analysis relies on the additional
assumption that the state space is compact, i.e., we embed the multiscale diffusion process 𝑋𝜀

𝑡 in the one-
dimensional torus, considering the wrapping of an Euclidean diffusion process, as detailed in [16]. The setting
in which our analysis is performed is summarized in Assumption 4.1 below for the clarity of the exposition.

Assumption 4.1. The following conditions hold.

(1) The dimensions of the processes and of the unknown parameters are 𝑑 = 1 and 𝑁 = 1, respectively.
(2) The slow-scale potential is 𝑉 (𝑥;𝛼) = 𝛼𝑣(𝑥), where 𝛼 > 0 and 𝑣 is 𝒞∞(R) and periodic.
(3) The filtered data 𝑍𝜀𝑡 and 𝑍𝑡 are obtained employing the exponential kernel as in equations (3.8) and (3.9).
(4) The fast-scale potential 𝑝 ∈ 𝒞∞(R) is only dependent on the fast component and is periodic with period

𝐿 > 0.
(5) E[𝑣′(𝑋)𝑣′(𝑍)] > 0, where the expectation is computed with respect to the invariant measure of the joint

homogenized process (𝑋𝑡, 𝑍𝑡), which is introduced at the beginning of Section 4.1.
(6) The homogenized and multiscale diffusion processes are embedded in the one-dimensional torus and therefore

the state space is compact.
(7) The learning rate has the form 𝜂𝑡 = 𝛾/(𝛽+ 𝑡) for some 𝛾, 𝛽 > 0, and 𝛾 is chosen sufficiently large such that

𝛾E[𝑣′(𝑋)𝑣′(𝑍)] > 1.

In this context we can now present the asymptotic unbiasedness of our estimator, which is the main result
of this section and whose proof is outlined below.
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Theorem 4.2. Let ̂︀𝐴𝜀𝑇 be defined in equation (4.4). Under Assumption 4.1 and if the filter width 𝛿 is indepen-
dent of 𝜀 or 𝛿 = 𝜀𝜉 with 𝜉 ∈ (0, 2), i.e., if 𝛿 is sufficiently large, it holds

lim
𝜀→0

lim
𝑇→∞

̂︀𝐴𝜀𝑇 = 𝐴, in 𝐿2.

Remark 4.3. Even if Theorem 4.2 is proved in the particular setting described by Assumption 4.1, the following
analysis highlights the importance of filtered data in correcting the path of the SGDCT and therefore giving
an unbiased estimator. We also remark that, as showcased by the numerical experiments, our methodology
works even in more complex scenarios. Hence, we believe that the theoretical results could be extended to more
general classes of problems. However, we will not study here this extension and we leave it for future work.
Nevertheless, even if more general results are out of the scope of this work, we present the main issues that
we would encounter and ideas on how we might tackle them. First, in the multidimensional case we could not
compute the analytical solution in (4.4), and we would need to use arguments similar to the ones in the proof
of Theorem 1 from [38], such as the comparison theorem ([20], Thm. 1.1). Then, performing the analysis in
the whole space, rather than the compact torus, would require the study of the regularity and boundedness
of the solution of Poisson problems for hypoelliptic operators in unbounded domains, by extending the series
of works [30–32]. Replacing exponentially filtered data with averaged data would lead to the analysis of the
generator of stochastic delay differential equations (see [17]). Finally, considering fast-scale potentials depending
on both scales would imply the need of the expansion (3.1), and therefore the study of the error committed in
approximating the drift with the truncated series expansion.

In the next two sections we first introduce technical results related to the homogenization and the generator
of the multiscale diffusion process, and then present the proof of the asymptotic unbiasedness of the SGDCT
estimator ̂︀𝐴𝜀𝑡 with filtered data.

4.1. Preliminary results

Let us recall some useful properties of the joint multiscale and homogenized processes (𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 ) and (𝑋𝑡, 𝑍𝑡),

that has been studied in [2]. In particular, the joint process (𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 ) is hypoelliptic ([2], proof of Lem. 3.2),

ergodic, and admits a unique invariant measure 𝜇𝜀 ([2], Lem. 3.3). Moreover, 𝜇𝜀 converges in law to the unique
invariant measure 𝜇 of the homogenized joint process (𝑋𝑡, 𝑍𝑡) by Lemma 3.9 of [2]. Therefore, it follows that
there exists 𝜖0 > 0 such that for all 𝜀 < 𝜖0 Assumption 4.1(5,7) hold also for the invariant measure of the
multiscale process, namely

E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)] > 0 and 𝛾E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)] > 1. (4.5)

The next lemma is fundamental for the proof of Theorem 4.2.

Lemma 4.4. Under Assumption 4.1, if the filter width 𝛿 is independent of 𝜀 or 𝛿 = 𝜀𝜉 with 𝜉 ∈ (0, 2), i.e., if
𝛿 is sufficiently large, it holds

lim
𝜀→0

E
[︀
𝑣′(𝑍𝜀)𝑝′

(︀
𝑋𝜀

𝜀

)︀]︀
𝜀E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

= 𝐴− 𝛼,

where the expectations are computed with respect to the invariant measure of the joint process (𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 ), and 𝐴

and 𝛼 are the drift coefficients of the homogenized and multiscale SDEs (4.1) and (4.2), respectively.

Proof. The desired result follows from the proofs of Theorem 3.12 of [2] and Theorem 3.18 of [2]. �

We now focus on the definition of the estimator (4.4). The next result is a decomposition of the exponent of
the exponential term, and is based on the Poisson problem for the generator of the joint process (𝑋𝜀

𝑡 , 𝑍
𝜀
𝑡 ).
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Lemma 4.5. Under Assumption 4.1, there exists a function 𝜓 = 𝜓(𝑥, 𝑧), which is bounded along with its
derivatives, such that the following decomposition holds true for all 𝑠, 𝑡 ∈ [0, 𝑇 ]∫︁ 𝑡

𝑠

𝜂𝑟𝑣
′(𝑍𝜀𝑟 )𝑣′(𝑋𝜀

𝑟 ) d𝑟 = 𝜂𝑡𝜓(𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 )− 𝜂𝑠𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 ) +

∫︁ 𝑡

𝑠

𝜂𝑟 d𝑟E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

−
∫︁ 𝑡

𝑠

𝜂′𝑟𝜓(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑟 −

√
2𝜎
∫︁ 𝑡

𝑠

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟.

Proof. Let us consider the system of SDEs for the joint process

d𝑋𝜀
𝑡 = −𝛼𝑣′(𝑋𝜀

𝑡 ) d𝑡− 1
𝜀
𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡+

√
2𝜎 d𝑊𝑡,

d𝑍𝜀𝑡 = −1
𝛿

(𝑍𝜀𝑡 −𝑋𝜀
𝑡 ) d𝑡,

which is obtained differentiating the first equation in (3.8), and its generator

ℒ𝜀 = −𝛼𝑣′(𝑥)
𝜕

𝜕𝑥
− 1
𝜀
𝑝′
(︁𝑥
𝜀

)︁ 𝜕
𝜕𝑥

− 1
𝛿

(𝑧 − 𝑥)
𝜕

𝜕𝑧
+ 𝜎

𝜕2

𝜕𝑥2
,

which is hypoelliptic due to Lemma 3.2 of [2]. Then, take the function

𝜑𝜀(𝑥, 𝑧) = 𝑣′(𝑧)𝑣′(𝑥)− E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)],

where the expectation is computed with respect to the invariant measure 𝜇𝜀, and consider the Poisson problem
on the two-dimensional torus T2 with a centering condition

ℒ𝜀𝜓𝜀 = 𝜑𝜀,∫︁
𝜓𝜀 d𝜇𝜀 = 0,

(4.6)

that has a unique solution, which is bounded along with its derivatives, by Theorem 4.1 of [27]. Applying Itô’s
lemma to the function ℎ𝜀(𝑟, 𝑥, 𝑧) = 𝜂𝑟𝜓

𝜀(𝑥, 𝑧) we have

𝜂𝑡𝜓(𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 )− 𝜂𝑠𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 ) =

∫︁ 𝑡

𝑠

𝜂′𝑟𝜓(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑟 +

√
2𝜎
∫︁ 𝑡

𝑠

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟 +

∫︁ 𝑡

𝑠

ℒ𝜀𝜓𝜀(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑊𝑟.

Finally, using the fact that 𝜓𝜀 solves the Poisson problem (4.6) and rearranging the terms we obtain the desired
result. �

By an analogous argument, we also obtain the following lemma.

Lemma 4.6. Under Assumption 4.1, there exists a function 𝜓 = 𝜓(𝑥, 𝑧), which is bounded along with its
derivatives, such that the following decomposition holds true for all 𝑠, 𝑡 ∈ [0, 𝑇 ]∫︁ 𝑡

𝑠

𝜁𝑟𝑣
′(𝑍𝜀𝑟 )𝑝′

(︂
𝑋𝜀
𝑟

𝜀

)︂
d𝑟 = 𝜁𝑡𝜓(𝑋𝜀

𝑡 , 𝑍
𝜀
𝑡 )− 𝜁𝑠𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 ) +

∫︁ 𝑡

𝑠

𝜁𝑟 d𝑟E
[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂
−
∫︁ 𝑡

𝑠

𝜁 ′𝑟𝜓(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑟 −

√
2𝜎
∫︁ 𝑡

𝑠

𝜁𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟,

where 𝜁𝑟 is defined as
𝜁𝑟 := (𝛽 + 𝑟)𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1.

In the next section we employ these technical results to prove the main convergence theorem.
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4.2. Proof of the main theorem

Let us recall the definition of the SGDCT estimator ̂︀𝐴𝜀𝑇 in (4.4) and consider its decomposition

̂︀𝐴𝜀𝑇 = 𝛼+𝑄
𝜀,(1)
𝑇 +𝑄

𝜀,(2)
𝑇 +𝑄

𝜀,(3)
𝑇 , (4.7)

where
𝑄
𝜀,(1)
𝑇 = (𝐴0 − 𝛼)𝑒−

∫︀ 𝑇
0 𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠,

𝑄
𝜀,(2)
𝑇 = −

√
2𝜎
∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡,

𝑄
𝜀,(3)
𝑇 =

1
𝜀

∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 )𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡.

In the next lemmas we study the limit as 𝑇 →∞ of the three quantities separately. Then, we collect the results
together to conclude the proof of Theorem 4.2.

Lemma 4.7. Under Assumption 4.1, it holds

lim
𝑇→∞

𝑒−
∫︀ 𝑇
0 𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠 = 0, in 𝐿2.

Proof. First, letting 𝜓 be given by Lemma 4.5, we have

|𝜂𝑇𝜓(𝑋𝜀
𝑇 , 𝑍

𝜀
𝑇 )− 𝜂0𝜓(𝑋𝜀

0 , 𝑍
𝜀
0)| ≤ sup |𝜓|(𝜂𝑇 + 𝜂0) ≤ 𝐶 <∞

for some 𝐶 > 0 which will change throughout the proof. Furthermore,⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂′𝑟𝜓(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑟

⃒⃒⃒⃒
⃒ ≤

∫︁ 𝑇

0

|𝜂′𝑟|d𝑟 · sup |𝜓| ≤ 𝐶 <∞,

and

E

[︃(︃∫︁ 𝑇

0

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟

)︃]︃
= E

[︃∫︁ 𝑇

0

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

]︃
≤ 𝐶

∫︁ 𝑇

0

𝜂2
𝑟 d𝑟 <∞,

where we have used the Itô isometry and the fact that partial derivatives of 𝜓 are bounded. Using these bounds,
we obtain

E

⎡⎣exp

(︃
−
∫︁ 𝑇

0

𝜂𝑠𝑣
′(𝑍𝜀𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠

)︃2
⎤⎦

≤ 𝐶E

[︃
exp

(︃
−2E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)]

∫︁ 𝑇

0

𝜂𝑟 d𝑟 + 2
√

2𝜎
∫︁ 𝑇

0

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟

)︃]︃

= 𝐶 exp

(︃
−2E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)]

∫︁ 𝑇

0

𝜂𝑟 d𝑟

)︃
E

[︃
𝑀𝑇 exp

(︃
4𝜎
∫︁ 𝑇

0

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

)︃]︃
,

where

𝑀𝑇 := exp

(︃
2
√

2𝜎
∫︁ 𝑇

0

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟 − 4𝜎

∫︁ 𝑇

0

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

)︃
(4.8)
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is an exponential martingale. Using the fact that 𝑀𝑇 is a martingale and that
∫︀ 𝑇
0
𝜂2
𝑟

(︀
𝜕
𝜕𝑥𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︀2

d𝑟 < ∞
since the partial derivatives of 𝜓 are bounded, we then have

E

⎡⎣exp

(︃
−
∫︁ 𝑇

0

𝜂𝑠𝑣
′(𝑍𝜀𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠

)︃2
⎤⎦ ≤ 𝐶 exp

(︃
−2E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)]

∫︁ 𝑇

0

𝜂𝑟 d𝑟

)︃
E[𝑀𝑇 ]

= 𝐶 exp

(︃
−2E[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)]

∫︁ 𝑇

0

𝜂𝑟 d𝑟

)︃
,

which converges to 0 since 𝐸[𝑣′(𝑋𝜀)𝑣′(𝑍𝜀)] > 0 by (4.5) and
∫︀ 𝑇
0
𝜂𝑟 d𝑟 →∞. �

Lemma 4.8. Under Assumption 4.1, it holds

lim
𝑇→∞

∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡 = 0, in 𝐿2.

Proof. We have by the Itô isometry that

E

⎡⎣(︃∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡

)︃2
⎤⎦ = E

[︃∫︁ 𝑇

0

𝜂2
𝑡 𝑒
−2
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 )2 d𝑡

]︃
.

Since 𝑣′(𝑍𝜀𝑡 ) is bounded, we have by Tonelli’s theorem and computations in the proof of Lemma 4.7 that the
right hand side above is bounded from above by

𝐶

∫︁ 𝑇

0

𝜂2
𝑡E

[︃
exp

(︃
−2
∫︁ 𝑇

𝑡

𝜂𝑟 d𝑟 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] + 2
√

2𝜎
∫︁ 𝑇

𝑡

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟

)︃]︃
d𝑡

= 𝐶

∫︁ 𝑇

0

𝜂2
𝑡 exp

(︃
−2
∫︁ 𝑇

𝑡

𝜂𝑟 d𝑟 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
E

[︃
𝑀𝑇

𝑀𝑡
exp

(︃
−4𝜎

∫︁ 𝑇

𝑡

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

)︃]︃
d𝑡

≤ 𝐶

∫︁ 𝑇

0

𝜂2
𝑡 exp

(︃
−2
∫︁ 𝑇

𝑡

𝜂𝑟 d𝑟 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
E
[︂
𝑀𝑇

𝑀𝑡

]︂
d𝑡

= 𝐶

∫︁ 𝑇

0

𝜂2
𝑡 exp

(︃
−2
∫︁ 𝑇

𝑡

𝜂𝑟 d𝑟 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡,

where the martingale 𝑀𝑡 is defined in (4.8) and the last line follows since

E
[︂
𝑀𝑇

𝑀𝑡

]︂
= E

[︂
E
[︂
𝑀𝑇

𝑀𝑡
|𝑀𝑡

]︂]︂
= E

[︂
1
𝑀𝑡

E[𝑀𝑇 |𝑀𝑡]
]︂

= E
[︂

1
𝑀𝑡

𝑀𝑡

]︂
= 1.

Now substituting the expressions for 𝜂𝑟 and 𝜂𝑡 gives

E

⎡⎣(︃∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡

)︃2
⎤⎦

≤ 𝐶

∫︁ 𝑇

0

𝜂2
𝑡 exp

(︃
−2
∫︁ 𝑇

𝑡

𝜂𝑟 d𝑟 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡

= 𝐶

∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2

exp

(︃
−2E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

∫︁ 𝑇

𝑡

𝛾

𝛽 + 𝑟
d𝑟·

)︃
d𝑡

= 𝐶

∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

d𝑡,
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which implies

E

⎡⎣(︃∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 ) d𝑊𝑡

)︃2
⎤⎦

≤ 𝐶𝛾2(𝛽 + 𝑇 )−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

∫︁ 𝑇

0

1
(𝛽 + 𝑡)2−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

d𝑡

= 𝒪(𝑇−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]+2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−2+1)
= 𝒪(𝑇−1),

where in computing the integral, we used the fact that 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] > 1 by (4.5). This shows the desired
limit as 𝑇 →∞. �

Lemma 4.9. Under Assumption 4.1, it holds

lim
𝑇→∞

∫︁ 𝑇

0

𝜂𝑡𝑒
−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠𝑣′(𝑍𝜀𝑡 )𝑝′
(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡 =

E
[︀
𝑣′(𝑍𝜀)𝑝′

(︀
𝑋𝜀

𝜀

)︀]︀
E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

, in 𝐿2.

Proof. First, we have by the triangle inequality that⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡 exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠𝑣
′(𝑍𝜀𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠

)︃
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡−

E
[︀
𝑣′(𝑍𝜀)𝑝′(𝑋

𝜀

𝜀 )
]︀

E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

⃒⃒⃒⃒
⃒

≤

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡𝑣
′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂[︃
exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠𝑣
′(𝑍𝜀𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠

)︃
− exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠 d𝑠 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃]︃
d𝑡

⃒⃒⃒⃒
⃒⏟  ⏞  

I

+

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡

(︂
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠 d𝑠 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡

⃒⃒⃒⃒
⃒⏟  ⏞  

II

+

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡E
[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂
exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠 d𝑠 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡−

E[𝑣′(𝑍𝜀)𝑝′(𝑋
𝜀

𝜀 )]
E[𝑣′(𝑍𝜀)𝑉 ′(𝑋𝜀)]

⃒⃒⃒⃒
⃒⏟  ⏞  

III

,

where (𝑋𝜀, 𝑍𝜀) is distributed according to the invariant measure 𝜇𝜀 for the joint multiscale process (𝑋𝜀
𝑡 , 𝑍

𝜀
𝑡 ).

We now show that I → 0 in 𝐿2. We have

I(𝑇 ) :=

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡𝑣
′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂[︁
𝑒−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠 − 𝑒−
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

]︁
d𝑡

⃒⃒⃒⃒
⃒
2

=

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

𝜂𝑡𝑣
′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
𝑒−
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

(︁
𝑒−
∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠+
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] − 1

)︁
d𝑡

⃒⃒⃒⃒
⃒
2

≤ 𝐶𝑇

∫︁ 𝑇

0

𝜂2
𝑡 𝑒
−2
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

⃒⃒⃒⃒
⃒𝑒− ∫︀ 𝑇

𝑡
𝜂𝑠𝑣

′(𝑍𝜀
𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠+
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] − 1

⃒⃒⃒⃒
⃒
2

d𝑡,
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where the last line follows from Hölder’s inequality and the fact that 𝑝′ and 𝑉 ′ are bounded on the torus. Now
applying Lemma 4.5, we have

I(𝑇 ) ≤ 𝐶𝑇

∫︁ 𝑇

0

𝜂2
𝑡 𝑒
−2
∫︀ 𝑇

𝑡
𝜂𝑠 d𝑠·E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

×
⃒⃒⃒
𝑒−𝜂𝑇𝜓(𝑋𝜀

𝑇 ,𝑍
𝜀
𝑇 )+𝜂𝑡𝜓(𝑋𝜀

𝑡 ,𝑍
𝜀
𝑡 )+
∫︀ 𝑇

𝑡
𝜂′𝑠𝜓(𝑋𝜀

𝑠 ,𝑍
𝜀
𝑠 ) d𝑠+

√
2𝜎
∫︀ 𝑇

𝑡
𝜂𝑠

𝜕
𝜕𝑥𝜓(𝑋𝜀

𝑠 ,𝑍
𝜀
𝑠 ) d𝑊𝑠 − 1

⃒⃒⃒2
d𝑡

= 𝐶𝑇

∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] ⃒⃒⃒
𝑒𝑄(𝑡,𝑇 ) − 1

⃒⃒⃒2
d𝑡,

where

𝑄(𝑡, 𝑇 ) = −𝜂𝑇𝜓(𝑋𝜀
𝑇 , 𝑍

𝜀
𝑇 ) + 𝜂𝑡𝜓(𝑋𝜀

𝑡 , 𝑍
𝜀
𝑡 ) +

∫︁ 𝑇

𝑡

𝜂′𝑠𝜓(𝑋𝜀
𝑠 , 𝑍

𝜀
𝑠 ) d𝑠+

√
2𝜎
∫︁ 𝑇

𝑡

𝜂𝑠
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 ) d𝑊𝑠.

We focus on bounding |𝑒𝑄(𝑡,𝑇 ) − 1|2 = 𝑒2𝑄(𝑡,𝑇 ) − 2𝑒𝑄(𝑡,𝑇 ) + 1. First, recall that

𝑀𝑇 := exp

(︃
2
√

2𝜎
∫︁ 𝑇

0

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟 − 4𝜎

∫︁ 𝑇

0

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

)︃
and

𝑀̃𝑇 := exp

(︃
√

2𝜎
∫︁ 𝑇

0

𝜂𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟 − 𝜎

∫︁ 𝑇

0

𝜂2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

)︃
are exponential martingales. Then repeatedly using the fact that 𝑡 ≤ 𝑇 and that 𝜓 and its derivatives are
bounded, we have

𝑒2𝑄(𝑡,𝑇 ) = 𝑒
− 2𝛾

𝛽+𝑇 𝜓(𝑋𝜀
𝑇 ,𝑍

𝜀
𝑇 )+ 2𝛾

𝛽+𝑡𝜓(𝑋𝜀
𝑡 ,𝑍

𝜀
𝑡 )−2

∫︀ 𝑇
𝑡

𝛾

(𝛽+𝑠)2
𝜓(𝑋𝜀

𝑠 ,𝑍
𝜀
𝑠 ) d𝑠+2

√
2𝜎
∫︀ 𝑇

𝑡
𝜂𝑠

𝜕
𝜕𝑥𝜓(𝑋𝜀

𝑠 ,𝑍
𝜀
𝑠 ) d𝑊𝑠

≤ exp

(︃
𝐶

𝛽 + 𝑇
+

𝐶

𝛽 + 𝑡
+ 𝐶

∫︁ 𝑇

𝑡

1
(𝛽 + 𝑠)2

d𝑠+ 2
√

2𝜎
∫︁ 𝑇

𝑡

𝜂𝑠
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 ) d𝑊𝑠

)︃

≤ 𝑒
𝐶

𝛽+𝑡
𝑀𝑇

𝑀𝑡
exp

(︃
−4𝜎

∫︁ 𝑇

𝑡

𝜂2
𝑠

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 )
)︂2

d𝑠

)︃

≤ 𝑒
𝐶

𝛽+𝑡
𝑀𝑇

𝑀𝑡
·

Similarly,

𝑒𝑄(𝑡,𝑇 ) ≥ 𝑒
− 𝐶

𝛽+𝑇 −
𝐶

𝛽+𝑡−𝐶
∫︀ 𝑇

𝑡
1

(𝛽+𝑠)2
d𝑠+

√
2𝜎
∫︀ 𝑇

𝑡
𝜂𝑠

𝜕
𝜕𝑥𝜓(𝑋𝜀

𝑠 ,𝑍
𝜀
𝑠 ) d𝑊𝑠

≥ 𝑒−
𝐶

𝛽+𝑡
𝑀̃𝑇

𝑀̃𝑡

exp

(︃
−𝜎
∫︁ 𝑇

𝑡

𝜂2
𝑠

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑠 , 𝑍
𝜀
𝑠 )
)︂2

d𝑠

)︃

≥ 𝑒−
𝐶

𝛽+𝑡
𝑀̃𝑇

𝑀̃𝑡

exp

(︃
−𝐶

∫︁ 𝑇

𝑡

(︂
𝛾

𝛽 + 𝑠

)︂2

d𝑠

)︃

≥ 𝑒−
𝐶

𝛽+𝑡
𝑀̃𝑇

𝑀̃𝑡

·

Thus, ⃒⃒⃒
𝑒𝑄(𝑡,𝑇 ) − 1

⃒⃒⃒2
≤ 𝑒

𝐶
𝛽+𝑡

𝑀𝑇

𝑀𝑡
− 2𝑒−

𝐶
𝛽+𝑡

𝑀̃𝑇

𝑀̃𝑡

+ 1.
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It follows from Tonelli’s theorem and the fact that E[𝑀𝑇 /𝑀𝑡] = E[𝑀̃𝑇 /𝑀̃𝑡] = 1 that

EI(𝑇 ) ≤ 𝐶𝑇E
∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] ⃒⃒⃒
𝑒𝑄(𝑡,𝑇 ) − 1

⃒⃒⃒2
d𝑡

= 𝐶𝑇

∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

E
[︂⃒⃒⃒
𝑒𝑄(𝑡,𝑇 ) − 1

⃒⃒⃒2]︂
d𝑡

≤ 𝐶𝑇

∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)](︁
𝑒

𝐶
𝛽+𝑡 − 2𝑒−

𝐶
𝛽+𝑡 + 1

)︁
d𝑡.

Now since 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] > 1, there is 𝜆 > 0 such that 2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]− 2− 𝜆 > 0, so because 𝑇 ≥ 𝑡, we
have (︂

𝛾

𝛽 + 𝑡

)︂2(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

= 𝛾2 (𝛽 + 𝑡)2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−2−𝜆+𝜆

(𝛽 + 𝑇 )2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−2−𝜆+2+𝜆
≤ 𝛾2(𝛽 + 𝑡)𝜆

(𝛽 + 𝑇 )2+𝜆
·

Thus, it follows that

EI(𝑇 ) ≤ 𝐶𝑇

(𝛽 + 𝑇 )2+𝜆

∫︁ 𝑇

0

(𝛽 + 𝑡)𝜆
(︁
𝑒

𝐶
𝛽+𝑡 − 2𝑒−

𝐶
𝛽+𝑡 + 1

)︁
d𝑡.

Now we have that

𝑒
𝐶

𝛽+𝑡 − 2𝑒−
𝐶

𝛽+𝑡 + 1 = 1 +
𝐶

𝛽 + 𝑡
+ 𝑜((𝛽 + 𝑡)−1)− 2

(︂
1− 𝐶

𝛽 + 𝑡
+ 𝑜((𝛽 + 𝑡)−1)

)︂
+ 1

=
3𝐶
𝛽 + 𝑡

+ 𝑜((𝛽 + 𝑡)−1)

so that for 𝑡0, 𝑇 sufficiently large, we have

EI(𝑇 ) ≤ 𝐶𝑇

(𝛽 + 𝑇 )2+𝜆
+

𝐶𝑇

(𝛽 + 𝑇 )2+𝜆

∫︁ 𝑇

𝑡0

(𝛽 + 𝑡)−1+𝜆 d𝑡 =
𝐶𝑇

(𝛽 + 𝑇 )2+𝜆
+
𝐶𝑇 (𝛽 + 𝑇 )𝜆

(𝛽 + 𝑇 )2+𝜆
·

In particular, I → 0 in 𝐿2 at a rate of 𝒪(𝑇−1/2) as 𝑇 →∞. Now we look at II. As preparation toward this end,
by Lemma 4.6, we have∫︁ 𝑇

0

𝜁𝑟𝑣
′(𝑍𝜀𝑟 )𝑝′

(︂
𝑋𝜀
𝑟

𝜀

)︂
d𝑟 = 𝜁𝑇𝜓(𝑋𝜀

𝑇 , 𝑍
𝜀
𝑇 )− 𝜁0𝜓(𝑋𝜀

0 , 𝑍
𝜀
0) +

∫︁ 𝑇

0

𝜁𝑟 d𝑟E
[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂
−
∫︁ 𝑇

0

𝜁 ′𝑟𝜓(𝑋𝜀
𝑟 , 𝑍

𝜀
𝑟 ) d𝑟 −

√
2𝜎
∫︁ 𝑇

0

𝜁𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟,

where 𝜁𝑟 := (𝛽 + 𝑟)𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1. Rearranging and dividing by∫︁ 𝑇

0

𝜁𝑟 d𝑟 =
∫︁ 𝑇

0

(𝛽 + 𝑟)𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1 d𝑟

=
1

𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

[︁
(𝛽 + 𝑇 )𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] − 𝛽𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

]︁
= 𝒪

(︁
𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︁
gives (︃∫︁ 𝑇

0

𝜁𝑟 d𝑟

)︃−1 ∫︁ 𝑇

0

𝜁𝑟

(︂
𝑣′(𝑍𝜀𝑟 )𝑝′

(︂
𝑋𝜀
𝑟

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
d𝑟

=
𝜁𝑇𝜓(𝑋𝜀

𝑇 , 𝑍
𝜀
𝑇 )− 𝜁0𝜓(𝑋𝜀

0 , 𝑍
𝜀
0)∫︀ 𝑇

0
𝜁𝑟 d𝑟⏟  ⏞  
(i)

−
∫︀ 𝑇
0
𝜁 ′𝑟𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑟∫︀ 𝑇

0
𝜁𝑟 d𝑟⏟  ⏞  
(ii)

−
√

2𝜎
∫︀ 𝑇
0
𝜁𝑟

𝜕
𝜕𝑥𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟∫︀ 𝑇

0
𝜁𝑟 d𝑟⏟  ⏞  

(iii)

·
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For (i), because 𝜓 is bounded, we have⃒⃒⃒⃒
⃒𝜁𝑇𝜓(𝑋𝜀

𝑇 , 𝑍
𝜀
𝑇 )− 𝜁0𝜓(𝑋𝜀

0 , 𝑍
𝜀
0)∫︀ 𝑇

0
𝜁𝑟 d𝑟

⃒⃒⃒⃒
⃒ ≤ 𝒪(𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1)

𝒪(𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)])
+

𝐶

𝒪(𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)])
= 𝒪(𝑇−1),

so (i) → 0 in 𝐿2 at a rate of 𝒪(𝑇−1) as 𝑇 →∞. Similarly, we have⃒⃒⃒⃒
⃒
∫︀ 𝑇
0
𝜁 ′𝑟𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )∫︀ 𝑇

0
𝜁𝑟 d𝑟

⃒⃒⃒⃒
⃒ ≤ 𝒪(𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1)

𝒪(𝑇 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)])
= 𝒪(𝑇−1),

so (ii) → 0 in 𝐿2 at a rate of 𝒪(𝑇−1) as well. For (iii), we have by Itô isometry and the fact that the derivative
of 𝜓 is bounded that

2𝜎

(︃∫︁ 𝑇

0

𝜁𝑟 d𝑟

)︃−2

E

⎡⎣(︃∫︁ 𝑇

0

𝜁𝑟
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 ) d𝑊𝑟

)︃2
⎤⎦

= 2𝜎

(︃∫︁ 𝑇

0

𝜁𝑟 d𝑟

)︃−2

E

[︃∫︁ 𝑇

0

𝜁2
𝑟

(︂
𝜕

𝜕𝑥
𝜓(𝑋𝜀

𝑟 , 𝑍
𝜀
𝑟 )
)︂2

d𝑟

]︃

≤ 𝐶

(︃∫︁ 𝑇

0

𝜁𝑟 d𝑟

)︃−2 ∫︁ 𝑇

0

𝜁2
𝑟 d𝑟 = 𝒪(𝑇−1).

Thus, we see that (iii) → 0 in 𝐿2 at a rate of 𝒪(𝑇−1/2) as 𝑇 →∞. It follows that

(︃∫︁ 𝑇

0

𝜁𝑟 d𝑟

)︃−1 ∫︁ 𝑇

0

𝜁𝑟

(︂
𝑣′(𝑍𝜀𝑟 )𝑝′

(︂
𝑋𝜀
𝑟

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
d𝑟 → 0 in 𝐿2

at a rate of 𝒪(𝑇−1/2). Now returning to the convergence of II, we have

E

⎡⎣⃒⃒⃒⃒⃒
∫︁ 𝑇

0

𝜂𝑡

(︂
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠 d𝑠 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡

⃒⃒⃒⃒
⃒
2
⎤⎦

= E

⎡⎣⃒⃒⃒⃒⃒
∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)](︂
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
d𝑡

⃒⃒⃒⃒
⃒
2
⎤⎦

=
𝛾2

(𝛽 + 𝑇 )2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]
E

⎡⎣⃒⃒⃒⃒⃒
∫︁ 𝑇

0

𝜁𝑡

(︂
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
d𝑡

⃒⃒⃒⃒
⃒
2
⎤⎦

=
𝛾2
(︁∫︀ 𝑇

0
𝜁𝑡 d𝑡

)︁2

(𝛽 + 𝑇 )2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]
E

⎡⎢⎣
⃒⃒⃒⃒
⃒⃒
(︃∫︁ 𝑇

0

𝜁𝑡 d𝑡

)︃−1 ∫︁ 𝑇

0

𝜁𝑡

(︂
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
− E

[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂)︂
d𝑡

⃒⃒⃒⃒
⃒⃒
2
⎤⎥⎦

≤
𝛾2
(︁∫︀ 𝑇

0
𝜁𝑡 d𝑡

)︁2

· 𝒪(𝑇−1)

(𝛽 + 𝑇 )2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]
=
𝒪(𝑇 2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]) · 𝒪(𝑇−1)

𝒪(𝑇 2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)])
= 𝒪(𝑇−1)
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so that II → 0 in 𝐿2 at a rate of 𝒪(𝑇−1/2). We now turn to showing that III converges to 0 in 𝐿2. We have

E

⎡⎣⃒⃒⃒⃒⃒
∫︁ 𝑇

0

𝜂𝑡E
[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂
exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠 d𝑠 · E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
d𝑡−

E[𝑣′(𝑍𝜀)𝑝′(𝑋
𝜀

𝜀 )]
E[𝑣′(𝑍𝜀)𝑉 ′(𝑋𝜀)]

⃒⃒⃒⃒
⃒
2
⎤⎦

=

⃒⃒⃒⃒
⃒
∫︁ 𝑇

0

(︂
𝛾

𝛽 + 𝑡

)︂(︂
𝛽 + 𝑇

𝛽 + 𝑡

)︂−𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

E
[︂
𝑣′(𝑍𝜀)𝑝′

(︂
𝑋𝜀

𝜀

)︂]︂
d𝑡−

E[𝑣′(𝑍𝜀)𝑝′(𝑋
𝜀

𝜀 )]
E[𝑣′(𝑍𝜀)𝑉 ′(𝑋𝜀)]

⃒⃒⃒⃒
⃒
2

=

⃒⃒⃒⃒
⃒ 𝛾E

[︀
𝑣′(𝑍𝜀)𝑝′

(︀
𝑋𝜀

𝜀

)︀]︀
(𝛽 + 𝑇 )𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

∫︁ 𝑇

0

(𝛽 + 𝑡)𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]−1 d𝑡−
E[𝑣′(𝑍𝜀)𝑝′(𝑋

𝜀

𝜀 )]
E[𝑣′(𝑍𝜀)𝑉 ′(𝑋𝜀)]

⃒⃒⃒⃒
⃒
2

=

⃒⃒⃒⃒
⃒E
[︀
𝑣′(𝑍𝜀)𝑝′

(︀
𝑋𝜀

𝜀

)︀]︀
E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

(︃
(𝛽 + 𝑇 )𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] − 𝛽𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

(𝛽 + 𝑇 )𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

)︃
−

E[𝑣′(𝑍𝜀)𝑝′(𝑋
𝜀

𝜀 )]
E[𝑣′(𝑍𝜀)𝑉 ′(𝑋𝜀)]

⃒⃒⃒⃒
⃒
2

,

which we see converges to 0 at the rate 𝒪(𝑇−2𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]). Thus, since 𝛾E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)] > 1, we have that
III → 0 in 𝐿2 at a rate of 𝒪(𝑇−1). Combining the convergence for I, II, and III gives∫︁ 𝑇

0

𝜂𝑡 exp

(︃
−
∫︁ 𝑇

𝑡

𝜂𝑠𝑣
′(𝑍𝜀𝑠 )𝑣′(𝑋𝜀

𝑠 ) d𝑠

)︃
𝑣′(𝑍𝜀𝑡 )𝑝′

(︂
𝑋𝜀
𝑡

𝜀

)︂
d𝑡−

E
[︀
𝑣′(𝑍𝜀)𝑝′(𝑋

𝜀

𝜀 )
]︀

E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]
→ 0 in 𝐿2

at a rate of 𝒪(𝑇−1/2), as desired. �

Proof of Theorem 4.2. By the decomposition (4.7) and due to Lemmas 4.7–4.9 we have

lim
𝑇→∞

̂︀𝐴𝜀𝑇 = 𝛼+
E
[︀
𝑣′(𝑍𝜀)𝑝′

(︀
𝑋𝜀

𝜀

)︀]︀
𝜀E[𝑣′(𝑍𝜀)𝑣′(𝑋𝜀)]

, in 𝐿2.

Finally, applying Lemma 4.4 we obtain

lim
𝜀→0

lim
𝑇→∞

̂︀𝐴𝜀𝑇 = 𝛼+𝐴− 𝛼 = 𝐴, in 𝐿2,

which is the desired result. �

Remark 4.10. From the proof of Theorem 4.2, and in particular from the proofs of Lemma 4.7–4.9, we notice
that the rate of convergence of the estimator ̂︀𝐴𝜀𝑇 with respect to the final time 𝑇 is 𝒪(𝑇−1/2). On the other
hand, the rate of convergence with respect to the multiscale parameter 𝜀 is dependent on the limit in Lemma 4.4,
whose convergence rate is unknown. Its study would first require the analysis of the rate of weak convergence
of the invariant measure 𝜇𝜀 of the multiscale joint process (𝑋𝜀

𝑡 , 𝑍
𝜀
𝑡 ) towards the invariant measure 𝜇 of its

homogenized counterpart (𝑋𝑡, 𝑍𝑡). We will return to this problem in future work.

5. Numerical experiments

We now present numerical experiments to demonstrate our results. The code to reproduce these experiments
is available on Github [19]. Throughout our test cases, we sample multiscale data generated from equation (2.1)
with the Euler–Maruyama scheme

𝑋𝜀
𝑛+1 −𝑋𝜀

𝑛 = −(𝒱𝜀)′(𝑋𝜀
𝑛;𝛼)∆𝑡+

√
2𝜎∆𝑊𝑛, 𝑋𝜀

0 = 0, ∆𝑊𝑛 ∼ 𝒩 (0,∆𝑡), (5.1)

where the time step ∆𝑡 is chosen sufficiently small with respect to 𝜀, i.e., ∆𝑡 = 𝜀3. Then, unless otherwise
specified, we solve the SDE (3.10) for the modified SGDCT estimator using the Euler–Maruyama scheme

̂︀𝐴𝜀𝑛+1 − ̂︀𝐴𝜀𝑛 = −𝜂𝑛(𝑈(𝑍𝜀𝑛)⊗ 𝑈(𝑋𝜀
𝑛)) ̂︀𝐴𝜀𝑛∆𝑡− 𝜂𝑛𝑈(𝑍𝜀𝑛)(𝑋𝜀

𝑛+1 −𝑋𝜀
𝑛), ̂︀𝐴𝜀0 = 0, (5.2)
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for an appropriate vector of basis functions 𝑈 . Furthermore, we take as learning rate

𝜂𝑛 =
10

10 + 𝑛∆𝑡
,

i.e., we set 𝛾 = 𝛽 = 10, except where noted. We remark that choosing a good learning rate is highly dependent
on the given problem [39]. In our setting, the variance of our estimators depends on the constants appearing in
the learning rate, and the optimal value can depend on the unknown parameter 𝐴 and so cannot be known in
practice [38]. Due to these difficulties, we intuitively choose the learning rate to be smaller when the learned
weights are not converging as expected.

Now, given a sample path {𝑋𝜀
𝑛}𝑁𝑛=0 with 𝑁 = ⌊𝑇/∆𝑡⌋, the exponential filtered path {𝑍𝜀𝑛}𝑁𝑛=0 is computed

as
𝑍𝜀0 = 0, and 𝑍𝜀𝑛 = 𝑒−Δ𝑡/𝛿𝑍𝜀𝑛−1 +

1
𝛿
𝑒−Δ𝑡/𝛿𝑋𝜀

𝑛∆𝑡 for 𝑛 > 0, (5.3)

and the moving average path {𝑍𝜀𝑛}𝑁𝑛=0 is computed as⎧⎪⎨⎪⎩
𝑍𝜀0 = 0,
𝑍𝜀𝑛 = (𝑛∆𝑡)−1

∑︀𝑛
𝑖=0𝑋

𝜀
𝑛∆𝑡 if 1 ≤ 𝑛 < 𝑆,

𝑍𝜀𝑛 = 𝛿−1
∑︀𝑛−1
𝑖=𝑛−𝑆 𝑋

𝜀
𝑛∆𝑡 if 𝑛 ≥ 𝑆,

(5.4)

where 𝑆 = ⌊𝛿/∆𝑡⌋.
We now present three experiments. In the first, we will verify our theoretical results by showing that the

SGDCT estimator is asymptotically unbiased when we use filtered data and biased otherwise. We also show the
dependence on the filter width 𝛿. In our second experiment, we demonstrate the efficacy of our estimator for a
two-dimensional drift coefficient, employing both the exponential filter and the moving average. Finally, in our
third experiment, we learn the drift function using our semiparametric approach and observe that the learned
function provides a satisfactory approximation of the true drift. Because our theoretical results are for the limit
as 𝑇 →∞, we choose the final time of computation 𝑇 in each experiment so that we observe convergence when
computationally feasible.

5.1. Verification of the theoretical results

In this section, we numerically verify our theoretical results. We let

𝑉 (𝑥;𝛼) = 𝛼
𝑥2

2
and 𝑝(𝑥, 𝑦) = sin(𝑦),

so that
∇𝒱𝜀(𝑥;𝛼) = 𝛼𝑥+

1
𝜀

cos
(︁𝑥
𝜀

)︁
·

We begin by showing that without using filtered data in our SGDCT estimator, that is, by using the estimator
(3.2), we obtain 𝛼 as a biased estimate of 𝐴. Thus, instead of solving (3.10) to obtain our estimates of 𝐴, we
solve (3.2) using the Euler–Maruyama schemẽ︀𝐴𝜀𝑛+1 − ̃︀𝐴𝜀𝑛 = −𝜂𝑛(𝑋𝜀

𝑛)2 ̃︀𝐴𝜀𝑛∆𝑡− 𝜂𝑛𝑋
𝜀
𝑛

(︀
𝑋𝜀
𝑛+1 −𝑋𝜀

𝑛

)︀
, ̃︀𝐴𝜀0 = 0.

We take the parameters

𝛼 = 1, 𝜀 = 0.1, 𝜎 = 0.5, 𝑇 = 5× 104, ∆𝑡 = 10−3,

and we notice that in this case, due to equation (2.5), the drift coefficient 𝐴 of the homogenized equation reads

𝐴 = 𝒦𝛼 =
(2𝜋)2(︁∫︀ 2𝜋

0
𝑒−2 sin(𝑦) d𝑦

)︁(︁∫︀ 2𝜋

0
𝑒2 sin(𝑦) d𝑦

)︁ =
1

𝐼0(2)2
≃ 0.19, (5.5)
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Figure 1. Comparison between SGDCT estimator (a) without filtered data and (b) with
exponential filtered data, for the example in Section 5.1. In each plot, the dashed orange line
is the biased value 𝛼, the solid orange line is the unbiased value 𝐴, and the blue line is the
estimate over time 𝑡.

where 𝐼 stands for the modified Bessel function of the first kind.
The resulting estimate over time for a single sample path is shown in Figure 1. We see that the estimator

converges to the biased value 𝛼 instead of the true parameter 𝐴.
We also compute estimates via the filtered SGDCT scheme (5.2), which in this case iŝ︀𝐴𝜀𝑛+1 − ̂︀𝐴𝜀𝑛 = −𝜂𝑛𝑍𝜀𝑛𝑋𝜀

𝑛
̂︀𝐴𝜀𝑛∆𝑡− 𝜂𝑛𝑍

𝜀
𝑛(𝑋𝜀

𝑛+1 −𝑋𝜀
𝑛), ̂︀𝐴𝜀0 = 0,

where 𝑍𝜀𝑛 is computed with the exponential filter (5.3). Doing so for the same sample path as before, we obtain
the second plot in Figure 1 and see that the estimates now converge to the right value 𝐴.

We now take the parameters

𝛼 = 1, 𝜀 = 0.025, 𝜎 = 0.5, 𝑇 = 103, ∆𝑡 = 1.5625× 10−5,

and we take 𝛾 = 𝛽 = 1 in the learning rate. In Figure 2, we demonstrate the convergence for large 𝑇 of the
estimate ̂︀𝐴𝜀𝑇 when the filter width 𝛿 is dependent on 𝜀. On the horizontal axis, we plot the exponent 𝜉 of 𝛿 = 𝜀𝜉.
We see that the estimator is robust as long as the filter width 𝛿 is sufficiently large, meaning that ̂︀𝐴𝜀𝑇 provides
a reliable approximation of 𝐴 for any value of 𝜉 approximately in [0, 1]. However, for larger 𝜉, the estimates ̂︀𝐴𝜀𝑇
move away from the correct value 𝐴 and finally tend to the drift coefficient 𝛼 of the multiscale dynamics. This
is in line with Theorem 4.2, which gives a sharp transition in 𝜉 = 2. We remark this exact behavior cannot be
observed in practice due to the finiteness of the final time 𝑇 and, in particular, of the parameter 𝜀. Nevertheless,
in the numerical example we demonstrate that values of 𝜉 closer to 0, i.e., 𝛿 close to 1, give better and more
robust approximations of the unknown parameters.

Now in Figure 3, we consider E[| ̂︀𝐴𝜀𝑇 −𝐴|2]1/2, the 𝐿2 error of the estimator for a fixed value of 𝜀, as 𝑇 →∞
and show that it follows the expected 𝒪(𝑇−1/2) rate highlighted in Remark 4.10. We take the parameters

𝛼 = 1, 𝜀 = 0.1, 𝜎 = 0.5, 𝑇 = 104, ∆𝑡 = 10−3.

Because we cannot compute the expected value exactly, we instead compute an approximate error using the
Monte Carlo estimate

Approximate 𝐿2 Error at time 𝑛 =

(︃
1
𝑀

𝑀∑︁
𝑖=1

(︁ ̂︀𝐴𝜀,𝑖𝑛 −𝐴
)︁2
)︃1/2

,
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Figure 2. Effect of filter width 𝛿 dependence on 𝜀, for the example in Section 5.1. The filter
width is given by 𝛿 = 𝜀𝜉, where 𝜉 ∈ (0, 3) is the variable on the horizontal axis. The top dashed
orange line corresponds to the biased value 𝛼, while the bottom dashed orange line corresponds
to the unbiased value 𝐴. The blue line gives the value of the exponential filter estimator at the
final time 𝑇 .

Figure 3. Rate of convergence in time of SGDCT estimates ̂︀𝐴𝜀𝑇 with exponential filtered data,
for the example in Section 5.1. A Monte Carlo approximation of the 𝐿2 error of the estimateŝ︀𝐴𝜀𝑇 from the true value 𝐴 is given in blue, and a reference line giving an 𝒪(𝑇−1/2) rate is given
in orange.

where 𝑀 = 50 is the number of multiscale data paths which we sample, and ̂︀𝐴𝜀,𝑖𝑛 is the SGDCT value at time 𝑛
corresponding to the 𝑖-th sample. We indeed observe that the approximate 𝐿2 error has the same slope as the
𝒪(𝑇−1/2) reference line.

5.2. Multidimensional drift coefficient

In this section, we now consider

𝑉 (𝑥;𝛼) = 𝛼1
𝑥4

4
− 𝛼2

𝑥2

2
and 𝑝(𝑥, 𝑦) = sin(𝑦),
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so that
(𝒱𝜀)′(𝑥;𝛼) = 𝛼1𝑥

3 − 𝛼2𝑥+
1
𝜀

cos
(︁𝑥
𝜀

)︁
·

We then estimate 𝐴 =
[︀
𝑎1 𝑎2

]︀⊤ in the expansion of ̃︀𝑏(𝑥;𝐴) = 𝐴⊤𝑈(𝑥), where 𝑈(𝑥) =
[︀
𝑥3 −𝑥

]︀⊤. This estimation
is done via the filtered SGDCT scheme (5.2), which in this case is

̂︀𝐴𝜀𝑛+1 − ̂︀𝐴𝜀𝑛 = −𝜂𝑛

[︃
(𝑍𝜀𝑛)3(𝑋𝜀

𝑛)3 −(𝑍𝜀𝑛)3𝑋𝜀
𝑛

−𝑍𝜀𝑛(𝑋𝜀
𝑛)3 𝑍𝜀𝑛𝑋

𝜀
𝑛

]︃ ̂︀𝐴𝜀𝑛∆𝑡− 𝜂𝑛

[︃
(𝑍𝜀𝑛)3

−𝑍𝜀𝑛

]︃(︀
𝑋𝜀
𝑛+1 −𝑋𝜀

𝑛

)︀
, ̂︀𝐴𝜀0 = 0,

where 𝑍𝜀𝑛 is computed with the exponential filter (5.3) or the moving average (5.4) with 𝛿 = 1. We use the
parameters

𝛼1 = 1, 𝛼2 = 2, 𝜀 = 0.1, 𝜎 = 0.5, 𝑇 = 105, ∆𝑡 = 10−3,

which, repeating the computation in (5.5), give the homogenized drift coefficients

𝐴1 =
1

𝐼0(2)2
≃ 0.19, 𝐴2 =

2
𝐼0(2)2

≃ 0.38.

The results are given in Figures 4 and 5, respectively. In each of these figures, we see the path of the SGDCT
estimator corresponding to a single sample 𝑋𝑛 with the components 𝐴1 and 𝐴2 first in separate plots, and
then in the same plot, where the color of the curve corresponds to time. In each plot (a) and (b), the orange
horizontal line corresponds to the true parameter values 𝐴1 and 𝐴2. In the plot (c), the star represents the true
parameter 𝐴. In both figures, we see the sample estimates of 𝐴1 and 𝐴2 converging to the true parameters as
time increases. We note that a larger time 𝑇 was required to observe convergence to 𝐴1 and 𝐴2. In general, we
observed that a larger time 𝑇 was required to observe convergence when there are more parameters to estimate.

5.3. Learning the drift function

In this example, we estimate a more generic drift function 𝑏 given by a nonseparable multiscale potential.
We have

𝑉 (𝑥) =
𝑥4

4
− 𝑥2

2
and 𝑝(𝑥, 𝑦) =

𝑥2

2
cos(𝑦)1{|𝑥| ≤ 2},

so that

(𝒱𝜀)′(𝑥) = 𝑥3 − 𝑥+ 𝑥 cos
(︁𝑥
𝜀

)︁
1{|𝑥| ≤ 2} − 𝑥2

2𝜀
sin
(︁𝑥
𝜀

)︁
1{|𝑥| ≤ 2}.

We remark that in this setting the homogenized drift term 𝑏 can be computed analytically. In fact, due to (2.5),
we have

𝒦(𝑥) =
(2𝜋)2(︁∫︀ 2𝜋

0
𝑒−

1
𝜎

𝑥2
2 cos(𝑦)1{|𝑥|≤2} d𝑦

)︁(︁∫︀ 2𝜋

0
𝑒

1
𝜎

𝑥2
2 cos(𝑦)1{|𝑥|≤2} d𝑦

)︁ = 𝐼0

(︂
𝑥2

2𝜎

)︂−2

1{|𝑥| ≤ 2}+ 1{|𝑥| > 2},

which, by equation (2.3), implies

𝑏(𝑥) =

⎧⎨⎩𝑉
′(𝑥) if |𝑥| > 2,

𝑉 ′(𝑥)𝐼0
(︁
𝑥2

2𝜎

)︁−2

+ 𝑥𝐼1

(︁
𝑥2

2𝜎

)︁
𝐼0

(︁
𝑥2

2𝜎

)︁−3

if |𝑥| ≤ 2.
(5.6)

We then aim to estimate 𝐴 =
[︀
𝑎1 𝑎2 𝑎3 𝑎4

]︀⊤ in the expansion of ̃︀𝑏(𝑥;𝐴) = 𝐴⊤𝑈(𝑥) with

𝑈(𝑥) =
[︀
1 𝑥 𝑥2 𝑥3

]︀⊤
.
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Figure 4. Sample estimates using exponential filtered SGDCT, for the multidimensional drift
coefficient in Section 5.2. In (a) and (b), the blue line is the estimate over time 𝑡 for 𝐴1 and
𝐴2, respectively. The orange lines correspond to 𝐴1 and 𝐴2, respectively. In (c), the curve is
the path of the estimate of (𝐴1, 𝐴2) with the color of the curve representing the time of the
estimate and the red star representing to true value (𝐴1, 𝐴2). (a) Sample of SGDCT for 𝐴1.
(b) Sample of SGDCT for 𝐴2. (c) Sample of SGDCT for 𝐴1 and 𝐴2.

We do this via the filtered SGDCT scheme (5.2) with the above choice of 𝑈 and the exponential filter with
𝛿 = 1. We use the parameters

𝜀 ∈ {0.05, 0.1}, 𝜎 = 2, 𝑇 ∈ {10, 102, 103}, ∆𝑡 = 1.25× 10−4,

and we set 𝛾 = 5/2 and 𝛽 = 10 in the learning rate. The plot of the estimated expansion ̃︀𝑏 of 𝑏 given in (5.6) for
a single sample from (5.1) compared to the true value of 𝑏 is shown in Figure 6. We see that the approximatioñ︀𝑏 matches the shape of 𝑏, with better approximations for larger 𝑇 . Moreover, even if the difference is not large,
the approximation is also better for 𝜀 = 0.05 than for 𝜀 = 0.1.

We now consider the parameters

𝜀 ∈ {0.05, 0.1, 0.2}, 𝜎 ∈ {1, 2, 4}, 𝑇 = 105, ∆𝑡 = 1.25× 10−4,
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Figure 5. Sample estimates using the moving average SGDCT, for the multidimensional drift
coefficient in Section 5.2. In (a) and (b), the blue line is the estimate over time 𝑡 for 𝐴1 and
𝐴2, respectively. The orange lines correspond to 𝐴1 and 𝐴2, respectively. In (c), the curve is
the path of the estimate of (𝐴1, 𝐴2) with the color of the curve representing the time of the
estimate and the red star representing to true value (𝐴1, 𝐴2). (a) Sample of SGDCT for 𝐴1.
(b) Sample of SGDCT for 𝐴2. (c) Sample of SGDCT for 𝐴1 and 𝐴2.

with the same learning rate, i.e., 𝛾 = 5/2 and 𝛽 = 10, and the same slow-scale potential 𝑉 (𝑥) = 𝑥4

4 − 𝑥2

2 .

We aim to estimate 𝐴 =
[︀
𝑎1 𝑎2 𝑎3 𝑎4

]︀⊤ with 𝑈(𝑥) =
[︀
1 𝑥 𝑥2 𝑥3

]︀⊤. We now use the moving average with
𝛿 = 1. The resulting estimates ̃︀𝑏(𝑥) of the true drift function 𝑏(𝑥) are shown in Figure 7. We observe that, as
expected, results get worse for larger values of 𝜀, and, in particular, 𝜀 must be sufficiently small in order for the
approximations to be reliable. Moreover, we see that increasing 𝜎 smooths out the true drift function, so that
it can be better approximated by a cubic function, and as such, the estimates improve for larger 𝜎.

We finally consider estimating the slow-scale potential with 3 and 5 basis functions to investigate the effect of
having too few or too many basis functions compared to the 4 basis functions needed to represent the slow-scale
potential. We consider the parameters

𝜀 = 0.1, 𝜎 = 2, 𝑇 = 103, ∆𝑡 = 1.25× 10−4,
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Figure 6. Learned drift function ̃︀𝑏(𝑥) at 𝑇 = 10, 100, 1000 for SGDCT with exponential filter,
for different values of 𝜀 = 0.05, 0.1, for the example in Section 5.3. The exact drift function
𝑏 is given in blue, while the approximations corresponding to ̃︀𝑏 are given in shades of orange.
Darker shades of orange correspond to the estimates for larger times. (a) 𝜀 = 0.05. (b) 𝜀 = 0.1.

with the same learning rate 𝛾 = 5/2 and 𝛽 = 10 and the same slow-scale potential 𝑉 (𝑥) = 𝑥4

4 − 𝑥2

2 . We

aim to estimate 𝐴 =
[︀
𝑎1 𝑎2 𝑎3

]︀⊤ with 𝑈(𝑥) =
[︀
1 𝑥 𝑥2

]︀⊤, 𝐴 =
[︀
𝑎1 𝑎2 𝑎3 𝑎4

]︀⊤ with 𝑈(𝑥) =
[︀
1 𝑥 𝑥2 𝑥3

]︀⊤,

and 𝐴 =
[︀
𝑎1 𝑎2 𝑎3 𝑎4 𝑎5

]︀⊤ with 𝑈(𝑥) =
[︀
1 𝑥 𝑥2 𝑥3 𝑥4

]︀⊤. The results are shown in Figure 8. As we see from
Figure 8a, we are not able to represent the drift function with too few basis functions. When there is a larger
number of basis functions than is needed to approximate the drift function as in Figure 8c, we are still able
to approximate the drift function, but a larger time 𝑇 is required for convergence of the estimator compared
to the time required for a smaller number of basis functions in our approximation, like the plot in Figure 8b,
making the results slightly worse.

6. Conclusion

In this work we focused on multiscale diffusion processes of the Langevin type, considering also an example
of nonseparable multiscale potentials, meaning that the fast-scale oscillations are dependent on the slow-scale
component. The theory of the homogenization gives the existence of a homogenized SDE which only captures
the behavior of the slowest scale. We aimed to infer the drift term of this effective equation given continuous-
time observations from the multiscale dynamics. We considered a semiparametric approach and wrote the drift
function in terms of a truncated series of basis functions. We then proposed to estimate the coefficients of this
expansion coupling SGDCT and filtered data in order to overcome the issue of incompatibility between data
and model. We derived a rigorous theoretical analysis in the particular setting where only a one-dimensional
drift coefficient is unknown, the confining potential of the Langevin dynamics is separable, and the state space
is compact. In this context, we proved the asymptotic unbiasedness of our novel estimator in the limit of infinite
time and when the multiscale parameter vanishes. Moreover, we performed a series of numerical experiments
which showed that our estimator can be successfully employed in more general frameworks. Therefore, it would
be interesting to extend the range of applicability of the theoretical analysis to more general scenarios by
lifting some of the assumptions. This would first require preliminary studies related to the solution of the
Poisson problem for hypoelliptic operators in unbounded domains, function approximation, and stochastic
delay differential equations. Finally, another interesting future direction of research is the study of the rate
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Figure 7. Learned drift functions ̃︀𝑏(𝑥) (solid orange) compared to true drift function 𝑏(𝑥)
(dashed blue), varying the multiscale parameter 𝜀 and the diffusion coefficient 𝜎, for the example
in Section 5.3. Estimates are obtained using data filtered with a moving average.

Figure 8. Learned drift functions ̃︀𝑏(𝑥) at time 𝑇 (in orange) compared to true drift function
𝑏(𝑥) (in blue) for (a) 3 basis functions, (b) 4 basis functions, and (c) 5 basis functions in the
approximation ̃︀𝑏(𝑥), for the example in Section 5.3. Estimates are obtained using data filtered
with a moving average.
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of convergence and possibly a central limit theorem for the SGDCT estimator with filtered data. This would
indeed give more precise information about the accuracy of the estimator in the finite regime, and indications
on the choice of the parameters in the learning rate. We remark that the rate of convergence with respect to the
multiscale parameter is dependent on the rate of weakly convergence of the invariant measure of the multiscale
diffusion process together with its filtered data towards the homogenized invariant measure. Hence, we first plan
to analyze the convergence in law of the joint process of the original and filtered data towards its homogenized
counterpart.
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[25] F. Legoll and T. Lelièvre, Some remarks on free energy and coarse-graining, in Numerical Analysis of Multiscale
Computations. Vol. 82 of Lect. Notes Comput. Sci. Eng. Springer, Heidelberg (2012) 279–329.
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in the presence of market-microstructure noise. Multiscale Model. Simul. 8 (2010) 393–427.

[29] A. Papavasiliou, G.A. Pavliotis and A.M. Stuart, Maximum likelihood drift estimation for multiscale diffusions.
Stoch. Process. Appl. 119 (2009) 3173–3210.

[30] E. Pardoux and A.Y. Veretennikov, On the Poisson equation and diffusion approximation. I. Ann. Probab. 29 (2001)
1061–1085.

[31] E. Pardoux and A.Y. Veretennikov, On Poisson equation and diffusion approximation. II. Ann. Probab. 31 (2003)
1166–1192.

[32] E. Pardoux and A.Y. Veretennikov, On the Poisson equation and diffusion approximation. III. Ann. Probab. 33
(2005) 1111–1133.

[33] G.A. Pavliotis and A.M. Stuart, Parameter estimation for multiscale diffusions. J. Stat. Phys. 127 (2007) 741–781.

[34] G.A. Pavliotis and A.M. Stuart, Multiscale Methods: Averaging and Homogenization. Vol. 53 of Texts in Applied
Mathematics. Springer, New York (2008).

[35] G.A. Pavliotis, Y. Pokern and A.M. Stuart, Parameter estimation for multiscale diffusions: an overview, in Statistical
Methods for Stochastic Differential Equations. Vol. 124 of Monogr. Stat. Appl. Probab. CRC Press, Boca Raton, FL
(2012).

[36] G.A. Pavliotis, S. Reich and A. Zanoni, Filtered data based estimators for stochastic processes driven by colored
noise. Preprint arXiv:2312.15975 (2024).

[37] J. Sirignano and K. Spiliopoulos, Stochastic gradient descent in continuous time. SIAM J. Finan. Math. 8 (2017)
933–961.

[38] J. Sirignano and K. Spiliopoulos, Stochastic gradient descent in continuous time: a central limit theorem. Stoch.
Syst. 10 (2020) 124–151.

[39] L.N. Smith, A disciplined approach to neural network hyper-parameters: part 1 – learning rate, batch size, momen-
tum, and weight decay. Preprint arXiv:1803.09820 (2018).

[40] A. Zanoni, Homogenization results for the generator of multiscale Langevin dynamics in weighted Sobolev spaces.
IMA J. Appl. Math. 88 (2023) 67–101.

https://github.com/maxhirsch/Multiscale-SGDCT
https://arxiv.org/abs/2312.15975
https://arxiv.org/abs/1803.09820


2414 M. HIRSCH AND A. ZANONI

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Problem setting
	Methodology
	Application of SGDCT
	Failure of SGDCT with multiscale data
	Coupling SGDCT with filtered data

	Convergence analysis
	Preliminary results
	Proof of the main theorem

	Numerical experiments
	Verification of the theoretical results
	Multidimensional drift coefficient
	Learning the drift function

	Conclusion
	Data availability statement
	References

